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Abstract. Let ¢(s) denote the Riemann zeta-function. In this paper we obtain ex-
plicit formulas for the pair correlation of zeros of the function H; (s) = ¢(s —iA/2)¢(s +
iA/2), where A is a fixed positive real number.

1. Introduction and statement of results

Since Riemann’s study of the distribution of prime numbers, in particular, his Memoir
“Ueber die Anzahl der Primzahlen unter einer gegebenen Grosse” [29], a deep and careful
work of striking originality and unexpected insights, first appeared in the Monatsberichte
der Berliner Akademie in 1859, a vast amount of further work on the distribution of zeros
of the Riemann zeta-function ¢ (s) has been done. (See the wonderful expositions of the
classical computations by Titchmarsh [32], [33], Ingham [16], Davenport [3], Edwards [4],
Ivié [17], Iwaniec and Kowalski [18], Patterson [27], and Karatsuba and Voronin [19].) For
example, it was shown successfully by Professor Akio Fujii [10] in 1993, without assuming
any unproved hypothesis, that the discrepancy of the set of fractional parts {{oy}: 0 < y <
T}, where « is a fixed positive real number and y ranges over the imaginary parts of all
nontrivial zeros of ¢ (s), is at most O (loglog 7'/ log T'). Using further work of Fujii [7], [11]
certain measures naturally associated with this set of fractional parts and some connections
to the pair correlation of zeros of ¢ (s) were recently investigated by Ford, Soundarajan, and
one of the authors [5], [6].

The pair correlation of zeros of £ (s) was studied for the first time by Montgomery [24]
in the early years of the 1970’s. (See the notes by Goldston [12] for a complete discussion of
Montgomery’s important results and their relations to prime numbers.) Montgomery’s work
was later generalized to triple correlation by Hejhal [15] and to higher correlations for more
general L-functions by Rudnick and Sarnak [30], followed by further developments from
Katz and Sarnak [20], [21]. A heuristic derivation of the n-level correlations of zeros of
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¢ (s) without restrictions on the test functions was obtained by Bogomolny and Keating [1],
[2]. Also, the pair correlation of zeros of functions in the Selberg class . was researched
by Murty and Perelli [25] and Murty and one of the authors [26]. (See Selberg’s lecture [31]
at the Amalfi Conference in 1989 for the precise definition of the class .’ and important
fundamental conjectures surrounding .%.)

In the present paper we consider the function

A A
HA(S)=§(S—?)§<S+7),

where A is a fixed positive real number. As is well known, explicit formulas in number
theory were originally motivated by the counting of prime numbers. It is our purpose to
carry through the derivation and prove explicit formulas for the pair correlation of zeros of
H, (s). We will use the order relations f = O(g) and f < ¢ synonymously. It is to be
understood, here and in all that follows, that f(x) = O(g(x)) in a set X means that there
exists a nonnegative constant k so that | f(x)| < kg(x) for all x € X. The implied constant
k will sometimes depend on other parameters, which is usually clear from context. We can
summarize our first result as follows.

THEOREM 1. Fix a positive real number A. Forall2 < x < T, we have

o+ oyT ir 2
) T e ) fogx — (=) —1
o+ p T 1+iA (1+ix)?

H;.(p)=0
H, (p")=0
—T<3(p),3(p")<T

+ 0, (xT exp(—c(log x)*3(log log x)~1/3))
+ 0 (log YY) + O(T(log T)%) ,
where c is a positive absolute constant.

As an application of Theorem 1 we obtain general formulas for the correlation of zeros
of H, (s) for a class of smooth test functions. We prove in particular

THEOREM 2. Fix a positive real number A. For any T > 2 and any continuously
differentiable complex-valued function g with support contained in the interval (2, T) we

have
o0

2T
> fe+oh=" / 9() (1 + cos(rlogx)) log xd-x
Hy.(p)=0 5
H, (p))=0
—T<3(p),3(p)<T
+ 0,.(T||¢' (x)x exp(—c(log x)*/* (log log x) ™'/5) || 1)
+ O((log T)* |1’ (x)x?|11) + O(T (log T)* |1 g’ (¥)I11) »

where f is the Mellin transform of g and c is a positive absolute constant.
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We will consider Montgomery’s weight function w(z) given by w(z) = 4/(4 — z?)
and define for any real number o

T ’
TN =0mes 3 T Du(ptp 1),
& H).(p)=0
H,.(p")=0

—T<3(p),3(p")<T
Then the following asymptotic formula for .#p, (o, T') can be established.

THEOREM 3. Fix a positive real number A and an o € (0, 1). We have

T, (a, T) = - a4+ 22)(4cos(arlog T) + 4 + A2 log T

@+22)2log T
— 16\ sin(aA log T')]

+ 0y (exp(—ac(log T)*(loglog T)~/%)),
where c is a positive absolute constant.

Some general variants of the above results have been formulated and proved for pairs
of functions in the Selberg class .’ by Murty and one of the authors [26]. It should be
emphasized that although H, (s) clearly is not a function in .#, the general method applies
to the present case as well and is carried out in rigorous detail.

2. Proof of Theorem 1

We begin the proof by fixing a positive real number A and taking an x € (1, T']. We
may write

Z X =81+85—-5+8+ 85— S,

H, (p)=0
—~T<3(p)<T
where
S1 = X2 Z xﬁ, N xi*2 Z xP s
{(p=0 £(p)=0
—T<3(p)<T —T—1/2<3(p)<—T
Sy = X2 Z xP , 84 = xTIM?2 Z xP s
£(p)=0 £(p)=0
T—1/2<3(p)<T ~T<3()<T
S5 = x /2 Z xP, Se = x /2 Z xP.
£(p)=0 £(p)=0
T<3(p)<T+1r/2 —T<3I(p)<—T+1r/2

Since the number of zeros of ¢ (s) with imaginary parts in the interval [-T —1/2, —T +
A2JU[T —A/2, T 4+ A/2] is at most O; (log T') where the implied constant depends only
on A (see Chapter 15 of the reference by Davenport [3]) and since [x”| < x for all §, it
follows that each one of the sums S>, 3, S5, and Sg is at most O; (xlog T'). To examine
the remaining sums S and S4, we employ the Landau-Gonek asymptotic formula (see the
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papers by Landau [23], Gonek [13], [14], Fujii [8], [9], and Ford, Soundarajan, and one of
the authors [5], [6]) in the form:

Y ae _ Any) sin(lT log(x/nx)) 4o <x(log(2xT))2 N lolg(ZT))
¢(p)=0 T 0g(x /) ogx
—T=<3(p)<T

where x, T > 1, ny is the nearest prime power to x, and A(n) is the von Mangoldt function.
This remarkable formula enables us to derive that
Z P = _A(nx) sin(7T log(x/ny)) (x"”2+x_“‘/2)
V4 log(x/ny)

H,(p)=0
~T<3(p)<T
log(2T
+0; (x(log(ZxT))2 n M) .
log x
Then squaring both sides of this relation and multiplying the result by x~!, we get
. 2
H3(p)=0 g og(x/m)
H) (0")=0

—T<3(0).3(p")<T

2
+ 0 (x(IOg(sz))4 4! (10g(2T)> )
Ing

10g(2T))

x logx

+ 0y <logx ((log(ZxT))2 +

sin(T log(x/ny)) ')
log(x/ny) '
If we integrate this with respect to x from 2 to y for some y € [2, T'], we obtain

2

H).(p)=0
H, (p)=0
—T<3(p).3(p)<T

M = GO T.y) + G(=1. T, y) + GO, T. y) + 04(y*(log T)*)

10g(2T)>

xlogx

yp+p/ — 9p+p

p+p

sin(7T log(x/ny))

4dx |,
log(x/ny)

y
+ 0, / log x <(log<2xr>>2 +
2

where

y
[ A@)? (sin(T log(x/n))\® 14

G(v, T,y)—/ 2 < log(x/ny) ) * o
2

To deal with the integral G(v, T, y), we consider the sequence of prime powers
q1, 92, q3, 94, . . . which satisfies the inequalities g1 < ¢2 < g3 < g4 < ... and has as
midpoints the numbers x,, = (¢m + gm+1)/2 where m > 0. Thus the sequence of prime
powers 2,3,4,5,7,8,9, 11, ... has midpoints x; = 2.5, x = 3.5, x3 = 4.5, x4 = 6,
x5 = 7.5, x¢ = 8.5, x7 = 10, and so on. Moreover, we note that n, = g = 3 for
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X € (x1,x2), thatny, = g3 = 4 for x € (x2, x3), thatn, = g4 = 5 for x € (x3, x4), and so
on. Continuing like this we see that n, = g1 whenever x € (xi, xg+1) where k > 0. As
aresult, we have A(ny) = A(qk+1).

Now let x; < x < y < x;41 where [ > 0. Then we may decompose G (v, T, y) into
parts as follows:

6o [ ) A00? (sinT ot/ i
G, T, y) = / + / +---+ / +/ 2 log(x/nx) ' e
2 X1 X1—1 X

Here we make a change of variable t = T log(x/g;,) and compute

Xm

/ A(n;)z (sin(Tlog(x/nx)))zx—l-w‘udx
i1 log(x/ny)

Xm—1

2 (Gm+qm+1)/2 . 2
Agm) / (sm(T log(x/qm))> -1,
n? log(x/gm)

(QInfl""qu)/z
2 iv T log((QmJ"QWH»l )/ZLIm) . 2
A(Qm) 9 T ivt)T sin ¢
- e E— dt .
T t
T log((gm—1+qm)/2qm)

. sint i s ¢
elut/T( t ) dt = / ezvt/T (T) dt — E; — Epy,

T log((gm—1+qm)/2qm) —o0
where

We observe that
T log((gm+qm+1)/2qm)

T lOg(mel'i'QIn)/ZLIm ) 2 T log(QInfl+Qm)/ZQIn d
; st t
E= / e/t (—t ) dt <, / =

t2
and
o . 2 o d
: sin ¢ t
EI] = elvt/T —_— dt <<1) / _2
t t
T log(gm~+qm+1)/2qm T log(gm~+qm+1)/2Gm

If we use the Taylor series expansion for exp(ivt/T) with |f] < VT, we obtain

T sint\ 2 T sinz\2 1 1

/T (277 dt:/ — ) dt+0,| —= ) = o, —).
/e < t ) ( t ) TONT) TN
o0 —00

We consider now the integrals E; and E;; and focus our attention on Ej;. We note that

since Lao T T
T log (M) > T log (M> > > —,
2Gm 2qm 2qm Yy
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we have
oo
dt y
Ej < l_2 <Ly T .
T/y
It would follow by similar reasoning that
E; <y Y

T .
Combining our estimates, we get

T log((gm=+qm+1)/2qm) . ) 1
ivt/T sin ¢ di = 0 e 0 (l)
e < t v + v ﬁ + v T El

T log((qm—1+4m)/2qm)
and it follows that

/’" A(n;)z (sin(Tlog(x/nx))>2x_1+l-vdx
T log(x/ny)

A(‘]m)z%invj 1 y
=— T+ 0y — +0U<—) .
Hence we obtain

T .
Gw.T.y=— ) A(q)zq“’+0u(«/7 > A(q)2>

g prime power g prime power
q=y q=y

+0v<y > A(q)z).

q prime power

Xm—1

q=y
Since
Y. A@’<logy ) Alg)~ylogy (asy— 00),
g prime power q prime power
q=y q=y
we see that T
Gu.T.n=— 3  A@%"+0.("logy).
g prime power
q=y
However
D A@NT = ) Alg)q”logg
g prime power g prime power
(2) q=y q=y

+ > Al@q(Ag) —logq),
g prime power
q=y

and we examine the two sums on the right-hand side in turn.
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Since A(g) = logg = 0 for g prime and since the number of prime powers that are

not prime up to y is 7 (/y) + 7 (Jy) +--- = O(/y/logy), an easy calculation shows
that
3) > A@g"(Alg) —logq)| < /ylogy.
g prime power
q<y

Next, if we write

3 A@qtlogg =Y Amn'logn
q prime power n<y
q=y

and apply the summation by parts formula (see Section 1.5 of the reference by Iwaniec and
Kowalski [18]), we obtain

@ Y Amn'logn = w(y)y"“1ogy—w(2)2i”10g2—/w(z)z—1+"”(1+ivlogz)dz,
2

2<n<y

where ¥ (x) = >, . A(n) with x > 0. It follows by the prime number theorem deduced
from the sharpest known zero-free region for ¢(s), essentially due to Korobov [22] and
Vinogradov [34] (see the paper by Richert [28], Chapters 2 and 5 of the reference by Wal-
fisz [35], Chapters 13 and 18 of the reference by Davenport [3], Chapter 6 and 12 of the
reference by Ivi¢ [17], and Chapter 4 of the reference by Karatsuba and Voronin [19] for
alternative expositions),

(5) ¥ (x) = x + O(x exp(—c(log x)*(loglog x)~7%)) ,

where c is a positive absolute constant, that we have

y y
/w(t)t_l+i”(l+ivlogt)dt =/ﬂ'“(1+ivlogt)dt
2

2
y

+ 0, / exp(—c(log1)* (loglog 1) ~/3) log tdt
2
Here we note that

y
/ exp(—c(log t)3/5(10g log t)_l/S) logtdt
2

N
= / exp(—c(log t)3/5(10g log t)_l/s) log tdt
2
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y
+ / exp(—c(log t)3/5 (loglog t)_l/s) log tdt .

Jy
Since
/exp(—c(log 133 loglogt)~'3) log tdt « /dt Ly
2 2
and
¥
/exp(—c(log t)3/5(10g log t)_1/5) logtdt
VY
y
3/5 ~1/5
< /exp(—c(log J/¥)7? (loglog \/y) ) log \/ydt
VY
< yexp(—c'(log y)*(loglog y)~'7%) ,

where ¢’ is a positive absolute constant, we see that

y
/w(t)t_lJri”(l + ivlogt)dt
2

y
= /ﬂ'”a + ivlogt)dt + O,(y exp(—c'(log y)*/> (loglog y)~1/3)) .
2
Integration by parts shows that
y
f 1 (1 + ivlogt)dt

2
1+iv

Y 1 4ivlo iv 2Tt | +ivlog2 — 10
= iv — — iv — ,
1+iv 8T T ¥ i) 14w S R

and so we must have

X » Yl iv
NHT T +ivlogt)dt = 14+ivl —

/lﬂ() (I+ivlogt) 1+iv< +ivlogy 1+iv>
2

+ 0y (y exp(—c’(log y)*/3(loglog y) ~'/%)) .
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Inserting this into (4), we apply the prime number theorem (5) and combine the result and
(3) in (2) to conclude
. , j 1
A 2 _iv — 1+iv 1 _ v 1 _
2 Aa@ret=y T+iv) U 1T+

g prime power
q=y

+ Ou(y exp(—c(log y)*? (loglog y) ~'/%)),

and it follows that
G( T ) yl+ivT . iv | 1
v, ) = - 5 . o - .
Y T 1+iv gy 1+iv

+ 0,(yT exp(—c’(log y)*/° (loglog y) ~'/%))

+ O(y2 logy).

Putting v = A, v = —A, and v = 0 and inserting the results into (1), we get
Z yp+p’ _9p+o
/
Hy.(p)=0 ptp
H. (p")=0
—T<3(p),3(p")<T
2yT yi* i
=—q|1+N logy —R|—— | —
7r {[ <1+ik &y (1 +i1)2

(6)
+ 0, (yT exp(—c’(log y)*/> (loglog y)~'/%))

+ 0(y*logy) + 0(y*(log T)*)

y
log(2T
+ 0, /logx <(log(2xT))2 4 Jogt )>
xlogx
2
Now, let us note that

sin(7 log(x/ny))
log(x/ny)

sin(7T log(x/ny))
log(x/ny)

y

/ log x <(log(2xT))2 4 log@@T) )
xlogx

2

y

< (log y)(log(2yT))? /
2

sin(7 log(x/ny))
log(x/ny)
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sin(7 log(x/qm))

The integral on the right-hand side can be estimated as follows. For each2 < m < [, we
Xm
sin(7 log(x/ny)) /
_— d}( =
log(x/qm)

have
Xm
./ log(x/ny)

Xm—1 Xm—1

T log((gm~+qm+1)/2qm) )
=qm T sinz dt,
T log((gm~+qm+1)/2qm)
after the change of variable t = T log(x/qm). Since gu+1 < 29w, and gm—1 > qm/2,

it follows that T log((¢m + gm+1)/2gm) < Tlog(3/2) and T log((gm—1 + qm)/2qm) >
—T log(4/3), respectively. Thus

Xm TlOg(3/2)
in(T 1 int
/ sin(7 log(x/ny)) dx < gn /T sin dt
log(x/ny)
Xm—1 —T log(4/3)
Tlog(3/2)
- 3qm / 'SI?I it
—T log(4/3)
LlogT,

when ¢ < T log(3/2) or in other words when ¢’ /T <3 /2. Hence
/y
2

and we combine all estimates to find that

10g(2T))

x logx

sin(7T log(x/ny))
log(x/ny)

2
y“logT
dx K Z glogT K ogy

g prime power
q=y

sin(7 log(x/ny))
log(x/ny)

y
(7 / log x ((10g(2xT))2 + dx < y*(log(2yT))*log T .
2

From (6) and (7) we see that

Z yp+p’ _9p+o
H, (p)=0

H;. (p")=0
(8) —T<3(p),3(p"<T

T it yit
- 7{[1+m<1+ix)}1°gy_m(<1+ix)2) _1}

+ 0,(yT exp(—c'(log y)**(loglog y) ™'/°)) + O (y*(log T)*) .

p+p
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Here we note that

2p+p 1
3 el > > > o+ 7|
H, (p)=0 H,(p)=0 0=k=2T  H;(p)=0
Hy (p)=0 ~T<3(p)<T ~T<3(p)<T
T <3 )<T IS(p+p")€lk,k+1]
= S] + S]I )
where 1
Si=4 ) > o+ 0
H;, (p)=0 H; (p")=0 pp
—T<I(P)<T —T<I(p)<T
I3(p+p")|€[0,1]
and

Sir=4 ) > > : TR
Hj(p)=0 1<k<2T H;.(p)=0 o+
—T<3(p)<T —T<3(p"<T
IS(p+p")|€lk,k+1]
We leave the sum S; for the moment and consider the sum S;;, which we estimate as
follows:

Si1

1
4 Y X M H) =0,-T =30 < T, 150 + o)l €k, k+ 11}
H,(p)=0 1=<k=2T

~T=3(p)<T
1
log T - & (logT)? 1< TdogT) .
<logT 37 37 p<logT)? 37 1< T(ogT)
Hy(p)=0 1<k<2T H,.(p)=0
—T<3(p)<T —T=<3(p)=<T

We bear in mind that 3 (p) and R(p’) are each > 1/log T by the classical zero-free region
for ¢ (s) (see Chapters 13 and 15 of the reference by Davenport [3]) and thus estimate the
sum S; as follows:

1
Sy <4 Z Z m<<10gT Z Z 1

H).(p)=0 H (p))=0 H).(p)=0 H. (p))=0
~T<I(P=T —T<3(p")<T “T=X(P)=T —T<3(p")<T
I3(p+0")|€[0,1] I3(p+0")€[0,1]
<logT Y o' =T =) = T,13(p + p)} € [0, 11}
H).(0)=0
—-T<3(p)<T

& (logT)?|p: Hy(p) =0, —T <3(p) < T| < T(logT)>.
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Therefore
2p+p’
©9) > | <« T(logT)?,
p+p
H; (p)=0
Hy.(p)=0

—T<3(p),3(p")<T
and it follows from (8) and (9) that

>

/
Hip—o PP
H (p")=0

—T<3(p),I(p)<T

zyT ’ yik / yik
A P logy - ———)—1
- {[ + (1+i/\ o8y (1+in)2

+ 0,(yT exp(—¢'(log y)**(loglog y) ™1/5)) + 0 (y*(log T)*) + O(T (log T)?),

as asserted. This completes the proof of Theorem 1.
It is worthwhile to remark that the main term in Theorem 1 dominates the three error
terms when (log 7)* <y < T/(log T)°.

3. Proof of Theorem 2

Let us fix a positive real number A, take T > 2 and consider a continuously differen-
tiable complex-valued function g with support contained in the interval (2, 7). We shall
use Theorem 1 for each x in the interval [2, T'] and have frequent recourse to the function

(10) O] =/g(y)y““1dy= —;/g/(y)y*dy-
2 2

Thus f denotes the Mellin transform of g where (10) converges. (See Chapter 4 of the
reference by Iwaniec and Kowalski [18] and Appendix 2 of the reference by Patterson
[27].) Applying (10) with s = p + p’ and summing the result over all p and p’ with
—T < 3(p), I(p) < T, we get

0o ’
yp+p
Yo fe+h=—[gd» ) dy.
p+p
H, (p)=0 5 H (p)=0
H; (p")=0 H; (0")=0
—T<3(p),3(p")<T =T<3(0),3(p")<T

By Theorem 1, the right-hand side above equals

[e¢]

2yT g (y) yi* N
N
2
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o0
+ Os /Ig/(y)lyT exp(—c(log y)*>(loglog y)~/3)dy
2

o0 o0
+0 f lgWIy*(log T)*dy | + O f lg'(WIT (log T)*dy
2 2

_ [ 274 () s y'*
- [ () e - () - e
2

+ 0.(Tllg' (»)y exp(—c(log y)**(loglog y) ") [I1) + O ((og T)* || g' () ¥*I11)
+ O(T(og T)* lg' W) -
We integrate by parts to find that

o0 o0
; 1 ) .
/g’(y)y”” (10gy — m) dy = —(1 +it) / g(»)y" log ydy
2 2
for any real number #. Then putting t = XA, t = —AX, and t = 0, we obtain
o . .
2yTg'(y) y'* ( y'
— " 1+R I R ——=)—-1}d
/ = T )| eeY (1 +ix)? Y
2
o0
2T
= —7/90)(1 + cos(Alogy)) log ydy .
2
Altogether

o0
2T
2 flo+p)= — / 9(y)(1 + cos(rlog y)) log ydy
H; (p)=0 5
H; (=0
—T<3(p),3(p)<T

+ 0,.(Tl¢'(y)y exp(—c(log y)**(loglog ) ™' /5) 1)
+ 0((og TH*lg' (M ¥?111) + O(T Qog T lg' M),

which is precisely the statement of Theorem 2. Hence this theorem is now proved.
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4. Proof of Theorem 3

We first fix a positive real number A and an « € (0, 1). Then we take T to be large and

consider the test function

Y ifo<y<TY

TO(

g(y) = T3oz
— if y > T%.
y

The test function g is clearly continuous on the interval (0, co). Although ¢ is not differen-
tiable at y = T¢, it is differentiable on (0, 7%) U (T*, oo). Even though ¢ is not compactly
supported, it in fact goes to 0 as y approaches 0 and decays in y rapidly enough as y tends to
infinity. Thus one easily sees that the proof of Theorem 2 applies here and the statement of
the theorem holds true for g. In this case the three error terms appearing on the right-hand
side of the statement of Theorem 2 can be dealt with as follows. In the first error term, we
see that

o0
T/Is/(y)ly exp(—c(log y)*3(loglog y)~'/%)dy
0

TlX
= Tl_“/yeXp(—c(logy)3/5(10g10gy)‘”5)dy

0
00

1
+3710% f 55 exp(—c(log y)*/*(loglog ) ™!/*)dy
Ta
& T exp(—aclog T)*3(loglog T)~1/3) .
In the second error term, we see that
T o0

(log T* / 19’ O)lydy = (log T)* / 19’ )ly2dy + (log T? / 19 ¥y
0 0 T«

T )
log T)* d
_ (e D) /yzdy+3T3“(1ogT)4/—§
™ 0 T« Y

&« T*(log T)*.
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In the third error term, we see that

T« 'S}

T(log T} / 9 Idy = T(log T)? / | Wldy + T(log T)? / 19’ O)Idy
0 0 T

T¢ 00
d
=T'"*(log T)3/dy+3rl+3“(1og T)3/ —Z
y

0 T«

L T(logT)>.

For a fixed o € (0, 1) the first of the above three big O terms is the dominant, and so
we get

o0
2T
X fe+h=— / 9 (1 + cos(rlog y)) log ydy
RS o
—T<3(0),3(p)<T

+ Ou(T " exp(—ac(log T)* (loglog T)~'/%)).

By (10)
o) 1 T [e9) AT
T p
s—1 s 3a s—4
= dy = — d T dy=———.
f(s) /g(y)y y Ta/y y+ /y R
0 0 T
We then conclude that
> flp+p)= > TP w(p 4+ o' = 1),
Hx((p))=% Hx(p))z(())
H, (p")= H (p))=
—T<3(p),3(p")<T —T<3(p),3(p")<T
from which we obtain
a —_ T /
(12) T @)= oo Y. fle+p).
Hy (p)=0
H; (p)=0
—T<3(p).3(p)<T
By (11) and (12)
QHA ((X, T)
o0
2 3/5 -1/5
= TologT g(y)(1+cos(rlog y)) log ydy+ Oy (exp(—ac(log T)*"> (loglog T)~"/7))
0
T - o) \
= W / y(1 4 cos(rlog y)) log ydy + log 7 /y (1 + cos(rlogy))log ydy
0 T

+ O;.(exp(—ac(log T)3/5(10g log )~ 1/3y).
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After a short calculation, we find that

T
/ y(1 4 cos(rlog y)) log ydy
0
> 2\2 2 2
= m[@—i—k ) QRalogT — 1) +4Qa(4 + 1%)logT — 4+ A7)
x cos(arlogT) + 4r(x(4 + 2%) log T — 4) sin(aA log T)]
and
00
/ y_3(1 + cos(rlog y)) log ydy
Ta
T 2.2 2 2
= m[@—i—k ) QalogT + 1) +4QRa(4 + 1°) log+4 — 1)
x cos(arlogT) — 4A(a(4 + Az) logT 4 4) sin(aeAlog T)] .
Piecing this together, we obtain
Fu (o, T)
m [2a(4 + A*) (4 cos(arlog T) 4+ 4 + 22)log T — 164 sin(aeA log T))

+ 0y (exp(—ac(log T)*3(loglog T)~1/3)) ,

which finishes the proof of Theorem 3.
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