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Abstract

Inflation is the most successful model of the early universe since that not only can
resolve the various problems in the standard Big-Bang cosmology but also can be
compatible with anisotropies of the Cosmic Microwave Background (CMB). How-
ever, even the successful model faces the initial singularity and Trans-Planckian
problem. In light of this, the alternatives to inflation evading the singularity have
been also explored so far. Therefore, when the non-singular models can resolve all
the problems, it would be worth investigating the consistency with CMB observa-
tions and also finding how to discriminate between inflation and alternatives.

One of the familiar alternative models is the so-called matter bounce cosmology
which can generate the scale-invariant curvature perturbation. However, it has been
pointed out that the matter bounce model in the k-essence theory cannot satisfy the
observational constraints on the tensor-to-scalar ratio and the non-Gaussianity of
the curvature perturbation simultaneously. In this thesis, we show that this is not
the case in more general models of bounce. To do so, we calculate the primordial
power spectra and the primordial bispectra of scalar and tensor perturbations in
general bounce cosmology. We also investigate how to discriminate contracting
models from inflation based on the non-Gaussian signatures of tensor perturbations.
As a result, we show that the non-Gaussian amplitudes and shapes in general bounce
models have different properties compared to those in general models of single-field
inflation.

In order to distinguish inflation from the alternatives observationally, it is impor-
tant to find specific features of inflation. It has been shown that the amplitude of
the primordial non-Gaussianity of the curvature perturbation in the case of non-
Bunch-Davies initial states can be enhanced compared with that in the case of the
Bunch-Davies one due to the interactions caused by the subhorizon perturbations.
The enhancement results from the fact which the physical wavelengths of the infla-
tionary perturbations become Planckian lengths in the far past. Therefore, we can
anticipate that the signatures due to the non-Bunch-Davies effects are peculiar to
inflation. The purpose of the present paper is to see whether or not the primoridial
non-Gaussianities of the tensor perturbations are enhanced as well. In doing so, we
consider some general theory of gravity including an inflaton and calculate the ten-
sor auto-bispectrum and the cross-bispectrum involving one tensor and two scalar

modes with the non-Bunch-Davies initial states. In particular, we prove that the



amplitude of the primordial cross-bispectrum can be enhanced at non-trivial con-
figurations characterized by not only the wave numbers but also the propagation

speeds of the perturbations.
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Chapter 1

Introduction

Inflation [1, 2, 3] is the successful model of the early universe owing to the facts
that inflation can resolve the problems in the standard Big Bang cosmology and be
consistent with Planck and other data [4]. Then, one may ask how inflation can be
conclusive observationally, but the answer is still unknown. To find the answer, we
would necessarily clarify the observational predictions of not only inflation but also
alternatives.

Inflation suffers from the initial singularity [5] and Trans-Planckian problem [6].
In light of this, the nonsingular alternatives, e.g., bounce models (see, e.g., Ref [7]
for a review), have been also explored so far. If the alternatives are consistent
with CMB observations, we should have no reason to exclude those at the present
stage. However, in some cases, a large tensor-to-scalar ratio or a large scalar non-
Gaussianity has been found. In this thesis, we focus on general bounce cosmology,
and investigate how the alternatives are viable by evaluating the primordial power
spectrum and the primordial non-Gaussianity.

Although inflation also faces some problems, it is definite that the paradigm
is successful and representative. In this thesis, we also focus on the tensor non-
Gaussianity from inflation in the context of the non-Bunch-Davies initial states.
It has been previously shown that the scalar non-Gaussianity is enhanced due to
the non-Bunch-Davies effect [8]. It can be anticipated that the non-Gaussian ampli-
tudes of the tensor non-Gaussianities can be enhanced due to the non-Bunch-Davies
effects as well as the scalar non-Gaussianity. There have been several studies about
the tensor non-Gaussianities from standard models of inflation with the non-Bunch-
Davies states [9, 10]. In this thesis, we see whether or not the non-Gaussian ampli-

tude in the non-Bunch-Davies states can be enhanced compared with that in the
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Bunch-Davies one in general single-field inflation models.

This thesis is organized as follows.

eChapter 2.

In this chapter, we introduce the standard Big Bang cosmology and its problems.
We then review how the problems can be resolved in inflation and bouncing cosmol-
ogy. In light of the recent developments of inflation models in extended gravitational
theories, we introduce a general scalar-tensor theory.

eChapter 3.

In this chapter, we first study the basics of the cosmological perturbation the-
ory. Then, we calculate the primordial power spectra and the primordial non-
Gaussianities of the scalar and tensor perturbations in the single-field slow-roll
inflation model. We also investigate the problems in alternatives to inflation and
also review how those can be resolved.

eChapter 4.

In this chapter, we first introduce the general contracting background. Then, we
evaluate the primordial power spectra of curvature and tensor perturbations and
derive the conditions in order for the power spectra to be scale-invariant. Also, we
calculate the primordial non-Gaussianities and investigate whether or not a small
tensor-to scalar ratio and small scalar non-Gaussianity can be obtained simultane-
ously in the Horndeski theory. Last, we also discuss how to distinguish bounce from
inflation through the tensor non-Gaussianities.

eChapter 5.

In the chapter, we first consider the quadratic and cubic actions for the tensor per-
turbations in general scalar-tensor theory and introduce non-Bunch-Davies initial
states which are the states obtained by performing a Bogoliubov transformation to
the usual Bunch-Davies states. We then calculate the auto-bispectrum of the tensor
perturbations, and investigate whether the enhanced non-Gaussian amplitudes can
be obtained or not. We also compute the cross-bispectrum generated by one tensor
and two scalar modes and investigate the signatures which have not been predicted
in the case of the Bunch-Davies initial state.

eChapter 6.

The conclusion of this thesis is drawn in this chapter.

Conventions

In this thesis, we use the unit, ¢ = 1 = h. The metric signature is (—, +, +, +).



Chapter 2

Standard Big Bang cosmology and
the Early Universe

According to the standard Big Bang cosmology, the decelerating expansion of
our universe started from the hot Big Bang universe in which each of matter com-
ponents is characterized by some high temperature and high density. (See, e.g.,
[11, 12].) However, the paradigm faces various problems regarding fine-tuning, i.e.,
the horizon and flatness problems. Furthermore, the origin of the density fluctu-
ations leading to the large scale structure and the anisotropies of CMB cannot be
explained within the paradigm. In this chapter, we briefly review the dynamics of
the universe in the standard Big-Bang cosmology and explain the problems. Then,

we introduce some early universe models which can resolve the problems.

2.1 Standard Big Bang cosmology and its problems

2.1.1 Homogeneous and isotropic universe

By assuming that the spacetime is homogeneous and isotropic on cosmological
scales, the metric of the spacetime without a spatial curvature is written by the

spatially flat Friedmann-Lemaitre-Robertson-Walker (FLRW) metric:
ds® = g, dz*dz” = —dt* + a®(t)d;;dx’da?, (2.1)

where a(t) is a scale factor. One can investigate the time evolution of the universe

by solving the Einstein equation,

1

— T
Mg,

s (2.2)

1
GLW = R’uy — ing, =
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where G, is the Einstein tensor. The Ricci tensor, R, and the Ricci scalar, R,

are defined by

Ry =0\, — 0,1, + T3, 10 =T I

urt p vpT p?
R=g" Ry,
with
Iy, = %9““(5pgug + 0v9po — OsGup), (2.5)
which is the Christoffel symbol. Each component of the Einstein tensor is given by
Goo = 3H?, Gij = —a*(3H? + 2H)6;;, Go; = Gio = 0, (2.6)
where H := a/a is the Hubble parameter, and a dot represents a differentiation

with respect to the cosmic time, ¢. The energy momentum tensor, 7}, can be

written in terms of the energy density, p, and pressure, P, of matter as T, =

diag(p, a®P, a®P,a? P). In particular, the (00)- and (ij) components of the Einstein
equation, respectively, read

SMEH? = p, (2.7)

M3, (3H? 4+ 2H) = —P, (2.8)

where the first and second equations are the Friedmann and evolution equations,

respectively. By combining Eqgs. (2.7) and (2.8), we obtain the following equation
p+3H(p+ P)=0. (2.9)

Given a matter parametrized by P = wp with w being the equation of state (EoS)

parameter, we have
p oc a30FW), (2.10)

In the universe with the pressure-less matter (w = 0) and radiation (w = 1/3), the

Friedmann equation can be written as

3Mp H? = p;f + pZ;,’O, (2.11)

where p,o and p,, o are the present values of both the energy densities, and we
normalized the scale factor as a(tyg) = 1 with to being the present time. We also
obtain the another equation by combining the Friedmann and evolution equations
as

a 1
-=—— P). 2.12
.= g+ 3P) (212)
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For the standard matter enjoying p > 0 and P > 0, the expansion of the universe
decelerates. However, it has been found that the expansion of the current universe is
accelerating [13] by the so-called dark energy. The simplest and consistent candidate
to realize the accelerating expansion is the cosmological constant which satisfies
P = —p(< 0) implying & > 0 when the cosmological constant is the dominant
component in the total energy densities. (See, however, Ref. [14].) Although we
do not go deeply into the topics on the dark energy, various candidates have been

explored so far in the literature.

2.1.2 Problems

Let us get back to a topic on the universe in the past. At least during some
durations after the Big Bang, the expansion of the universe has decelerated. This
fact gives us fine-tuning problems about the initial conditions of our universe. In

this thesis, we particularly deal with the horizon and flatness problems.

eFlatness problem

In the FLRW spacetime with a constant spatial curvature, K, the curvature con-
tributes to the Friedmann equation as px = O(M3,K/a?). In particular, the spa-
tially flatness of the universe can be evaluated by the curvature parameter, i,
defined by

K

Ca?H?
According to Planck’s observations [4, 15|, Planck TT,TE,EE+lowE+lensing has

put a constraint as

O = (2.13)

Qi = —0.01179075  (95% CL), (2.14)

and Planck TT, TE,EE+lowE+lensing+BAQO has done

Q) = 0.0007 + 0.0037 (95% CL). (2.15)

In the decelerating universe, the curvature parameter decreases as the time goes
back to the past since we have Qx oc ¢~2. This indicates that the universe is highly
spatially flat, || < O(1072) at the Big-Bang, and thus one must detune the
spatially flatness.
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eHorizon problem

The CMB observation indicates that the CMB-temperature is nearly homoge-
neous over the CMB sky, ATovs/Tovs = O(107°). To understand the homogene-
ity which seems to be mysterious at a glance, let us consider the causal structure by
focusing on the path of light. The light propagates along the null geodesic, ds? = 0,

and the maximum path which the light can propagate from ty to ¢ is

n(t) == /t %, (2.16)

where ty now corresponds to the time of the Big Bang, and 7 determines causally-
(dis)connected regions at ¢. In a decelerating universe, a o« t" with 0 < n <
1, the size of the comoving particle horizon decreases as the time goes back to
the past. In particular, the horizon scale at the last scattering is much smaller
than that at the present time, (i.e., n(tcmp) < n(tp) with tcyp being the time
of the last scattering). This implies that we observe the radiations which were
inside the causally disconnected regions at the last scattering surface. Nevertheless,
those share almost the same temperature. Therefore, we need to detune the small

anisotropy of the CMB temperature.

2.2 Early universe models

The problems introduced in the previous section may be evaded by assuming that
such was our universe. However, it would be reasonable to find how the ”initially”
detuned universe was realized. This can be accomplished by considering the early
universe, the phase before the Big Bang. The representative model which can
resolve the problems is inflation. Whereas alternatives to inflation have been also
explored. In this chapter, we introduce both models and briefly explain how the

problems can be evaded.

2.2.1 Inflation

Inflation [1, 2, 3| is an early universe model in which there was a phase of the
exponentially accelerating expansion of the universe before the Big Bang. By re-
calling Eq. (2.12), it can be seen that the accelerating universe can be realized by
imposing p + 3P < 0, i.e., violating the strong energy condition, and the violation

can be accomplished even by a canonical scalar field.
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Let us consider the Einstein gravity with a canonical scalar field whose action is

given by

5= [doy=g (MTI%IR — 50 Bu00,0 V<¢>), (2.17)

where we denoted the potential term of ¢ as V(¢). The Friedmann and evolution

equations read

3Mp H? = 5 tV(=0), (2.18)
: 2
M2, (3H? +2H) = —5 +V(=-P) (2.19)

We also have the evolution of equation for ¢,
¢+3Hp+V,=0, (2.20)
where we defined V,, := dV/d¢. In this case, we have
p+3P = —6MZH*(1—e¢), (2.21)
where € := —H/H?. The universe is accelerating (i.e., & > 0) if € < 1 holds (the
strong energy condition is violated).
Then, we deal with the potential-driven slow-roll inflation model. Let us charac-

terize the epoch in which a scalar field is slowly rolling on its potential in terms of

two conditions as

e (Ve
€1 = Pl (V) < 1, (222)
v
€y 1= 1%1% <1, (2.23)
implying that
3M2H? ~V, (2.24)
3Ho+V ~0. (2.25)

In this regime, the spacetime is approximated by the quasi-de Sitter spacetime, i.e.,

e 1.

2.2.2 Resolutions for the problems in the standard Big-Bang cosmology

The density parameter of the spatial curvature are diluted away as Qx oc e 2H?

during the quasi-de Sitter expansion. Hence, the spatially flatness can be resolved.
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As for the horizon problem, we recall the comoving particle horizon, 7. In accel-
erating universes, e.g., a o ef* (de Sitter) and a oc t" with n > 1, the horizon
scale 1) becomes bigger as the time goes back unlike the decelerating universe. This
indicates that the would-be causally disconnected lights can be causally connected
in the far past, and hence there is no longer any problem regarding the causal

structure if one requires the sufficiently long period of the quasi-de Sitter.

2.2.3 Models of inflation

A lot of models have been constructed so far by choosing the explicit form of the
potential, e.g., large inflation models (V' (¢) x ¢™) [16], by adding higher curvature
terms, e.g., Starobinsky’s model [2], by driving inflation by a kinetic term of a scalar
field, the so-called k-inflation [17], and also by invoking a scalar field having higher-
derivatives, e.g., G-inflation [18], and so on. In light of the recent developments
of inflation, the numbers of inflation models are anymore countless. To find viable
models from a lot of inflation models, those need to be observationally distinguished.
Here, it is quite convenient to use some unified framework and formulate the general
inflation model. The familiar framework of the slow-roll inflation models has been

constructed in the Generalized Galileon theory whose action is [19, 20]

S = /d4x\/—g£, (2.26)
with

L= G2(¢7X) - G3(¢7 X)ng + G4(¢7X)R + G4X [<D¢)2 - (Vugbvugb)ﬂ
Gsx

+ G5(¢, X)G W VHV ¢ — 5

[(O¢)° = 306(V,V.,9)* +2(V,.V,9)°],
(2.27)
where we denoted OxG as Gx, and G; is an arbitrary function of ¢ and X. By
taking the arbitrary functions appropriately, the models proposed before can be
reproduced. In particular, GR with a canonical scalar field model can be reproduced
by taking Go = X — V, G4 = M3,/2, and G3 = 0 = G5. One may want to know
how general this theory is. The generality has been found through the equivalence
between Generalized Galileon theory and the Horndeski theory, the most general
single scalar-tensor theory in 4D having second-order field equations [21]. The
equivalence has been proven in Ref. [20]. Therefore, the action of Eq. (2.27) is
conventionally called the Horndeski theory. Based on this theory, the observational

signatures in slow-roll inflation models have been classified.
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2.2.4 Bouncing cosmology

The bounce models are characterized by three phases. The first phase is the
contracting one. The simple example is the matter-dominated contracting phase,
and the model with the phase has been considered in the context of the matter
bounce cosmology [22]. As we will see later, the advantage of this model is to be
able to generate the scale-invariant curvature perturbation [22]. Whereas this model
suffers from the growth of anisotropy. In general relativity with a matter field, o,

the Friedmann equation can be written as

3M1%1H2 = Po + Panisos (2.28)

where
po o a30Hw), (2.29)
Paniso X a_67 (230)

with w being the EoS parameter of o, P, = wp,. Therefore, in the case of the
matter-dominated contracting universe, i.e., w = 0, the anisotropy gradually be-
comes the dominant energy component. This indicates that the spacetime is no
longer isotropic. The simple strategy to evade the growth of the anisotropy is to
drive the slow contraction by the matter field enjoying w < 1 which is invoked in
the so-called Ekpyrotic cosmology, see, e.g., [23].

The second phase is the bouncing one. At somewhere in this phase, the scale
factor is minimized, and hence the Trans-Planckian problem is avoidable only if the
physical wavenumber of the perturbation satisfies kpnys := k Ja < k/amin < Mpy for
a given k. Similarly, the initial singularity predicted in the inflationary paradigm can
be also evaded. In general, one needs to violate the null-energy-condition (NEC),
T, k*k” > 0 with k* being an arbitrary null vector, to realize the non-singular
bounce [24]. By using the Einstein equation, it can be seen that the energy condition

in a spatially flat FLRW spacetime is equivalent to*!
H > 0. (2.31)

To investigate the relation between a model of a scalar field and the violation of

NEC, we first focus on a canonical scalar field model with the Einsten-Hilbert action,

*1 Tn this thesis, I denote the condition, H > 0, as NEC for convention though, exactly speaking,
that is equivalent to the Null Convergence Condition, R, k*EkY > 0.
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Eq. (2.17). By combining the Friedmann and evolution equations, we have

. X
H=—-—7><0 2.32
i <0 (232
where we denoted the kinetic term of ¢ by X = —(1/2)¢9""0,¢0,¢. Eq. (2.32)

states that the violation of the NEC is not allowed at the background level. The
situation can change by invoking a scalar field having a non-canonical kinetic term,
e.g., X2, or a higher derivative term, e.g., X(¢. To illustrate how the scalar field

can violate the NEC, we use the k-essence field as the matter field,

S = /d4x\/—_g<R + K (¢, X)). (2.33)

In this theory, Eq. (2.32) is modified as

(2.34)

whose r.h.s. can be positive depending on the sign of Kx. Similarly, the higher
derivative term can also make it possible to violate the NEC. The dynamics of
the non-standard scalar field can connect the bouncing phase and the subsequent
expanding phase which is the last phase in bouncing cosmology. One of examples

of bounce models has been constructed within the cubic galileon theory [25],

M2

L= %R + K(¢,X) + G(¢, X)Oo, (2.35)
where

K(¢,X) = (1-g(0))X +5X* ~V(9), 2.36)

G(¢, X) =X, 2.37
with

-1
9(¢) = 290 [e_ VD)9 4 eboy Wp)d’} ; (2.38)

Vi(p) = -2V, {e\/ 2/a)¢ 4 bvy/ (2/61)91’} _17 (2.39)

and 8, v, go, P, by, Vo, q and by are constant. Based on this Lagrangian, one can
obtain the ekpyrotic, bouncing, and expanding phases.

This solution does not suffer from the growth of anisotropy due to the ekpyrotic
contraction and the bouncing phase can occur by violating the NEC. However, the
solution and also other ones constructed within Eq. (2.35) generally develop some

problem at a perturbation level. We will consider this point later.
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2.2.5 Resolutions for the problems in the standard Big-Bang cosmology

Let us consider the general contracting universe, a(t) o< (—t)" for 0 < n < 1
and —oo < t < 0 to discuss the flatness problem. In this universe, the curvature

parameter behaves as
Qi o (—t)20=m), (2.40)

Therefore, even though there is a phase such that |Qx| = O(1), the effect of the
spatial curvature on the energy components is diluted away during the contracting
phase. This is due to the fact that the scale of the spatial curvature, v /a, becomes
grows as the time passes while the scale of the spacetime curvature, H, does faster.
Last, we move to the argument on the horizon problem. Similarly to the case of
inflation, the size of the (comoving particle) horizon scale can be infinite in the past

infinity, and thus the horizon problem can be also resolved.



Chapter 3

Cosmological Perturbations

In this chapter, we first study the basics of the cosmological perturbation theory,
including the definition of the perturbations, the quantization of those, and the
primordial power spectrum and primordial non-Gaussianity. Then, we calculate
the observable quantities in the single-field slow-roll inflation model, and explain

challenges in alternatives to inflation.

3.1 Perturbations in FLRW spacetime

In this chapter, we define the cosmological perturbations in FLRW spacetime.
(See, e.g., Ref. [26] for the cosmological perturbation theory.) We denote the metric

including the perturbations as
uv = guu + 59#1/7 (31)

where the first and second terms express the background and perturbed metrics,
respectively. The explicit forms of the perturbations around the spatially flat FLRW

spacetime can be written as
ds* = —(1 + 2A4)dt? + 2aB;dz'dt + (§;; + Cy;)dz'da? . (3.2)
Then, we decompose the perturbations into a scalar, vector, and tensor as

B; = 8;B - S, (3.3)
1

Cij = —Céij + 818JE + 8(1Fj) + 5

where the vector and tensor modes satisfy

'F; =0, 0'h;jj =0, §Yh;; = 0. (3.5)

14



Chapter 3 Cosmological Perturbations

15

Each mode independently evolves in time in linear perturbation theory. Here, the

perturbation C' is associated with the Ricci scalar on a t-const hypersurface as

4

3 2
GR = —0°C, (3.6)

and hence C' is called curvature perturbation. The metric (3.2)-(3.4) includes some
gauge degrees of freedom which can be eliminated by using some gauge-invariant
variables or fixing the gauge. To eliminate those, we consider the infinitesimal

transformation,
at — ot 4 &, (3.7)

where &# = (6t, 6x') with dz° = §%9;8x for the scalar mode. The perturbed metric

changes via the gauge transformation Eq. (3.7) as
(Sg,ulf — 5guv - g,uu,afa - guogg/ - gvafij (3'8)

First, the scalar perturbations obey

dot

A—-A— — 3.9
»a- (39)
ot dox
B—-B+——a— 3.10
=B+ ——a—-, (3.10)
Y — Y+ Hot, (3.11)
E — FE —fx. (3.12)
For example, the gauge degrees of freedom can be elimintaed as
E =0, B=0, (Newtonian gauge) (3.13)
E =0, C =0, (Spatially flat gauge). (3.14)

This gauge fixing purely depends on only the perturbations of the metric. Whereas
one can fix the gauge by imposing conditions for the perturbation associated with a
matter field. In a similar way with the metric perturbations, the perturbed energy

momentum tensor can be obtained as
Ty — Ty + 0Ty, (3.15)

In particular, the (0, ¢)-component of §7),, := 0;dq, changes under the gauge trans-

formation as

dq = dq+ (p+ P)dt. (3.16)
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This gives us the way to fix the gauge associated with Jt,
0Tp; =0 — 0g =0, (comoving gauge). (3.17)
Also the perturbation of the scalar field behaves as
56 — 66 + Pot. (3.18)
Based on this transformation, the gauge can be fixed as
d¢ = 0, (unitary gauge). (3.19)

Throughout this paper, we fix the gauge under the unitary gauge.

Next, the vector modes obey

S; — S; + CL%, (3.20)

and the gauge degree of freedom 6z can be completely fixed by choosing F; = 0. In
scalar-tensor theories including 1 scalar and 2 tensor degrees of freedom, the vector
modes are non-dynamical.

By construction, the tensor modes are gauge invariant, h;; — h;;.

3.1.1 Perturbations in GR with a canonical scalar field

In the context of the early universe models, the perturbed metric under the uni-

tary gauge is often written by employing the ADM formalism [27] as

ds® = —N?dt* + g;; (da’ + N'dt) (da’ + N7dt) (3.22)

where
N =1+dn, N; = 0;x, (3.23)
gij = a®e* ((5@- + hij + %hfhkj + - ), (3.24)

with ¢ being the curvature perturbation.

To discuss the behavior of the dynamical perturbations, we need to derive the evo-
lution equations for perturbations. We can derive the equations from the quadratic
actions for the perturbations. For simplicity, we derive the quadratic actions in

GR with a canonical scalar field whose action is given by Eq. (2.17). Substituting
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the perturbed metric into the action and expanding it up to quadratic order in

perturbations, we obtain

5@ = [ dtdea® | -3MZE? + SR (9,0)2 + (X - 3MEH)on? — T 5oy
Pl Pl
2MG, ; . 2M} M2, .
+ —PIC82X + GMP%IH(Sn( — 7131511824“ + Tm(hij)z
22 ,
= Saz Oehis) } (3.25)

where dn and x are auxiliary fields. By varying the perturbed action with respect

to dn and x, we have the constraint equations,

M2 H . M3
(X — 3M3,H?)én — %a%( + 3ME H - ?Pla?c =0, (3.26)
Hén — ¢ =0. (3.27)

Then, by eliminating the auxiliary fields by use of the constraint equations, we

obtain the quadratic actions of ¢ and h;; as

: F.
S = /dtd3xa3 [QSCZ - _25(31'@2]» (3.28)
1 . F
S = 3 / dtd®za® {gThfj T(E)khw) } (3.29)
where
X H

The functions, Gg, Fs, Gr, and Fr, must be positive to avoid the ghost and
gradient instabilities.(See, e.g., Ref. [28].) In this theory, those are indeed positive
when H < 0 holds.

With a similar procedure, one can obtain the quadratic actions in more general
theories. In particular, the actions in the Horndeski theory take the same forms
with Eqgs. (3.28) and (3.29).

3.2 Quantization in a curved spacetime

In this section, we quantize the perturbations in a curved spacetime [29].
In scalar-tensor theories having second-order field equations, the quadratic action
of the perturbation, ¢ (should be understood as ¢ and h;;), takes the form of [20]

SP = /dtd3xa3 [QW - g(&-w)ﬂ. (3.31)
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Note that G and F are not always constant unlike the coefficients in the quadratic
action of the tensor perturbations in GR, and thus in this section we keep G and F
functions of t.

For the purpose of the quantization, one needs to introduce canonically normalized
variables as [20]

Jrl/2

gl/th wi=z1p, z = 2a(GF)4, (3.32)

dy :=
where v is the so-called Mukhanov-Sasaki variable, and the above variables make
the original perturbed action canonically normalized one as

1 du)? 142
S = B /dydgx {(d—Z) — (Biu)? + ;d_y§U2] (3.33)

We quantize the perturbations by promoting u to 4 and expanding the pertur-
bation in terms of the creation and annihilation operators. First, the canonically
normalized scalar perturbation, u, is

. d3k A T

0.0 = [ (oo (e 4 uiafe ), (3.34)

where uy is the mode function, and the creation and annihilation operators satisfy

(e, af ] = (27)%5(k = K), (3.35)
others = 0. (3.36

Next, the canonically normalized tensor perturbation, v;;, is

d3k s)A(s) ik-x * S)* A (S —1K-X
0;5(y, x Z/ ( Z(])afc)ek —|—vk(y)e§]) ai)T k- ), (3.37)

where vy, is the mode function, s denotes the two polarization modes of the gravi-

tational waves as s = +1, and the creation and annihilation operators satisfy

[0, el = (27)%0,9 6(k — K'), (3.38)
others = 0. (3.39)

The polarization tensor satisfies

Sijess) (k) = 0 = kel (k), efY (K)el? " (k) = 0y, el (k) = e *) (k) = el (—k).

ij€ 1) (%] 1] ’Lj

Both mode functions share the same equation as

d2uk

a7 T Wue=0, (3.41)
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where

B 1d3z

w? =k — mfb(y), mi(y) = ;d_yz (3.42)

We hereafter deal with only the case of the scalar perturbation, but the discussion
below can straightforwardly apply to the case of the tensor perturbation.

The mode function is never uniquely determined. This is due to the fact that
there is no unique choice of the vacuum state in a curved spacetime. Therefore,
we need a requirement for the mode function. It is often assumed that the mode
function in the subhorizon region, |k/m,| — oo which is approximately equivalent
to |ky| — oo, coincides with that in Minkowski spacetime since the mode function
in such the region is not affected by gravity (spacetime curvature). In fact, by
taking the subhorizon limit, the approximated solution of the mode function can
be obtained as

Ok _iky Bre iky
up ~ ——e + —e", 3.43
" V2 V2k (3.43)

where the coefficients, a and (i, are normalized as
o |* = 1Bx|* = 1. (3.44)

This normalization results from the Wronskian condition,

duy, . dug

d_y — ukd—y = const. = 1, (3.45)

Uf;

where the factor of the right hand side is due to the canonical commutation relations,
Egs. (3.35) and (3.39). As the first step to determine «ay, and Sk, we reminder the
quantization in Minkowski spacetime.

In the Minkowski spacetime, the (initial) vacuum state which fixes the mode func-
tion at the initial time can be uniquely determined by requiring that the Hamilto-
nian at the state is minimized. The Hamiltonian can be written as

v 1 3. |42 foy o

H= §/d .CL’|:7T -I—(Sij@iu@ju], (3.46)
where 7 is the conjugate momentum of u defined by 7 := (58&2) /ou = du/dy. Then,
by moving to Fourier space, we have

o1 BE i
A= / @rp {aka_ka valal P+ (2aLak + 5(0)) Ek] (3.47)
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where
duk 2
duk 2
B, = |—= k2 u|?. A4
& dy + k% |ug (3.49)

For a vacuum, |0), annihilated by @y, the vacuum expectation value of the Hamil-

tonian is given by

3
(0| H|0) = @/%Ek (3.50)
In particular, by parametrizing the mode function as up = 7rrexp(ify) with
r2(dbx/dy) = —1/2 (i.e., the Wronskian condition) being imposed, Ej can be
rewritten as
dry \” 1 9 o
By = (d—y) + g + k%7, (3.51)

which can be minimized for dry/dy = 0 and r, = 1/v/2k, and hence 0, = —ky. We

thus have

up = \/%_ke_iky, (3.52)
in Minkowski spacetime. At the present stage, it should be emphasized that
dEy/dy = 0 holds in Minkowski while does not in a curved spacetime. In the
FLRW spacetime, the coefficient in front of the second term in Eq. (3.49) changes
from k2 to w?(y). The time-dependence of w? makes Ej time-dependent function.
This makes it difficult to choose the vacuum state in a curved spacetime. However,
as far as the modes are deep inside the horizon, one can use the WKB (adiabatic)

approximation as

1 ”
UL ~ _6_7’ y’ 353

even in the FLRW spacetime, and the above fixes ap and £ as ap = 1 and B = 0.
In particular, the initial state with the positive frequency mode is called the Bunch-
Davies vacuum state in de Sitter spacetime [30]. As different choices, the non-
Bunch-Davies vacuum states have been also studied. The simplest example is given
by Eq. (3.43) with non-vanishing i, and we will also study the case later.

Before moving to the explicit calculation, we consider the behaviors of the per-

turbations in different scales. The perturbations are deep inside the horizon (in
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subhorizon scales) in the far past. Then, those amplitudes are stretched due to the
cosmic expansion, and finally the perturbations are outside the horizon (in super-

horizon scales). Especially, the superhorizon modes evolve in time as

vd Eat
wk ~ const. +/ y / ﬁ, (354)

which determines the power spectrum. In the case of the standard inflation model,
the second term exponentially dumps and thus is responsible for the decaying mode.
As aresult, the amplitudes of the perturbations freeze out. Whereas in non-standard
inflation models, e.g., the non-attractor inflation model in which G has a non-trivial
time-dependence such that the second term in Eq. (3.54) increases with a time (see,
e.g., Ref [31] as for the tensor perturbations), and also in alternatives to inflation,
e.g., contracting models in which a decreases with a time, the would-be decaying
mode grows [22]. In the following subsection, we deal with the standard inflation

model and will do the alternatives to inflation in the next Chapter.

3.3 Primordial power spectrum

The Fourier transformation is defined by

3
vx) = [ ke (3.55)

The two-point correlation function of the curvature perturbation is defined by*!
(CI)C(K) = (2m)%6(k + k)P, (3.57)
where P, is the power spectrum of the curvature perturbation, and we have

kP Jug)?

IC ? = , (3.58)

22 22
with (x and z being time-dependent functions. The power spectrum is evaluated at
the time of the end of the early epoch of the universe (e.g., the time of the end of

inflation) when the perturbations are in superhorizon scales.

*1 More explicitly, the correlation should be understood as the vacuum expectation value, that
is

(CR)C(K)) = (0I¢(k)S(KN)]0). (3.56)



Chapter 3 Cosmological Perturbations

22

Similarly, the two-point correlation function of the tensor perturbation is defined
by

(hij (k)i (K')) = (27)20(k + K')Pyji i, (3.59)
where
v
Py ) = e 1L 0000) = 511,00 (3.60)
with
zj,k:l Z 6(8) 6258) ) (361)

By using the above, we can obtain the power spectrum of the tensor perturbations

as

2
VEk
Ph = Pijij = Ih ? = K ol

(3.62)

w2 22
This power spectrum is evaluated at the superhorizon scales.
In particular, the constraint on the primordial power spectrum of the tensor

perturbations has been obtained from that on the tensor-to-scalar ratio as [4]

ri= Ph < 0.064, (95% CL, PlanckTT, TE,EE + lowE + lensing + BK14).

Pe¢
(3.63)

3.4 Primordial non-Gaussianity

The non-Gaussianity, the deviation from the Gaussian distribution, is character-
ized by the n-point correlation function with n > 2. For the Gaussian perturbation,
the statistical property is completely determined by the two-point correlation func-
tion. In the linear perturbation theory, each mode completely decouples each other,
but the modes interact with each other at a non-linear level, and thus initially
Gaussian perturbations inevitably change the statistical property. In the following

subsection, we introduce the method of the computation of the non-Gaussianity.

3.4.1 In-in formalism

First, we briefly review the in-in formalism [32] which is the way to compute the

non-Gaussianity. In the interaction picture, the three-point correlation functions
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of the perturbations, e.g., the scalar and tensor perturbations, (denoted by (¢, k)

together) can be computed as

<'(L(tf7 kl)lﬁ(tfa kQ)Q;(tf: k3)> = <Q|¢(tf7 kl)'&(tfa k2)¢(tfa k3)|Q>7 (3'64)

where

Q) = Texp <—z’ / tf dtHint(t)> 0), (3.65)

ti
with T" being the time ordering operator, and H;,; being the interaction Hamilto-
nian. In the interaction picture, the Hamiltonian, H, is composed of a free part H,
and non-linear parts, Hj,;. The former decides the time evolution of the perturba-
tion while the latter does that of the state. In particular, Hy and H;,; are derived
from the quadratic and cubic (or higher-order) actions, respectively, and we define
the interaction Hamiltonian by Hi, := — [ d3x£$) which is thus of O(¥?). Here,
we labeled 7 and f such that the perturbations are deep inside the horizon at ¢t = t¢;

and the early epoch of the universe ends at t;. To first order in Hj,¢, we have

(R e o)) = =i [ QO T )b ). Hi (0)]10),
Z (3.66)

where we supposed that the perturbations at ¢t = t; to be Gaussian. We can know by
computing Eq. (3.66) that how the statistical properties deviate from the Gaussian
distribution due to the non-linear interactions among the perturbations from t = ¢;
(subhorizon scales) to t = t¢ (superhozion scales).

We explain how to calculate the above by focusing on the cubic operator of the
form, Lég) ~ CC.S with C being a constant. The quantized curvature perturbation

in Fourier space can be written as
((t,k) = Craw + Gral . (3.67)

It is instructive to first deal with the two-point correlation function. By using the
symbol of the Wick’s contraction, the product of the operators can be decomposed
into two parts in which the each vacuum expectation values of the first and another
one vanishes and does not, respectively, as

(K K) = (K K) + (---), (3.68)
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where ((---)) vanishes by construction. By using this symbol, one can compute the

two-point correlation function as

(C(R)CEK) = GG () (Olawa’ o 0) = (2m)*(k +K)[Ge(t)?. (3:69)
Then, we move to the computation of Eq. (3.66). Similarly, one can write the r.h.s.

of Eq. (3.66) as

(C(ty k1)C(tr, ka)(t s, k3) Hing (1))

37. 37. 37 IA R R . . .
=0 [t SR T (k) k)t e R R )
+ (sym. of 1,2,3) (3.70)
— (2m)0(01 + Kz + Ka) X 310G (£)Co (6)Cs ()G, (DE, (OC, (D, (3TY)

where we discarded some terms contracted by different combinations which are
canceled out with the conjugated themselves in Eq. (3.66) of which the integrand
in the r.h.s. is composed of the above and its conjugated term. Thus those do not
contribute to the resultant non-Gaussianity. Finally, one can obtain the explicit

form of Eq. (3.66) regarding the cubic operator of the form (3 as
<é(tf, kl)CA(tfa k2)§(tf7 k3)>
tf . . .
~ (2m) 8 (k1 + ko + ka)Im | 12C, (t7)Cry (t5)Ciy (tf)/ dt'C G, (4)Gr, ()G, (B) |-
t;
(3.72)

Similarly, one can derive the concrete expressions for the other cubic operators.

3.4.2 Amplitudes and Shapes of non-Gaussianities

In this subsection, we investigate the amplitudes and shapes of the primordial
non-Gaussianities. We first focus on the amplitudes.
The curvature perturbation is composed of both the linear and non-linear parts,

and the explicit form first introduced in Ref. [33] is™

000 =) + 2200 - (2. (3.74)

*2 The original definition of the non-linearity parameter is [33]

B(x) = dr.(x) + Flope! [¢%<x> - <<I>%<x>>] , (3.73)

where ® is the gravitational potential, and the factor 3/5 in Eq. (3.74) is due to the fact
that ¢ is related with ¥ as ® ~ (3/5)¢ during the matter-dominated era [26].
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The above expression is local in real space, and hence the corresponding non-
linearity parameter, fnr,, is conventionally labeled by local. To first order in the

non-linear correction, one can calculate the three-point correlation function as

3
(C(k1)C(ka)¢(ks)) = (2m)%6 (k1 + ko + k3)§(27f2)27’§ ]{523:];3]23 N, (3.75)
1723

where we assumed that the power spectrum is scale invariant. In light of this result,

the general form of the non-linearity parameter is defined by

5 Be(ky, ko, k) k3 k3KS

ki, ko, k3) := 3.76
INL (K1, k2, k3) 6 (2P S,k (3.76)

where B; is the bispectrum of the curvature perturbation defined by
(C(k1)¢(k2)C (k) =2 (2m)°0 (ks + ko + k) Be. (3.77)

Next, we focus on the shape dependence of the bispectrum which is characterized
by the shape function, S(k1, k2, k3), defined by [34, 35]

S(kl,k’g,k‘g) = N(k1k2k3>26€“(k’1,k‘2,k’3), (378)

where N is some normalization factor, and usually normalized such that S(k, k, k) =
1. This shape function can be written in terms of the non-dimensional quantities,
y = ko/k1 and z := ks/k;, and thus one can express it as S = S(1,y,2). For
example, the bispectrum of the local type has a peak at the squeezed configuration
which is characterized by one long-wavelength and two short-wavelength modes,
i.e., k1 < ko = k3, and the explicit shape function is plotted in Fig.3.1. In addition
to this, there are several types which have been well studied, e.g., the equilateral,
k1 = ko = k3, and flattened, k1 = ko + k3, configurations. The bispectra peaked at
the equilateral and flattened configurations are plotted in Fig.3.2 and Fig.3.3. As we
will see later, the shape dependence of the non-Gaussianity is useful to discriminate
among the early universe models.

Here, the current CMB observations have put constraints on the non-linearity
parameter at the squeezed, k1 < ko = k3, and equilateral, k; = ko = k3, configura-

tions as [306]

local — 0.9+ 5.1, (3.79)
NL = —26 +47. (3.80)
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Slocal(1 ,y,Z)

0.5
1.0 Z:=k3/k1

Fig.3.1 The shape function of the local type, S(ki1, k2, k3) o< (3°, k7)/(k1kzks),
as a function of y = ko /k1 and z = k3/k1. The plot is normalized to 1 for the
equilateral configuration, y =1 = z.

S*9(1,y,z)

0.5
1.0 ZZ=k3/k1

Fig.3.2 The shape function of the equilateral type, S(k1, k2, k3) o< k1koks /K>,
as a function of y = ko /k1 and z = k3/k1. The plot is normalized to 1 for the
equilateral configuration, y =1 = z.

3.5 Application 1: Inflation

We use the results in the previous section, i.e., we impose €(= const) < 1 and

X < V. Note also that the new time coordinate, y, coincides with the conformal
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Sﬂat(1 ,y,Z)

1.0 Z:=k3/k1

Fig.3.3 The shape function of the flattened type, S(k1, k2, k3) o k1k2ks[(—ki+
ko4 k3)™ ' + (1 < 2) + (1 < 3)] as a function of y = ko /k; and z = k3 /k;. The

plot is normalized to 1 for the equilateral configuration, y =1 = z.

time, 7, whose region is —oco < n < 0.

3.5.1 Power spectrum of the curvature perturbation

We denote the mode function of the curvature perturbation as (i, and that obeys

v2—1/4
r <I<:2 - = / >Ck =0, (3.81)

where v, = 3/2 + 2¢ — € + O(e?, &) with ¢ :== —H/(2HH) < 1. Then, the solution

with the Bunch-Davies initial state can be derived as

G = T RHD (k). (3.52)

where H,Si) is the Hankel function of the first kind. The modes are in subhorizon
scales in the far past, n — —oo (|kn| > 1), while are in superhorizon scales at the
end of inflation, n — 0 (|kn| < 1). Using the solution in the superhorizon scales,

one can obtain the power spectrum and the spectral index as

_1GkI? .1 g
knl<1 2ME € 42

ns —1=3—2v, >~ 2 — 4e. (3.84)

Pe (3.83)

22
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3.5.2 Power spectrum of the tensor perturbations

Similarly to the case of the curvature perturbation, the mode function can be

derived as
\/_\/—Hu( kn), (3.85)

where vy = 3/2+ ¢+ O(€?). As a result, the power spectrum and the spectral index

read
8 H?
~ 8 H 3.86
P M2, 4m?’ (3.86)
ny =3 — 2u >~ —2e, (3.87)

where we parametrized the power spectrum as Pp o« k™. Combining both results,

we have the tensor-to-scalar ratio,
r ~ 16€ ~ —8n;. (3.88)

which is the so-called consistency relation. We thus find that the small deviation
from the exactly scale-invariant power spectrum of ¢ and the small tensor-to-scalar
ratio can be represented by the deviation from the exact-de Sitter spacetime.

As seen previously, it is one of the successful points of inflation that the observ-
able quantities are related to the symmetry of the spacetime. Whereas in the case
of the bounce models, it is difficult to construct the models based on some sym-
metry argument, and observable quantities are not associated with the violation
of spacetime symmetry. In addition, the models are often incompatible with the
observational constraints. Therefore, we do not deal with the bounce models here,

and explain the details of the perturbations in the models in the next section.

3.5.3 Non-Gaussianities

e Scalar non-Gaussianity

From now on, we introduce some inflation models which predict the bispectra of
the local, equilateral, and flattened configurations.
(1) Canonical scalar field

The shape function is [37]

Scanonical X 1 kz e { (—— Z kP + 2 Z kik3 + Z k:2k:2) Z kﬂ (3.89)

Z#J Z>J
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Both terms multiplied by € and € have peaks at the squeezed configurations. Then,
the non-linear parameter of the local type is of O(e, €) < 1. This is consistent with
the current upper bound on fi2®. We thus find that the standard inflation models
predict a small scalar non-Gaussianity having a peak at the squeezed configuration.

In subhorizon scales, the integrand in the time integral in Eq. (3.66) is propor-
tional to e 5" with K := ki + ko + ks. (We denote the sum of k; as K apart
from the k-essence field, K (¢, X), without any confusion.) This indicates that the
interactions in the scales do not contribute to the generation of the non-Gaussianity
since the rapid oscillation, |Kn| = |K/(aH)| — oo, makes the integral exponentially
suppressed. Therefore, it can be anticipated that the non-Gaussianity is generated
by the interactions among the scalar perturbations whose physical wavenumbers,
kiphys = ki/a, satisfy H < k; pnys. Therefore, the long-wavelength mode in the
definition of the squeezed configuration is in superhorizon scales sufficiently before
the other modes cross the horizon. In the standard inflation models, the amplitude
of the perturbation freezes out in the superhorizon scales, and thus one can naively
anticipate that the sizable squeezed non-Gaussianity is not generated because the
operators are differentiated with respect to time and/or spatial derivatives. The
example to generate the squeezed non-Gaussianity (not slow-roll suppressed) is the
early universe model in which the would-be decaying mode grows in time and thus
the growing mode dominates the constant one. Below we will introduce two exam-
ples which predict different shapes.
(2) Higher-derivative operators

Let us change the Lagrangian of the canonical scalar field to that of the k-essence
field. In this theory, the higher-derivative terms can be included, e.g., £ D ¢(V¢)?

with ¢ being a constant. Then, the shape function is modified as [37]

1 1 2N\ 3k2k2k2
Sha. O KZ? —i- E) N
+(l_1)(_izkzkz+szzk3+lzks)
2 K £« T2 LT T g LT
i>] i#£] e
e[ 1 s 1 , 1 - ¢ .
(TR ) g T
% 1£j i>] )
fs 1 3 1 21.2 1 21.3
+é(—12ki—?;kikj+m;kikj>}. (3.90)

with f. := ¢s/(Hes). The shapes in the first two lines have peaks at the equi-

lateral configurations while the others do at the squeezed ones. The non-linearity
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parameter at the equilateral configuration associated with the first two terms reads
;}:0(%-1-%)+0(%-1). (3.91)
Here, we consider the effects of the higher-derivative terms on the non-Gaussianity.
For example, we find from the form of ¢2 that the higher-derivative terms can realize
c2 = O(1) (but deviates from unity) and also ¢> < 1 only if Kx < XKxx is
satisfied. In this case, the magnitudes of the interactions among the perturbations
can be enhanced since the perturbed Lagrangian includes some cubic operators
multiplied by negative powers of ¢s such as Z/(CEHB)CB and e/(cﬁ)CQ:Q. However,
the case of the small ¢? is excluded due to the constraint on fyi. Therefore, the
viable slow-roll inflation models within the k-essence theory are restricted to the
cases of ¢2 = O(1). Even in such cases, the presence of the equilateral shape and
the non-linearity parameter of O(1) would be useful to discriminate between the
standard model and the non-standard one.
(3) Non-Bunch-Davies effects
So far we have focused on the case of the Bunch-Dayvies initial state. In principle,
one can also consider the non-Bunch-Davies initial states. Now let me first introduce
the resultant non-Gaussian shapes from the non-Bunch-Davies states. In Ref. [8],
it has been found that the scalar non-Gaussianities from inflation models with
the non-Bunch-Davies initial states can have peaks at the flattened configuration.
This result can be easily understood. As opposed to the Bunch-Davies state, both
positive and negative frequency modes exist in the cases of the non-Bunch-Davies
states. This indicates that the integrand in the time integral in Eq. (3.66) includes
the term proportional to e~ “(—F1+k2+k3)n which does not oscillate at the flattened
configuration even in the far past, |k;n| > 1. This results in the generation of the
non-Gaussianity in subhorizon scales, and finally the flattened non-Gaussianity is

predicted.

e Tensor non-Gaussianity

The cubic action of the tensor perturbations is

S® — [ qtd3zad Mg, bt — b b ) 0cdnhs | = — [ aeH? 3.92
PSS xra 40,2 ik /51 9 151kl kULIbi5 [ —- int* ( . )

By using the interaction Hamiltonian, H[,, and the solution of the mode func-

tion (3.85), one can compute the three-point correlation function which is defined
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by
(€1 (tr, k)€™ (Lr, k)% (L, k3)) = (27m)°0(ky + ko + kg) Bj*2%2, (3.93)

where B;'°2%% is the bispectrum. The bispectrum can be obtained as

51505 27 )4 P2 1
B = (2m) hA{ ivgr,ik (K1), 1 [’fskk‘slﬂisjs,ij = ghaiksrlliag, i

k3kSk3
+ 5 perms of 1,2, 3}6:1(;11)(kl)ejz(;j)(kg)e;;(;;)(kg), (3.94)
where
A= — {1 — Y k- 4k1k2k3} : (3.95)
1£]

Then, we derive the explicit form of the polarization tensor. (See, e.g., Ref [38].)
First, one can set the direction of the propagation of the graviton, ki, as z-axis. In

light of this, one can parametrize the wave vectors as
k; = k1(1,0,0), ko = ka(cosf,sinb,0), ks = ks(cos ¢, sin ¢, 0), (3.96)

where 6 (¢) is the angle between k; and ko (ks ), and the angles satisfy 0 < 6 < 7 and
m < ¢ < 2m. Here, by using k; + ks + ks = 0 which is the consequence of the spatial
rotational invariance (or equivalently the conservation law of the momentum), one

can relate the angles with the magnitudes of the wave vectors as

cosg - B =k VERCR R 4 Rs) (b by § Ryt R Rs)
2]€1k2 2]{?1]{72
(3.97)
3 — ki — ki K(—ky + ko + k) (k1 — ki + k) (ks + kg — &
cosg— BB R VECR bRt R Rt )b R — k)
2k1ks 21 ks
(3.98)

Based on these setup, one can derive the explicit form of the polarization tensor as

sin? o —sinacosa  —1s8;sina
Sik;) = = —si 2 1S5 3.99
e i) = sin «v cos a Cos” « 18; COS (v , .
—18; Sin 18; COS «x -1

where a takes a = 0,6, ¢ for ¢+ = 1,2, 3, respectively, and the polarization tensor
for s (s3) can be obtained by rotating the e(sl)(kl) along 6 (¢). By substituting
Eq. (3.99) into Eq. (3.95), we can derive the resultant bispectrum as

isos 2m)4P2 A
Bg15283 — (]g?ﬂz—3]g;§(slkl + 5ok + s3ks)?F(s1ky, soko, s3ks), (3.100)
1F2K3
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where

F(z,y,z): (z+y+2°3x—y+2)(et+y—2)(x—y—=2). (3.101)

T 6da2y?2?
Interestingly, the amplitude of the tensor non-Gaussianity does not depend on the
potential term of ¢. This result can be straightforwardly extended to a subclass
of the Horndeski theory such that G5x = 0. In the subclass, the amplitude of the
tensor non-Gaussianity does not depend on ¢ and X.

As well as the scalar non-Gaussianity, one may explore the other non-Gaussianities
having different shapes. In the Horndeski theory with G5x # 0, the another cubic
interaction term of the form, hf’J can appear [39]. In Ref. [39], it has been found
that the non-Gaussian amplitude depends on the functions of ¢, X, and H, and
also the non-Gaussianity of the equilateral shape can be generated.

In light of these results, one can find that the non-Gaussian amplitudes and shapes
are powerful quantities to obtain rich information on the detail of the theory (form
of the Lagrangian), initial conditions for the perturbations, and so on. In addition,
it would be useful to classify the inflation models and discriminate among those.
Also, it is important to investigate the non-Gaussian signatures from alternatives to
inflation to distinguish inflation with alternatives. Before doing so, let us introduce

some problems in alternatives to inflation in the following section.

3.6 Application 2: Alternatives to inflation

Alternatives to inflation not only resolve the various problems in the standard Big-
Bang cosmology but also evade the initial singularity and Trans-Planckian problems.
However, those suffer from some problems which are not problematic in inflation in
general, and the problems should be resolved in order for the models to be viable.

In this chapter, we review the problems and also recent progress on those.

3.6.1 Gradient instabilities

In Chapter 2, we have seen that one can construct the non-singular cosmological
solutions within the k-essence theory at a background level. However, some problem
occurs at a perturbation level. In the k-essence theory, the quadratic action of the

curvature perturbation takes the form,

S& = /dtd3xa3 {QSC.2 - %(@'C)Q , (3.102)
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where

- XKx —|—2X2KXX
~ 72

H
Gs , Fs o~ M3, (—ﬁ> (3.103)
In particular, the sign of Fg is negative if the NEC is violated (i.e., H > 0), and

thus the gradient instability is inevitable*.

Cubic Galileon theory
Next, we consider the cubic Galileon theory in which the second-order derivative,

0%¢, is included and the action is

S = /d4x\/—g(R—|—K(¢,X) — G3(9, X)D(;S). (3.105)
In this theory, Fg takes the form,
M2 d
2 Pl —1
]:'S MP1|: o _dt (a@ ) — ]_:|’ (3106)

where © := M2 H — $X Gsx. It can be easily seen that the signs of Fg and H can
be positive simultaneously thanks to the non-vanishing G3x.

This result may motivate one to construct the alternative models to inflation
within the cubic galileon theory. However, it has been found that some non-singular
cosmological solutions constructed within the cubic galileon theory are plagued with
the gradient instability at somewhere even though the stability conditions hold in
the NEC-violating phase. (See e.g., Refs [40, 41].) Based on these results, whether
the instability is dependent on concrete models or not has been investigated in

Ref [42]. One can rewrite the stability condition Fg > 0 as

d aMf%l 5 d aMf%l 9
E( @ > — aMP] > 0 = E @ > a’MPl > 0, (3107)

where we used a > 0, and the above indicates that aMsg,/© is a monotonically

increasing function of ¢. Then by assuming that Fg is a continuous function of ¢,

*3 For the high-frequency modes (k — o0), the solution of the curvature perturbation expo-

¢ ~exp <k /77+ |cs|d77> , (3.104)

nentially grows in time as

where An = n4 — n— is the duration during which the instability is occurring.
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i.e., © does not cross 0, it can be seen that

t [ee)
/ a(t')Mz,dt’ < oo, or / a(t')M3,dt < oo, (3.108)
t

—00
which prohibits the non-singular cosmological solutions. This is the reason why

even the solutions in the cubic galileon theory are plagued the gradient instability.

Horndeski theory
In Ref. [43], a no-go theorem stating that the gradient instability is inevitable
within the Horndeski theory has been proven. Let us illustrate the no-go argument.

In the Horndeski theory, Fs can be obtained as

f§:§%<%?)—ﬁn (3.109)

where
Gr =2 [G4 e (g'ziGg)X + Gwﬂ , (3.110)
}%::2[G4—2XCQX—QX(H¢G&X—(%¢H, (3.111)

which are the coefficients in the quadratic action of the tensor perturbations and
thus we require that G, Fr > 0 to avoid the ghost and gradient instabilities.
Here, we impose a > 0 to characterize the non-singular cosmologies. Then, we

can rewrite the condition, Fg > 0, as

d¢ aGy
— = —. 112
dt>a]—“T>0,§ 5 (3.112)
indicating that
t [e’e)
/ aFrdt’, or / aFrdt’ (3.113)
—00 t

should converge. Thanks to the non-minimal coupling between a scalar field and
gravity, the convergent condition now can hold even in non-singular cosmologies.
The concrete example was presented in Ref. [43].

Here, we consider the meaning of the convergent integral. Via the disformal

transformation [44], one can move to the Einstein frame for tensor perturbations,
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that is Gy and Fr are constant. The transformation is given by™*

a= Mg Fil*GM a, (3.118)
df = My Fol* g 4at. (3.119)

In Ref. [45], by using the fact that we have

adt = aFrpdt, (3.120)

which is the affine parameter of the null geodesics in the Einstein frame, it has
been found that the convergence of the integral (3.113) indicates past (or future)
incompleteness of geodesics of graviton. (See also Ref. [46]).

Here, we also consider the pathology of gravitons based on the another approach

proposed in Ref. [47]. The tensor perturbation h;; obeys

Z"'D,Dyhi; =0, (3.121)
where
Z o daida” = f;/zdﬁ 2(FrGr)Y? 6, daida? 3.122
wdztdz” = ——-5 + a* (FrGr) ijdz'da’, (3.122)
T

and D, is the covariant derivative defined in the new geometry characterized by Z,,, .
One can thus find from Eq. (3.121) that the paths of gravitons can be regarded as
the null geodesics in the geometry defined by the effective metric, and the affine
parameter A\ of null geodesics is then given by d\ = aFrdt. Hence, it can be seen
that the geodesic incompleteness of gravitons can be proven without performing the

disformal transformation.

3.6.2 Evading the no-go theorem

Before closing this section, we introduce how to circumvent the no-go theorem.

*4 When the quadratic action of the perturbation can be written as

Sff) = / dtd®za® [gw - é(am)? : (3.114)
a
the disformal transformation such that G, F = const is
Juv = Jur = A(P, X)guv + B(¢p, X)0, 0w ¢. (3.115)
where
A= M-2JGF, (3.116)

B:W(1—§):A<1—f). (3.117)
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Positive spatial curvature
In a non-flat FLRW spacetime, the condition to avoid the gradient instability
within the Horndeski theory is modified as [48]

1d ag% Q’% K
- _ il A 12
Fs adt(@;c> .7:T—|—@I2ca2 > 0, (3.123)
where
. K
O ::®—¢XG5X§. (3.124)
The stability condition can be written as
dt Tmera? ) T or '

In open universes, the convergence of [aFrdt is required and hence the no-go
theorem holds. Whereas in closed universes, the convergence is not always required,
and the no-go argument cannot be applied to the universes. The simplest example
which evades the no-go theorem is the quasi-de Sitter solution accomplished by a

canonical scalar field in a closed FLRW spacetime.

Beyond Horndeski

One of strategies to circumvent the instability is invoking beyond Horndeski terms
which change the dispersion relation of the curvature perturbation such that k*-
term or higher-order terms are included. For example, when the dispersion relation

is modified as
w? = k% + ak?, (3.126)

even though ¢? becomes negative, the stability for high frequency modes can be
guaranteed if and only if « is positive. Also, when the higher-order terms are
invoked, the positivity of the coefficient in front of the highest-order term in the
dispersion relation can guarantee stability. Based on this strategy, some healthy

non-singular cosmological solutions have been found so far. (See, e.g., Refs [43, 49].)

Cuscuton theory
When we consider a scalar field ¢ in GR, ¢ contributes to the dynamical degrees of

freedom in general. However, some specific Lagrangian of ¢ in which the coefficient
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of gb in the equation of motion for ¢ vanishes can keep the degrees of freedom
unchanged. In Ref. [50]. such a theory, the so-called Cuscuton theory, has been

proposed, and the Lagrangian with a matter field o is given by

/d‘*m\/_{ P1R+X 2/ 2lY | — (3.127)

where Y := —(1/2)¢g""0,,00,0. In this theory, the scalar degree of freedom regard-
ing o does not propagate, and thus the dynamical degrees of freedom are one scalar
(¢) and two tensor modes. Then, the quadratic action of the curvature perturbation

under the unitary gauge, o = o(t), can be obtained as [51]

k?
S&) = /dtd%a [g &2 - FC S } (3.128)
where F¢ for the high frequency modes is given by
X H 122y
Foot o = M3, (—ﬁ> + (3.129)

which can be positive even for the case H > 0, and the stability condition does not
lead to the geodesic incompleteness for graviton. In Ref. [51], a concrete bouncing

solution without any pathologies for the perturbations has been constructed.

3.6.3 Inconsistency with observational evidences

In order for the early universe models to be viable, those should be consistent
with CMB observations. In this section, we introduce a problem regarding the large
tensor-to-scalar ratio and/or a large scalar non-Gaussianity based on [52, 53]

First, we consider a matter-dominated contracting model in GR with a canonical

scalar field. The Friedmann and evolution equations are given, respectively, by

E=—3Mp3H?+ py ~t2, (3.130)
P = M3 (3H* +2H) + Py ~t72, (3.131)

where py == X +V and Py := X — V. The phase which we are focusing on is a
matter-dominated contracting one, and thus a o< n? with n being the conformal time.
Within this theory, both the canonically normalized scalar and tensor perturbations
obey the same equation as,

d%u 2
v + <I<:2 - —) u = 0. (3.132)
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By solving this equations, we obtain the curvature and tensor perturbations in

Fourier space as

k i kT 1+ ikn)e~ ™" 3.133

<(777 )__2MP1\/E an ( +1 77)6 ) ( . )
2 k—3/2 .

hij(n, k) = —MLPZI o (14 ikn)e™*ne,;. (3.134)

It can be seen from the above that both curvature and tensor perturbations scale

3 at the superhorizon scales, |kn| < 1. This is in contrast with the case

as ~ 1n
of the standard inflation model in which the amplitudes of the perturbations freeze
out at the superhorizon scales.™

Then, the power spectra of ¢ and h;; evaluated at the end of a contracting phase

(n = n.) are obtained as

po= X ¢? ~ . ! (3.136)
¢ op2 — 8m2MB e a?(n)n?’ '

k? 2 1
= " |hy]? ~ , 3.137
Ph 271'2 | ]| 7_‘_2]\41%1 CL2 (,'7*),'7#2< ( )

giving us the tensor-to-scalar ratio
roi= il ~ 16e = 24, (3.138)
P

where I used H = 2/(3t). We have r = O(10) since the usual slow-roll parameter
is ¢ = O(1) as opposed to inflation, ¢ < 1. Therefore, the model presented here is
excluded. However, several ways to obtain r < 1 in matter-dominated contracting
models have been explored so far. We introduce two examples based on a single-field
model in the next section.

Before moving to the next section, we also refer to the primordial non-Gaussianity.
The successful point of the above example is to be able to generate a small scalar

non-Gaussianity. In Ref. [54], it has been found that the non-linearity parameter is

*5 One may think that the observed value of the amplitude of ¢, i.e., Pr = O(10~9) requires
some fine-tuning for the amplitude at the initial time. However, the amplitude in the sub-
horizon scales behaves as

k
3/2) - _
k32| = O (aMPl) . (3.135)

In a contracting universe, the physical wave number kynys = k/a is sufficiently below the
Planck scale, i.e., kphys < Mpi, and thus the very small amplitude of ¢ in the past infinity
can be naturally obtained.
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fnL = O(e) = O(1) at the local and equilateral configurations while the standard
inflation models predict fnr, < 1 due to the slow-roll suppression. Therefore, we
need to discuss whether or not r can be < 1 while fyr, remains O(1). In light of

this, we introduce the predictions from some bounce models below.

Growth of the curvature perturbation

Only the contracting phase has been focused on so far. In Ref. [52], it has been
investigated whether or not the growth of the curvature perturbation during a
bouncing phase can reduce the tensor-to-scalar ratio. Here, let us suppose that the

curvature perturbation grows during the bouncing phase as
C(m) = C(ne) + AC, (3.139)

where 7 is the time of the end of a bouncing phase. By assuming that the ampli-
tudes of the tensor modes do not change during the bouncing phase, the tensor-to-

scalar ratio is modified as

r(m) = ()1 + O(AC/C(m.) 72, (3.140)

Therefore, the growth such that A{/((n.) > 1 can realize r(n,) < 1 even though
one has r(n.) = O(10). However, the growth of ¢ can enhance the amplitude of
the scalar non-Gaussianity. Actually, in Ref. [52], it has been found that fxr, has
a lower bound which is particularly proportional to (A¢/¢(n.))%/? > 1, and the
resultant fn, satisfies fyr, > O(10%). We thus face the another problem, a large

scalar non-Gaussianity.

Small propagation speed of the curvature perturbation

The different approach to obtain a small r has been explored by invoking the
k-essence field as the matter field driving the matter-dominated contraction of the
universe [53]. Let us begin with the k-essence theory. In this theory, the Friedmann

and evolution equations are given, respectively, by
£=2XKx — K —-3M4H? =0, (3.141)
P =K+ M2/(3H?+2H) = 0. (3.142)

The arbitrary function K (¢, X) modifies the coefficients in the quadratic action of

the curvature perturbation as

 XKx +2X2Kxx H) XKy (314

_ 2
Is 2 et (‘ﬁ N
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where we used the background equations. For simplicity, we consider the case in
which the propagation speed of the curvature perturbation, ¢? := Fgs/Gg, is a
constant. In this case, the equation of motion for the canonically normalized ( is
modified as
d?u 2
7=t <c§k2 - —2) u = 0. (3.144)
n Ui
Here, the equation for the tensor mode does not change. After similar calculations

with the case of the canonical scalar field model, we can obtain

1 1

Pe = , 3.145
¢ 8m2 ME ecs aZn? ( )

and Eq. (3.137). Finally, the tensor-to-scalar ratio can change as
r = 24cq, (3.146)

which gives us the possibility to have » < 1 by the small propagation speed, cs < 1
(, or equivalently |Kx| < | XKxx]|).

As the next step, we consider the scalar non-Gaussianity. In Ref. [53], the non-
linearity parameter fyr, for the local and equilateral configurations has been evalu-

ated as
fan ~ 0(c;?), (3.147)

indicating that fnp, > 1 for ¢, < 1. Thus, similarly to the first example, a small r
can be obtained while a small fyr, cannot.

In light of these results, it is important to investigate whether one can realize a
small » and a small fyg, or not. We investigate how general the inconsistency with

CMB observations is in more general theories in the next Chapter.



Chapter 4

Primordial Non-Gaussianities in
General Bounce Cosmology

This chapter is cited from, S. Akama, S. Hirano and T. Kobayashi, “Primor-
dial non-Gaussianities of scalar and tensor perturbations in general bounce cos-
mology: Evading the no-go theorem,” Phys. Rev. D 101, no.4, 043529 (2020)
doi:10.1103 /PhysRevD.101.043529 [arXiv:1908.10663 [gr-qc|] [55]. Copyright (2020)
by the American Physical Society.

The matter-dominated contracting (or bounce) universe can be mimicked by a
canonical scalar field and this model can generate a scale-invariant curvature per-
turbations [56, 57, 52]. However, as explained so far, this model yields a too large
tensor-to-scalar ratio and thus is excluded [52] (see, however, Refs. [58, 59]). One
may use a k-essence field to reduce the tensor-to-scalar ratio by taking a small sound
speed, but then this in turn enhances the production of non-Gaussianity, making the
model inconsistent with observations [53]. At this stage, it is not evident whether or
not this “no-go theorem” holds in more general scalar-tensor theories. (The scalar-
tensor theory is a generic term for theories of single or multiple scalar fields and the
gravitational field)

The purpose of the present chapter is clarifying to what extent the previous no-go
theorem (which was formulated in the context of a k-essence field minimally coupled
to gravity as an extension of Ref. [52]) holds in more general setups. To do so, we
consider a general power-law contracting universe in the Horndeski theory [21], the
most general second-order scalar-tensor theory, and evaluate the power spectra and

the bispectra of scalar and tensor perturbations generated during the contracting

41
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phase. Throughout the paper we assume that the statistical nature of these primor-
dial perturbations does not change during the subsequent bouncing and expanding
phases. (In some cases in matter bounce cosmology, this has been justified. See,
e.g., Ref. [60].) In calculating tensor non-Gaussianity we explore peculiar signatures
of a contracting phase as compared to inflation, and show that the two scenarios
can potentially be distinguishable due to the non-Gaussian amplitudes and shapes.

This chapter is organized as follows. In the next section, we introduce our setup
of the general contracting cosmological background. In Sec. 4.3, we evaluate the
power spectra for curvature and tensor perturbations, and derive the conditions
under which they are scale-invariant. In Sec. 4.4, we calculate primordial non-
Gaussianities of curvature and tensor perturbations, and investigate whether a small
tensor-to scalar ratio and small scalar non-Gaussianity are compatible or not in the
Horndeski theory. We also discuss how one can distinguish bounce cosmology with
inflation based on tensor non-Gaussianity. The conclusion of this paper is drawn in
Sec. 4.5.

4.1 Setup

We begin with a spatially flat Friedmann-Lemaitre-Robertson-Walker (FLRW)

metric
ds? = —dt? + a?(t)6;;dzida? (4.1)

where the scale factor describes a contracting phase,

a= <i)n - (_—”)n/(l_n) 0<n<l1)), (4.2)

-
with dn = dt/a. Here, we denoted the time at the end of the contracting phase as
tp(< 0) and (< 0), and we normalized the scale factor so that a(ty) = 1 = a(n).

The two time coordinates are related with

p= 0 i, (4.3)

1—n

where t and 7 coordinates run from —oo to ¢, and 7, respectively. In this paper, we
do not assume n to take any particular value, so that our setup includes models other
than the familiar matter bounce scenario [22]. Note, however, that it will turn out
that models with different n are related to each other via conformal transformation

(see Sec. 4.2.3).
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We work with the Horndeski action which gives the most general second-order
scalar-tensor theory, and hence a vast class of contracting scenarios reside within
this theory. Therefore, the Horndeski theory is adequate for studying generic prop-
erties of cosmological perturbations from contracting models. Note, however, that
nonsingular cosmological solutions suffer from gradient instabilities if the entire his-
tory of the universe were described by the Horndeski theory [42, 61, 46, 45, 47] as
seen in Chapter 3. We circumvent this issue by assuming that beyond-Horndeski
operators come into play at some moment, but at least the contracting phase we
are focusing on is assumed to be described by the Horndeski theory.

The Friedmann and evolution equations are written, respectively, in the form

=) &=0, P:=) Pi=0, (4.4)

where & = &;(H, ¢, ¢) and P; = Pi(H,H, b, P, qﬁ) come from the variation of the
action involving G;, whose explicit expressions are given in Appendix A. Here a dot
stands for differentiation with respect to ¢t and H := a/a. In this paper, we do not
consider any concrete background models, but just assume that each term in the

background equations scales as
51', Pz X (—t)Qa, (45)

where « is a constant to be specified below. This scaling is reasonable as far as
one focuses on one phase, e.g., only the phase of the matter-dominated contraction,
ekpyrotic contraction, etc. The impact of spatial curvature and anisotropies is

discussed in Appendix B.

4.2 Scale-invariant power spectra

Some functions appeared in the coefficients of the quadratic actions can be written

in terms of the partial derivatives with respect to X and H as

o H of
1 0&
@—_éa_H_- (4.7)

(The explicit expressions for © and X are given in Appendix C.) As inferred from

Egs. (4.5), (4.6), and (4.7), it is natural to assume that ¥ oc (—#)?* and ©
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(—t)za“. In addition, the time dependences of Gy and Fp can be approximately
written as Gr, Fr ~ &4/ H?,E5/H?, Py /H?,Ps/H?. These imply

gT7 ]:Tu g5'7 ‘FS X (_t)Q(a+1) (8 (_n>2(a+1)/(1in)' (48)

Under these assumptions, the propagation speed of the curvature perturbation,
c2 = Fs/Gg, and that of the tensor perturbations, ¢? = Fr/Gr, are constant. Note
that only a@ = —1 is possible if ¢ is minimally coupled to gravity.

Let us move to derive a relation between a and n by imposing that the primordial

curvature and tensor perturbations have scale-invariant power spectra.

421 Curvature Perturbation

The mode function wux(n) of the canonically normalized perturbation,
ux = v2a(FsGs)'/*(, obeys

1 1
" 21,2 2 _
uk + |:CSI{? — 7’]_2 (I/S — Z>:| Uk = O, (49)
where a prime denotes differentiation with respect to n and

—1—-3n— 2«
g = . 4.1
g 2(1—n) (4.10)

The positive frequency solution is then given by

Ck = ﬂa(figs)1/4 : gv _Csnﬂzg)(_cskm)- (4‘11)

Here we chose the initial condition as

1 .
lim uy = ——e ek, (4.12)

o NeT

similar to the case of inflation. The power spectrum of the curvature perturbation

and its spectral index are parametrized as

Pe o k372l (4.13)
ns —1=3—=2|vg. (4.14)

Let us focus on the exactly scale-invariant spectrum, which corresponds to

> a=-2 (4.15)

S
)
I

= a=1-3n. (4.16)

N

V)
I
|

N W N W
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vs=Ivsl Therefore, the pertur-

On superhorizon scales, ¢ k|n| < 1, we have (x « |n
bations freeze out on superhorizon scales in the former case (as in the inflationary
universe), while they grow as (i oc |7|~2 in the latter case (as in the contracting
universe). In this paper, we consider the growing superhorizon perturbations having
a scale-invariant spectrum, which is a characteristic feature of contracting models.
Note that the Planck results [4] require a slightly red tilted spectrum, ns; ~ 0.96.
This can be obtained by slightly detuning the relation (4.16) between n and «,
though for simplicity in this paper we only consider the exactly scale-invariant case.

Taking a« = 1 — 3n, the scale-invariant power spectrum can now be derived as

_ 1 > H?
bty - 8n2 n) Fscs

where the time-dependent quantities are evaluated at the end of the contracting

111
C_87r2.7-"505772

(4.17)

t=ty
phase.

4.2.2 Tensor Perturbations

The mode function vl(j)(n) of the canonically normalized perturbations, vl((s) =

a(ngT)1/4hl(<s)/2, obeys

1 1
A fete - (v 1) = (1.1

where 14 = v,. The positive frequency solution is then given by

2 N3
Bl — N e nHW (—e ke 4.19
k a(FrGr)t/t 2 contly,’ (=cikn), (4.19)

with the initial condition being

s |
lim o) = ——e~ihn, (4.20)

n——00 vV 2k

The behavior of the tensor perturbations is essentially the same as that of (. For
a=1-3n (1 =vs = —3/2), hx grows on superhorizon scales as hy o |n|~2 and
the tensor power spectrum is scale invariant.

For @ =1 — 3n, we have the scale-invariant power spectrum

2 (1 1)2 H?
—t, T n/) Frce

where time-dependent quantities are evaluated at t = t,.

2 1 1

Pp= = —
" w2 Froon?

(4.21)

t=ty
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The tensor-to-scalar ratio is given by

r— Pn _ 16 Fses : (4.22)
PC .FT Ct t=ty

which is constrained as Eq. (3.63).
For example, in the case of matter contracting models within the k-essence theory,
we have n = 2/3, a = —1, ¢, = 1, and Fs = (3/2)Fr =const. Therefore, the

tensor-to-scalar ratio is
r = 24c,, (4.23)

which can satisfy the upper bound on r only for ¢, < 1. However, as argued in
Ref. [53] and introduced in Chapter 3, ¢ < 1 implies large scalar non-Gaussianity,
and hence bounce models within the k-essence theory are ruled out. In the next
section, we revisit this issue and study whether or not upper bounds on the tensor-
to-scalar ratio and non-Gaussianity can be satisfied at the same time in a wider

class of theories.

4.2.3 Conformal Frames

At this stage it is instructive to perform a conformal transformation and clarify
the relation among models with different n.

Let us consider a conformally related metric

—~2

ds = Q%(t) (—dt® + a®;;da’da’), Qo (—t)* (4.24)

In this tilde frame, the time coordinate and the scale factor are given respectively
by

a=-2 = —tolIn(-t), aoxef (4.25)
a# -2 = —lo(=t)*? & (—1)nteth/(at) (4.26)

where df = Qdt and @ = Qa. By inspecting the quadratic action for scalar and
tensor perturbations we see that in the tilde frame all the four coefficients reduce
to constants.

We find that the case of vy = 1, = 3/2 (o« = —2) can be regarded as de Sitter
inflation in the tilde frame (see, e.g., Ref. [62]).

In the case of vy =1 = —=3/2 (o = 1 — 3n), we have

a o (—t)2/3, (4.27)
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which describes a matter-dominated contracting universe. Therefore, the dynamics
of cosmological perturbations in our contracting models (with general n) is equiv-
alent to that in the more familiar matter-dominated contracting model. However,
it should be emphasized that the magnitudes of the coefficients in the perturbation

action are still arbitrary even in the tilde frame.

4.3 Primordial non-Gaussianities
4.3.1 Scalar Perturbations

The cubic Lagrangian of the curvature perturbation can be written in the form [63,
64, 65]
(0:Q)* | Ag 0%

2 Tt e

E?) =a’Gs [%CS + AoCC® + A + A5CO.CO) + AeD?C (0ih)”

A A
o [07C 0,0 — 010, (0:¢0,0)] + 52— (0700w — €O, (01605
+ F(¢)Es, (4.28)

where ¢ 1= 8_26 and A; are dimensionless coefficients. The complete form of the
cubic Lagrangian is summarized in Appendix C. Based on the scaling argument
similar to that in the previous section, it can be seen that the coefficients A; are
constant.

The last term in Eq. (4.28) can be eliminated by means of a field redefinition™*!
¢ — ¢ —F(Q). (4.30)

In Fourier space, this redefinition is equivalent to
3(1 —n) d3k’ Ak - (k-k) (k-kK)k- (k—k))
C(k) = ¢(k) — n / (27)3 B+ 9 L/2 - L2k2
x C(k)C(k —Kk) +---, (4.31)

*1 The field redefinition induces the additional contribution from the quadratic action to the
cubic one as

85 > - / dtd3zad EgF(¢), (4.29)

which has an inverse sign compared to the last one in Eq. (4.28).
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where
HGs 0©  HGs 0Gr
A= — = 4.32
oG, o g% 5 const, (4.32)
_ HGrGs
B := 0F. const. (4.33)

Here we approximated the time derivative of the curvature perturbation on super-
horizon scales as

3(1—n)

¢~ — H¢ (4.34)

which can be derived from the form of the superhorizon mode, ¢ oc (—t)=3(1=")
and ignored sub-leading contributions denoted by the ellipsis (- - ).
The bispectrum B¢ is defined by

(k1) (k2)C (k3)) = (27m)38 (k1 + ko + k3) B, (4.35)
where we write
7)2
B< = (27T) ]{?3]{33]{33 Atotal: (436)

and evaluate the amplitude Aiota. In our setup, Aiorar reads
Atotal = Aoriginal + -Aredeﬁne7 (437)

where Aoriginal and Aredefine are the contributions respectively from the interaction
Hamiltonian and from the field redefinition (4.31):

1 9(1 - n) A5 3 AG 2
Aoriginal = 3 [(TAl — Ay + 7) ;kz + 5 Zkz k;

i#]
1
2K2k2K2 (A6 Z Kl = (Mo + Ka) D KTk — Ao Y kTk]
i£j i£j
+ (A5 + Ag) Y k%‘*)] (4.38)
i£j
3(1—n) s A 9
Aredeﬁne = g n (A - 4B> ; kz + Z ; kz k?j

k2 kQ 2 (Z KRS+ kORD — 2Zk5k4)]. (4.39)

1#£] 1£] 1£]
One can check that the result of the calculation of the primordial bispectra involving

the procedure of the field redefinition is identical to that involving boundary terms
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in the cubic action with the linear equation of motion Eg = 0 being imposed. (See
Refs. [66, 67, 68].) The explicit form of the boundary terms is given in Appendix C.

Based on the above result we also evaluate the nonlinearity parameter. At the
squeezed limit (k1 < ko = k3), the equilateral limit (k; = ko = k3), and the folded
limit (k1 = 2k, ko = k3 = k), the parameter is given respectively by

ocCca 5 9(1_n) 1_77/
local _ 5 {—n Ay = Ap +3(A - 4B)— } : (4.40)
i 5 9(1—n) A5 AG 9 1—n
equil _ Ay — Aoy 4 20 26 “A—12B 4.41
NL 12[ n AR RAY n |’ (4.41)
5 [9(1—n) 8 16 1—n
folded
= | A Ay — SAs+ —Ag — 12B . 4.42
NL 12{ n 1 A2 = glds+ ol n ] (4.42)

In the case of the matter contracting models within the k-essence theory, these

are written as

5[ A 15 9
local _ Y |[_ 2 _ v
N Tl I VN oA 4@}’ (4.43)
L5 T A 15 87
equil 2
_ 50 b 4.44
NLT T | TS EE T 2 32c§]’ (444)
5[ A 15 24
folded 2
_5 ] g _b 4.45
NL 2| %z 2 5c§}’ (4.45)

where )\ := X?Goxx + (2/3)X3Gaxxx. These results reproduce those in [53, 54].
In order for these nonlinearity parameters to be < O(1), one requires ¢ = O(1).
In the context of k-essence, this leads to r > O(10), which is ruled out. Instead one
may take ¢2 < 1 to have r < 0.064, but then the nonlinearity parameters are too

large to be consistent with observations:

local equil folded 1 24 ? 5
N N SN ~a o\ > 0(107), (4.46)

indicating that any matter bounce models in the k-essence theory are excluded.
Although small r is incompatible with small scalar non-Gaussianity in the k-
essence theory, this is not always the case in the Horndeski theory. Thanks to a
sufficient number of independent functions, one can make r small while retaining
A, B, and A; less than O(1). We will discuss this point in more detail in the next

subsection.
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4.3.2 Example

Let us consider a concrete Lagrangian characterized by

VN M2
GQ = %6 24’/#92(3/)’ GS = Jg:;)(Y)’
I I
M2
Gy=-—2, G5=0, (4.47)

2
where YV := Xe2?/1. We seek for a solution of the matter-dominated contracting
universe, H = 2/3t, with a time-dependent scalar field,

¢ = pln(—Mt). (4.48)

It then follows that Y =Y := M?;%/2 = const. This indeed solves the background
equations provided that the functions go(Y') and g3(Y") satisfy

g2(Y) =0, (4.49)
oY) + 2V gh(V) = - (4.50)
where a prime in this subsection denotes differentiation with respect to Y.
Let us further impose that
Yga(YV) =68 —1, (4.51)
Y [g4(V) + 2V gl(V)] = % (216, + 565 — 14), (4.52)

where d; and 5 are some small positive numbers, §; ~ d» < 1. We then have
3 2 3 2
FS ~ 561MP1, QS >~ 552MP17 (453)

and a small tensor-to-scalar ratio can be obtained, r = 165?/ %5, 12 <« 1, while
c2 = §1/62 = O(1), which cannot be achieved in the k-essence theory.

A would-be dangerous contribution to fxr, comes from Aq:

4 _ _
Ay =~ [84+ V7 (95" — 1295 + 2V g5")] + O(1). (4.54)
2

This can be made safe if one requires
Y2 [gy'(Y) —12g5(Y) +2Yg5"(Y)] = 05 = 8, (4.55)

where J3(< 61) is another small number. All the other terms give at most O(1)

contributions.
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To sum up, by introducing the functions g»(Y) and g3(Y') satisfying the condi-
tions (4.49), (4.50), (4.51), (4.52), and (4.55), one has r < 1 and fn1, < 1 simultane-
ously. Clearly, this is indeed possible. One can thus circumvent the no-go theorem
presented in [53] by appropriately choosing the functions in the Lagrangian which
is more general than the k-essence theory. Here, one should note that in the present
case (0(0.01) fine-tuning is required for the parameters. However, our aim is to give
a proof of concept. It would therefore be interesting to explore more natural models

without fine-tuning based on some symmetry argument.

4.3.3 Tensor Perturbations

The interaction Hamiltonian, Hj,g, is given by

Hipe = — / Pl (4.56)
where [39]
, P % 1
ﬁg) = a3 Ehz‘jhjkhkz’ + @ (hikhﬂ - §hijhkl) hij,kl}? (4'57)

with p := —(1/2)0Gr /OH which scales as p ~ (—t)372% as seen from Eq. (4.8). The
first term, A3, is the new contribution due to G x # 0, while the second one, which is
of the form h20?h, is identical to the corresponding term in general relativity except
for the overall normalization. We attach the label “new” (respectively, “GR”) to
the quantities associated with the former (respectively, latter) interaction.

Similarly to the case of the curvature perturbation, the bispectrum is defined by

(61 (k1) (ko) (ka)) =(2m)*0 (ko + ko + ka) (Bszy? + Bs®), (4.58)

(new)
where
Brisass — ()t Ph goreass (4.59)
(new) ki’)k%k,g (new) ? :
2
515283 __ 4& 51828
B = (om)' fap i A" (4.60)

and we evaluate the amplitudes Af;:ﬁff and Af;gjv‘;‘* In our setup we obtain
sisasy _ 3 1=nHp

= —- F(si1ky, soks, s3k k3 4.61
(new) 16 n Gr s (s1k1, 2k, 53 3); i ( )

81828 1
-’4(&;1?%)3 == @C?Wl?(slkl + soky + s3k3)?F(s1ky, soka, s3ks) Z 58 (4.62)
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Figures 4.1 and 4.2 show that both "4&1—;) and Aer+RJS have peaks at the squeezed

limit*?. Note that Aféspff ® has a specific scale-dependence c? kfng. This has been ob-

tained in the context of matter bounce cosmology driven by a scalar field minimally
coupled to gravity [69]. However, this factor makes the detection more challeng-
ing [70].

Alpew)(1.%,y)Ixly

(new

.
T —

1.0

s =
= '
A _II Y=
=g RReeEeeE
e e i en) I
z== '=‘-.-.‘=‘-:=-4AV43‘-\-.‘-:-:-‘-.-.:-:-.-.-::--‘ = 0
X P/ A T
O Y w8 Y T wa v T
e g e e
o -g‘__._-g:‘_l‘l_‘-_.--
=

Fig.4.1 AtTH (1,k2/k1,k3/k1) (k1/k2)(k1/ks) as a function of x = k2/k1 and

(new)

y = ks/k1. We take n = 2/3 and Hu/Grle, = 1. The plot is normalized to 1
for the equilateral configuration, x =1 = y.

Now let us compare the above results with the prediction from generalized G-
inflation [20]. The amplitudes of non-Gaussianities of tensor perturbations in (quasi-

de Sitter) inflation are given by [39]

Hy 31313

ew) =agn T8 L (s1k1, s2kz, s3ks), (4.63)
A
fleli-)SB :5(81]{32 + 82]{32 + 83]{3)2}7’(31]{1, 82]{32, 83]{13). (464)

Let us first look at their shapes. As shown in [39], A&ng‘v") of inflation models has a
peak at the equilateral limit. This is in contrast with the case of contracting models.
On the other hand, A?“GJFR’; has a peak at the squeezed limit both in inflation and
contracting models. Therefore, the detection of the equilateral-type tensor non-

Gaussianities would rule out our contracting models.

*2 The shape function, S(k1,ko,ks) introduced in Chapter 2, is corresponding to

A?éSRQ,Srf”ew)/(kl koks).
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Fig.4.2 AzFGJFRJ; (1, ko/k1, ks/k1) (k1/k2)(k1/ks) as a function of x = ka/k1 and
y = ks/ki1. We take cinp (k1 + ko + k3)?/128 = 107°. The plot is normalized
to 1 for the equilateral configuration, z =1 = y.

Next, let us compare the amplitudes. Squeezed tensor non-Gaussianity from
inflation has the fixed amplitude, as Eq. (4.64) is independent of the functions
in the Horndeski action. This is not the case for squeezed non-Gaussianity from
contracting models, as is clear from Egs. (4.61) and (4.62), whichever is dominant.

Finally, notice that the non-Gaussian amplitudes (4.61) and (4.62) agree with
those obtained in a kind of non-attractor inflation models, where tensor perturba-
tions grow on superhorizon scales during inflation due to non-attractor dynamics
of the non-minimally coupled inflaton [71]. This is because both our contracting
models and the non-attractor phase of inflation are conformally equivalent to the

matter-dominated contracting scenario.



Chapter 5

Non-Bunch-Davies Effects on Tensor
Non-Gaussianities from Inflation

This chapter is cited from, S. Akama, S. Hirano and T. Kobayashi, “Pri-
mordial tensor non-Gaussianities from general single-field inflation with
non-Bunch-Davies initial states,” Phys. Rev. D 102, no.2, 023513 (2020)
do0i:10.1103/PhysRevD.102.023513 [arXiv:2003.10686 [gr-qc]] [72].  Copyright
(2020) by the American Physical Society.

The inflationary perturbations have been studied mainly by assuming the Bunch-
Davies initial state [30]. However, in principle, the initial state is not necessarily
given by the Bunch-Davies one, and the validity of the assumptions on the ini-
tial state must be tested against observations in the end. Deviations from the
Bunch-Davies state mean that the initial state is excited, i.e., there exist particles
initially. In this case, the particles present initially can interact with each other at
early times, leading possibly to the generation of non-Gaussianities on subhorizon
scales. Therefore, assuming non-Bunch-Davies initial states would result in novel
non-Gaussian signatures compared to the standard case of the Bunch-Davies initial
state.

The nature of primordial perturbations from non-Bunch-Davies initial states has
been explored so far in the literature [37, 8, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82,
83, 84, 85, 86, 87, 88, 89, 90, 9, 91, 92, 93, 94, 95, 10]. In particular, it has been
found that the non-Gaussianity of the curvature perturbation at the squeezed and
flattened configurations can be enhanced compared with those in the case of the
Bunch-Davies state [8, 73, 74, 75, 78, 81, 82, 85, 90, 95]. It is therefore natural to

54
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ask whether or not the non-Gaussianities associated with the tensor modes can be
enhanced as well. There have already been several studies regarding tensor non-
Gaussianities from non-Bunch-Davies initial states [9, 10]. To address this question
in more detail, in this paper we investigate the auto-bispectra of tensor modes
and the cross-bispectra involving one tensor and two scalar modes in more general
gravity theory than in the previous literature.

One naively expects that higher-derivative interactions have more impacts on non-
Gaussianities due to non-Bunch-Davies initial states. Generalizing the underlying
gravity theory yields such higher-derivative interactions. As a framework including
higher derivative interactions, we use an effective description of scalar-tensor gravity,
writing down the operators composed of the geometrical quantities such as extrinsic
and intrinsic curvature tensors [96, 97]. Based on this effective description, in the
present paper we will estimate the size of tensor non-Gaussianities from non-Bunch-
Davies initial states in general single-field inflation models.

This chapter is outlined as follows. In the next section, we consider general
quadratic and cubic actions for tensor modes and introduce non-Bunch-Davies ini-
tial states from a Bogoliubov transform of the usual Bunch-Davies modes. In Sec.
5.2, we calculate the auto-bispectrum of the tensor modes, and investigate whether
the enhanced non-Gaussian amplitudes can be obtained or not. We then study
in Sec. 5.3 the cross-bispectrum involving one tensor and two scalar modes, and
discuss how it can be enhanced compared with the case of the Bunch-Davies initial

state. A summary of the present paper is given in Sec. 5.4.

5.1 Tensor modes

5.1.1 General quadratic and cubic interactions

In the present paper, we investigate the properties of the tensor modes with non-
Bunch-Davies initial states in order to see whether the tensor non-Gaussianities
could be enhanced or not. Although we also study the cross-bispectrum with the
scalar modes briefly, here we only summarize the quadratic and cubic interactions
of the tensor modes.

To derive the generic action for the tensor modes during inflation, it is convenient
to employ the ADM decomposition with uniform inflaton hypersurfaces as constant

time hypersurfaces and write down the possible operators composed of the extrinsic
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curvature tensor K;; and the intrinsic curvature tensor Rg-’) of the constant time

hypersurfaces. First, the operators having the dimension of mass squared are

Lar D K2 KQ, R(?’), (5.1)

17

where K is the trace of K;;. All these terms are present in general relativity. Then,

one can consider the leading-order corrections to Eq. (5.1):

KK?

3
Ecor D Kj R

YK

K%, KYR{Y, KR®. (5.2)

One may anticipate that these corrections play a crucial role in the generation of
non-Gaussianities. Therefore, in the present study, we consider the Lagrangian up
to this order, and evaluate the contributions on the non-Gaussian amplitudes from
these correction terms.

More specifically, we consider the following wide class of the ADM action,

S = / dtd3z\/ANL, (5.3)

where 7 is the determinant of the spacial metric 7;;, N is the lapse function, and
L= My(t,N)+M(t,N)K + Mj(t,N) (K* — K}) + M3 (t, N)R®

y 1
+ My(t,N) (K® - 3KK?, + 2K2) + Ms(t,N) (K” R — 5KR@)), (5.4)

with M;(t, N) being a function having the dimension of mass. Here we have included
the lower-order terms Mg and MK, though they do not contribute to the action
for the tensor modes. Equation (5.4) is nothing but the Lagrangian of the so-called
Gleyzes-Langlois-Piazza-Vernizzi (GLPV) theory [96], and it includes the Horndeski
theory as a subclass. By introducing a Stiickelberg field ¢, one can restore the full
4D covariance.

At the level of the background, we may always reparameterize the time coordinate
so that we hereafter take NV = 1 and write M;(t, N(t)) = M;(t). Since ,/7 and the
trace part K do not involve h;;, the terms such as ME, MK, and M2K? in the
Lagrangian do not contribute to the dynamics of the tensor perturbations.

Substituting the above metric into Eq. (5.4), the action for the tensor perturba-

tions up to cubic order in h;; can be obtained as [20, 39

Sp =52 4 53 (5.5)
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where
(2) 3 BM% ) C% 2
M?2 1 M
S = / dtd3za® [ﬁ (hikhﬂ — 5hijh,d) OuOrhi; + 44 hijhgkhp (5.7)
= _/dtHint7
with

M2 := 2M2 + Ms, (5.8)
ci = —2(M3 4+ 3HM,)/M?3. (5.9)

The interaction Hamiltonian H;,; is introduced for later convenience. We assume
that My ~ Mp). The terms in the first line in Eq. (5.7) are present in general
relativity, while the one in the second line is a new operator introduced as a result
of the extension of general relativity with M, (t) # 0. For example, this operator is
obtained from the so-called G5 term in the Horndeski theory [39]. One might think
that the third line in Eq. (5.4) could also lead to a new cubic operator, but it turns
out that this can be integrated by parts to yield the same terms as in the first line
in Eq. (5.7).

5.1.2 Non-Bunch-Davies initial states

We now move to the Fourier domain,
B3k -
hii(t,x) = | ———=hyi(t,k)e™ >, 5.10
() = [ (ke (510
In the standard setup, one expands the quantized tensor modes as

his(tK) = Y [un(®)ely) (9o +ui (el (-k)a] | (5.11)

S

The equation of motion for the mode function uy is derived from Eq. (5.6) as
d [a3M2
("

uk) + aM?k*uy, = 0. (5.12)
ch

We solve Eq. (5.12) under the assumption that M?%, c¢i = const in the de Sitter
background, H = const. Then, the mode function with the Bunch-Davies initial

state is obtained as

_ VT o e
Uk—7E H3/2( Chkn)7 (513)
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We write the state annihilated by a ak as 0g): &l({s)|0a> =

In this thesis, we instead expand hij as

Bz‘j :Z[ (s) 58)<k)b(5) +77Z}(S)* 55) ( k)b(_sl)j , (5.14)

S

where ¢’(€S) is a Bogoliubov transform of the Bunch-Davies modes,
) = oDy, + gz, (5.15)

The Bogoliubov coefficients are normalized as |a,(:)\2 | 5,28)|2 1 and the creation

and annihilation operators satisfy

0l = alp 4 g BN (5.16)
bff)Zaf)*aff)— és)*ag)j, (5.17)

We write the state annihilated by bl((s) as |0p):
b*)|0,) = 0. (5.18)

Nonvanishing B(S) coefficients indicate that the tensor modes get excited from the
Bunch-Davies vacuum, a,’ (=) |0p) # 0.
Let us assume that the deviations from the Bunch-Davies initial states are char-

acterized by some small, real parameters as

) — 5 (k) 4 i6%) (), (5.19)
ol =146 (k), (5.20)

where (555) ~ (558) ~ 5§8) < 1. This is a reasonable assumption because the mag-
nitude of 5,&5) has an upper bound in order for the inflationary background not to
be spoiled by the excited tensor modes, which is typically given by | ,B,is)| <1076
as argued in Appendix D. The assumption on the form of a,(:) [Eq. (5.20)] follows
1P 18P =1

from |oy

5.1.3 Primordial power spectrum

The two-point correlation function is defined by

(Ob|7Lij (k) Ay (K)|0y) = (2m)26@) (k + K'Y Pij ki (5.21)
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where

Puit Z[w?ﬁ (%9 ()l “(k)]. (5.22)

s,s’

Using Egs. (5.13)—(5.15), we obtain the power spectrum Py, as

k3 1 H? . o2
Pr = z=Pijij = — Z‘a,(c)— ,E:)

, (5.23)

17,1
271'2 J5t 7T2 M%Ch

evaluated at the time of horizon crossing, cpk = aH. Its tilt is then derived as

_dInPp
" Ik
2
~ =2~ sy~ 2mp 4 Z ‘ () _ " (5.24)
where
H Ch MT

are assumed to be small. To leading order in B,(j) we have ]al(:) — B,(f) 2 ~1-
2Re| ,(:)], and so

dRe[5,"]

Tk (5.26)

nt:—Ze—sh—QmT—ZZ

This is a rather straightforward generalization of previous results, simultaneously
taking into account the different effects on the spectral tilt: the time variation of the
inflationary Hubble parameter, the speed of gravitational waves, and the effective
Planck mass, as well as the k-dependence of the Bogoliubov coefficients. Note that
in principle the sign of each term in Eq. (5.26) is not constrained. In particular, a
blue tensor spectrum can be obtained as a consequence of a time-dependent speed
of gravitational waves [98, 99, 100, 101, 102] and/or k-dependent 6,(68) [103] even if

the null energy condition is preserved, € > 0.

5.2 Auto-bispectrum

Let us now calculate the tensor three-point correlation functions with non-Bunch-
Davies initial states. Since the cubic interaction (5.7) is composed of the two dif-
ferent contributions, i.e., the one present in general relativity and the new one be-

yond general relativity, we write the bispectrum as B(Sésg)s S+ 8(81112283 where B(Sésﬁf 3



Chapter 5 Non-Bunch-Davies Effects on Tensor Non-Gaussianities from Inflation

60

and B(Séesjvsf’ are originated from the former and the latter, respectively. The auto-

bispectrum (evaluated at t = ty) is defined by

(€71 (ty, k1)€™ (tp, ka)&™ (t5,ks)) = (&7 (t5, k1) (L5, ka)E> (L5, k3)[Eh) (5.27)
= (2m)*3(ky + ko + ko) (B + By )

(5.28)

with €°(t,k) = h;(t,k)el?" (k) and

Q%) = T exp (—i/Hint(t')dt'> 05), (5.29)
and the three-point correlation function can be calculated as

(€71 (y, k1)&™ (15, k2)€% (L1, k)

t
- / A1 (4 K)ER (. ko) (t ke, B ()][05). (5.30)

In terms of the conformal time defined by dn := dt/a, we take ny = 0. As for the
initial time, we do not simply take 79 — —oo, but we keep it finite, 1; = 19 (< 0),
where 79 is associated with the cutoff scale M, as M, = k/a(no) ~ (—kno)Hint,
because the physical momentum k/a is larger than M, for n < np.

Before moving to an explicit calculation of the bispectrum (5.30), we comment
on the crucial difference between the calculation with the Bunch-Davies state and
that with non-Bunch-Davies initial states. This difference explains the reason why

we keep 19 finite. Formally, Eq. (5.30) includes an integral of the form:

S(k) = / dn(—n)"eienkn, (5.31)

0
where n = 1 for the standard cubic term with two spatial derivatives and n = 2 for
the hz]hgkhlm term.
In the case of the Bunch-Davies initial state in which there are only the positive-

frequency modes participating in this integral, we have k = k, with

ki == k1 + ko + k3 > 0, (532)
and so
~ 1
S(k) ox ——=——, (5.33)
(icnk)nt1

because the exponential function rapidly oscillates for |chl;:77| > 1. In contrast to

this standard case, in the case of non-Bunch Davies states, we have both positive
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and negative frequency modes in the integral, leading to k = —k,, + Emt1 + Emaa
with m being defined modulo 3. Note that k exactly vanishes at the flattened
configuration, k,, = k;,4+1 + km+2. For this configuration, the exponential function

no longer oscillates even for n ~ 7y, and thus the integral reads

n+1
S(k) ~ % (5.34)
which depends explicitly on 7g. For the other configurations, the results of the
integral are identical to Eq. (5.33). In this section, we therefore need to calculate
the primordial bispectra in the two different cases separately, the non-flattened and
flattened configurations.

Throughout this paper, we specify the exact flattened configuration as

I{ZQ = ]{31 - ]{72 - 1{53 = 0. (535)

5.2.1 Non-flattened configurations (ko # 0)

We first focus on the non-flattened configurations, i.e., kg # 0. Assuming the de
Sitter background and My, ¢, My = const, the two contributions in the bispec-

trum (5.28) respectively read

Bl = Re [Big | (suhn + 5ok + ska)?F(si, ki), (5.36)

Bs1s2%5 — R [B} F(si, ki), (5.37)

(new) = (new)
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where
2H* 1 (85)* 84 )%
§18283 __ H K — 4
Bl = 2 kg 1 (=87
y {(agn )0l 4 B0 500 50)) Ty (s, K, )
+ {(al(csll)al(éz)ﬁ(w) + 5}(;1)5](622)05223))1'1(]{;1’k2,k3)
+ (k1,81 <> ko, 52) + (k1,51 < ks,Ss)} }, (5.38)
192M4H5 1 (s)x _ plsi)x
o)
(new) MG kikoks A, ki
{(az(fﬁ) (52) 52 +B(sl>ﬁ(sz>5<ss>>
(52) g(s2) gss) | gloa) f2) (30 1
|:( ﬁk /Bkg +5 akg )(—k1+kf2+k‘3)3
+ (k1,51 < kz, 82) + (kl, S1 < ]423,83):| }, (539)
and
k1kok kik kok ksk
To(ky, ko is) = —ky + L02ks | Pk o Rl  Fsh (5.40)
k3 ko
kikok —kiko + koks + k1k
Il(kl,kg,kg) = kl—f—kg—k‘g—i- 17273 12 273 L 3. (541)

(k1 + ko — k3)? ki + ko — k3

These expressions are a generalization of Ref. [39], and reproduce the previous

results by taking the Bunch-Davies states (oz,(g) =1 and BIE;S) = 0). Note that we

have derived the auto-bispectrum from the hijhjkhki term for the first time in the
context of the non-Bunch-Davies states.

Taking into account the smallness of B,E:S) [Egs. (5.19) and (5.20)], the resultant

bispectra to first order in 6,(:) are given by

S$18283 2H4 1 2
BieR)” =g rngng 51+ sake + sk PP (i k)

{ ZRe[B,f )To (i, ko, ks) + [Re[ (83)]21(]@1,]@2,]@3)4_...]},

(5.42)
gorsass _ LO2MAH® F(si. ki ){1 - Y Re[BEY] [ RelB)] L }
(new) M§, kykoks k3 (—k1 + ko + k3)3 ’
(5.43)

where the ellipsis denotes permutations.
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Let us consider the squeezed configuration with k; := k3 < kg := k1 = ko. In
the squeezed limit, the expressions in the curly brackets in Eqs. (5.42) and (5.43)

are written respectively as

(3~ —2ks (1 ( Re[ﬂ(sl) 6(52)] ) (5.44)
2 kr,
and
()~ 1 (1—8R 18 51>+5<52>]k5) (5.45)
8k3 k) '

These equations show that the effect of nonvanishing B,(f) could be enhanced and
seen in the squeezed configuration. In particular, the generation of squeezed non-
Gaussianity from the hwh]kh;ﬂ term is in contrast with the standard case of the
Bunch-Davies state in which the bispectrum has a peak at the equilateral configu-
ration [39]."!

To see whether this enhancement effect is significant or not, let us take kg/kp ~
102. The non-Bunch-Davies contributions in Eqs. (5.44) and (5.45) are then of
(9(102|5é§|) and (’)(106\5]&‘2\), respectively. As in Appendix D, the upper bound
on the Bogoliubov coefficients is obtained from the backreaction constraint, which
depends on the ratio M, /Mrp(~ M,/Mp)). If one takes M, ~ My ~ Mp), one
has | 51(:5)| < 1075, so that the non-Bunch-Davies contribution in Bf(lfé)% is small,
~ 1074 while that in B(Sﬁ(fjff is of O(1). This can be larger if one assumes smaller
M.,. For example, one gets |,B,(€SS)| < 1072 if M, ~ 1072Mr ~ 1072Mp;. In this
case, the non-Bunch-Davies contribution in f(lfﬁ)s % is of O(1) and that in fﬁ:ff is
as large as O(10%). Therefore, tensor squeezed non-Gaussianity could be generated

from the non-Bunch-Davies initial states, depending on the parameters.

5.2.2 Flattened Configuration (ko — 0)

So far we have assumed that kg = k1 — ko — k3 # 0. Let us now investigate the

flattened configuration, kg ~ 0, using Eq. (5.34). In this case, Bfésg)s 3 and 8(811122‘33

*1 Squeezed tensor non-Gaussianities from the the hij hjkhki operator has been found also in
the non-attractor inflation models [71] and bouncing models [55].
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in Egs. (5.36) and (5.37) are given respectively by

S$1828 2H4 1 (si)* (s4)*
Biey” =~ 2 ME K3 k3k3 [Hi (% ki ﬂ

X [( (s1) (522) (s3) _|_/6(31)6(52 6(83)>Io(k17k27k:3)

]{7 ]{7 k? s s S S1 S2 S
1 22 3 (515,11)@1(;22) (s3) + Oé( )B( )B( 3)>:| (546)
192M,H® 1 (si)* ))]
515283 ~, 11L; YT — !
B (new) MG k1k2k3 [ ' <aki Bkl

y Ka’(:l)aig)%s) 1l g ﬁ(53)>
+6Ch 0<5<51) () 4 (0) (81>B§£2>5<83)ﬂ (5.47)

where we used ko < k;, |enkino| > 1, and |epkono| < 1. In Ref. [10], the flattened
tensor non-Gaussianity has already been studied, but the interactions among the
different polarization modes have not been considered.
Similarly to the non-flattened configurations, we express the resultant bispectra
to first order in O( ](Cs)) as
2H*

1
BS18283 ~ 77 T k k k 2F i,ki
(GR) ™ 2 M} k3k3ks (s1k1 + saka + s3k3)"F(si, ki)

) {(1 - ZRe[ﬁkfi)])IO(/ﬁakmk:s) B

cing Re| 1&?1)]}; (5.48)

R8s 192M, H? F(s, k; ){1 - Z Re[ﬁk ] Ch770 Im [5(81)]} (5.49)

(ew) = MS kikoks K} 6

Now we see that the primordial bispectra always vanish at the exact flattened
configurations, because F'(s;,k;) = 0 for kg = 0. This universal feature can be
understood intuitively from the viewpoint of angular momentum conservation [104].
Although the expressions in the curly brackets could be enhanced by powers of
k;no, it would be difficult to obtain large flattened non-Gaussianities due to this
universal factor.”? This is in sharp contrast to the result of the similar analysis for

the curvature perturbation. However, this is not the case for the cross-interaction,

as shown in the next section.

*2 A different conclusion was obtained in [10] because the overall factor F(s;, k;) was overlooked.
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5.3 Cross-bispectrum

In this section, we consider a scalar-scalar-tensor bispectrum, rather than a tensor-
tensor-tensor bispectrum, and explore the possibility of enhancing it with nontrivial

initial states of the tensor modes. The cross-bispectrum we will consider is defined
by

(C(0,k1){(0,k2)E)(0,ks)) = (2m)?5 (k1 + ko + k3)Bie),. (5.50)

For the Lagrangian (5.4), the quadratic action for the curvature perturbation in

the unitary gauge, ¢, takes the form [20]

S&) = / dtd®z 3@ {g - %(&-C)Q}? (5.51)

where we do not need the concrete expression for Mg and ¢, in the present discus-
sion. These are time-dependent functions in general, but in the inflationary universe
we may assume that they are approximately constant. We assume that the Fourier

component of the curvature perturbation, 5 (t,k), can be written as

{ = Ypag + fal |, (5.52)

where

Y-
2\/_aM

is the Bunch-Davies mode function and the initial state is in a vacuum state an-

Py, =

nHy 5 (—cskn) (5.53)

nihilated by ax. By assuming this we focus on the effect of the excited tensor
modes.

It has been found that the generic action [Egs. (5.3) and (5.4)] introduces var-
ious cubic operators that are not present in the simple case where the inflaton is
minimally coupled to gravity [32]. Among such operators it is sufficient to con-
sider one representative term that is expected to be a dominant source of the
non-Gaussianities in order to see whether the bispectrum can be enhanced or not.
Naively, operators with many derivatives are important for the generation of non-
Gaussianities on subhorizon scales, and thus we focus on the following interaction

Hamiltonian:

M2ZA.
Hy = /d3 20 £ 0%hi;0iC0;C, (5.54)
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where we assume that A, = const. This term is indeed present in the general
Horndeski class of theories [65].
Similarly to the auto-correlation function, the cross-correlation function includes

the integral

0 ~
Sc(l;;c) ::/ dn(—n)geikcn, (5.55)

0

where

kc = Chkg - Cs(kl + k‘g) (556)

For the configuration satisfying k. = 0, the cross-bispectrum depends on 7y and
is enhanced by powers of k;ng due to the excited tensor modes. Note that this
configuration depends on the propagation speeds. For given ¢;/cp, (< 1), one has a
one-parameter family of different shapes satisfying k., = 0 away from the flattened
configuration.

In the same way as the previous calculations, we derive the cross-bispectrum to
first order in ﬁ,iz):

s _ s (s) (2/5)k1k2 4 4.4 (s)
@w—5mwmhw{y4%md+2%+%mw&%%%ﬁwﬁmﬁd“]’

(5.57)

where BECh is the cross-bispectrum in the case of the Bunch-Davies initial state.

This quantity is obtained in [65] as

5 _ H'. ke (ki— ks —ks)(ka+ ks — kg) (k1 — ko + ky)
¢Ch,(BD) MéM%CéCh 16]6‘;’]6:2)’]{% [Cs (kl + kz) + Chk3]4

X {C?[Cs(k'l + ]{72) + 4Ch]€3](]€% + 3k1ko + k%) + C%k‘%[llcs(kl + k‘z) + Chkg]}.

(5.58)
From the above result we see that the non-Bunch-Davies contribution is of
OB ctking).

In the actual observables, we anticipate that this non-Bunch-Davies enhancement
will be softened by (at least) one power of |kng| due to the angular averaging [8].
Let us therefore estimate roughly how large ,(f)(cskmo)" could be. As argued in
Appendix D, the Bogoliubov coefficients have an upper bound from the backreaction

constraint, which depends on the cutoff scale. We also have |csk;ing| S cs M./ Hint.

Combining these, we find

n n—2

(s) n < Cq Mp]M*

o (cskimo)™ S P (5.59)
C,ll/2 [—Iinf1
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Even for n = 2 the upper bound is typically larger than O(1). We thus conclude
that initially excited tensor modes can leave a potentially observable imprint in the

cross-bispectrum™.

*3 In the present chapter, we have considered the scalar-scalar-tensor bispectrum, but initially
excited scalar modes would be able to enhance the scalar-tensor-tensor bispectrum as well.



Chapter 6

Conclusions

In Chapter 2, we have briefly reviewed the standard Big Bang cosmology and
its problems, and then introduced the early universe models, inflation and bounce
models.

In Chapter 3, we have briefly reviewed the cosmological perturbation theory, and
applied to inflation and alternatives. In the case of inflation, the model can be
easily consistent with the observations, and thus we have calculated the primordial
power spectrum and the primordial non-Gaussianities. In particular, we have shown
that the amplitudes and the shapes of non-Gaussianities are useful to discriminate
the models. As for the alternatives to inflation, we have explained the generic
instabilities of the non-singular cosmological solutions and also introduced how to
evade those. As different problems, we have also introduced the inconsistency with
the observations, i.e., a large tensor-to-scalar ratio or a large scalar non-Gaussianity.

In Chapter 4, we have studied the primordial power spectra and the bispectra of
scalar and tensor perturbations generated during a general contracting phase in the
Horndeski theory. It can be shown that under certain conditions the power spec-
tra of scalar and tensor perturbations are scale invariant. We have found that the
previous no-go theorem [53] prohibiting the simultaneous realization of small tensor-
to-scalar ratio and small scalar non-Gaussianity in matter bounce cosmology driven
by a k-essence field no longer holds in more general setups. A concrete example
with small » and small fyi, has been presented. Then, we have found that the non-
Gaussianities of tensor perturbations from the contracting universes have two spe-
cific features which are in contrast with the predictions from generalized G-inflation.
First, our contracting models predict only squeezed-type non-Gaussianities, while

inflation can in principle generate both squeezed- and equilateral-type ones. Second,
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the squeezed-type non-Gaussian amplitude from inflation is model-independently
fixed, while that from the contracting scenario is model-dependent. We thus con-
clude that our general bounce model can be distinguished from generalized G-
inflation by combining the information of the non-Gaussian amplitudes and shapes.

In Chapter 5, we have considered primordial tensor perturbations with non-
Bunch-Davies initial states. Employing a general scalar-tensor theory, we have
described non-minimal couplings between gravity and the inflaton. First, we eval-
uated the size of tensor three-point functions and showed that the squeezed non-
Gaussianities in particular from the newly introduced operator in non-minimally
coupled theories can potentially be enhanced. In contrast to the case of the scalar
three-point functions [8], the tensor three-point function always vanishes at the
flattened momentum triangles. This is as it should be, as can be seen from the mo-
mentum conservation argument [104]. Next, we have studied the cross-bispectrum
involving one tensor and two scalar modes. We have found that the enhancement
due to the non-Bunch-Davies effect can be large at non-trivial triangle shapes.

Throughout this thesis, we have calculated the primordial tensor non-Gaussianity.
It would therefore be interesting to investigate how such non-Gaussian signature is
imprinted e.g. on CMB bispectra [70, 105], which we leave for further studies. Also,
it would be important to estimate the non-Gaussian amplitudes and shapes from
different early universe models, e.g., Galilean Genesis [106].

Note that a part of the above is cited from, S. Akama, S. Hirano and T. Kobayashi,
“Primordial non-Gaussianities of scalar and tensor perturbations in general bounce
cosmology: Evading the no-go theorem,” Phys. Rev. D 101, no.4, 043529 (2020)
doi:10.1103 /PhysRevD.101.043529 [arXiv:1908.10663 [gr-qc]] [55], and S. Akama,
S. Hirano and T. Kobayashi, “Primordial tensor non-Gaussianities from general
single-field inflation with non-Bunch-Davies initial states,” Phys. Rev. D 102, no.2,
023513 (2020) doi:10.1103/PhysRevD.102.023513 [arXiv:2003.10686 [gr-qc]] [72].
Copyright (2020) by the American Physical Society.



Acknowledgements

I would like to express my gratitude to Professor Tsutomu Kobayashi for fruitful
discussions, suggestions, and collaborations. Thanks to him, I could have valuable
experiences since I was an undergraduate student. I would like to thank Tomohiro
Harada and Yuji Nakano for careful reading of this thesis and helpful comments. I
am grateful to Shin’ichi Hirano for collaborations and useful discussions. I would
like to thank all the members of the department of physics at Rikkyo University
for discussions and support. I am deeply grateful to my family. The works summa-
rized in Chapter 4,5 were supported by the JSPS Research Fellowships for Young
Scientists No. 18J22305.

70



Appendix A

Background Equations

This chapter is based on S. Akama, S. Hirano and T. Kobayashi, “Primor-

dial non-Gaussianities of scalar and tensor perturbations in general bounce cos-
mology: Evading the no-go theorem,” Phys. Rev. D 101, no.4, 043529 (2020)
do0i:10.1103 /PhysRevD.101.043529 [arXiv:1908.10663 [gr-qc|] [55]. Copyright (2020)

by the American Physical Society.

For a flat FLRW universe the gravitational field equations read [20]

where
&y =2XGax — G,
E3 = 6XPHG3x — 2X Gy,
E4= —6H>Gy + 24H?X (Gyx + XGaxx) — 12HX ¢Gupx — 6HPG 4y,
Es = 2H3X p(5Gs5x + 2X Gsxx) — 6H? X (3Gs 4+ 2X Gsex),

and
PZ - GZ?
Py = —2X (Gsy + dGsx),
Py =2(3H? 4+ 2H)Gy — 12H?’XGyx — 4AHX Gyx — SHXGyx

—8HXXGuxx + 2(¢ + 2H)Gup + 4X Gugy + 4X (¢ — 2HP)Gagx,

Ps = —2X(2H?¢p + 2HH ¢ + 3H?$)Gsx — AH X $Gsx x
+4AHX (X — HX)Gspx + 2 [2(HX) +3H?X] G35y + 4AH X ¢G54-

The scalar-field equation follows from the above two equations.
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Appendix B

Spatial Curvature and Anisotropies
in a Contracting Background

This chapter is based on S. Akama, S. Hirano and T. Kobayashi, “Primor-
dial non-Gaussianities of scalar and tensor perturbations in general bounce cos-
mology: Evading the no-go theorem,” Phys. Rev. D 101, no.4, 043529 (2020)
doi:10.1103 /PhysRevD.101.043529 [arXiv:1908.10663 [gr-qc|] [55]. Copyright (2020)
by the American Physical Society.

In the simple, standard case of a scalar field minimally coupled to gravity, spatial
curvature and anisotropies in the Friedmann and evolution equations evolve in pro-
portion to a~2 and a~%, respectively. As a result, it has been known that a contract-
ing universe is plagued with the instability associated with large anisotropies [107].
Some resolutions of the problem have been proposed so far. See, e.g., Refs. [108,
23, 109, 24, 110]. However, the impact of spatial curvature and anisotropies has not
been clear yet in more general cases where the scalar field is nonminimally coupled
to gravity. Hence, we investigate the evolution of spatial curvature and anisotropies
in a general contracting background in the Horndeski theory.

First, we investigate the impact of spatial curvature (denoted hereafter as K).
To do so, we consider open (K < 0) and closed (X > 0) universes in the Horn-
deski theory. In the presence of spatial curvature, the background equations reduce
to [111, 48]

E+Ec=0, P+Px=0, (B.1)
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where

Ex = —3QT;C—2, P = ng. (B.2)

It can be seen from the scaling argument that & /€, Px/P o (—t)>1=™) which

implies that the relative magnitudes of the curvature terms decrease with time so

that the effect of the spatial curvature on the background equations can be neglected
in our setups.

Next, let us consider the effect of anisotropies on the contracting background by

investigating an anisotropic Kasner universe whose metric is written as
ds? = —dt® + a® {62(5++\/§’8—)dx2 + 62(’8’L*\/§ﬁ—)dy2 + e45+dz2} . (B.3)

The differences between the expansion rates in different directions, S1, obey [111,
112]

et [oris 2 (32 - 2)]} = (B.4)
Sl [orp + b ]} =0 (B.5)

~Y

Since we have O(Gr) 2 O(uH), the nonlinear terms can be ignored as long as
initially small anisotropies are considered, Bi < H. Then, these equations can be
integrated to give fi o (a3Gp)~! oc (—t)~(T20+31)  We thus see that fi/H o
(—t)~(+2043n)  which decreases with time if 1 + 2o 4+ 3n < 0 and increases if
1+ 2a+3n > 0. The case of « = =2 (v; = v, = 2/3) corresponds to the former,
while @« = 1—3n (vs = 1, = —2/3) to the latter. This result implies the contracting
background we are considering requires some mechanism to evade the unwanted
growth of anisotropies. In the present paper, we simply assume that the contracting

universe enjoys a bounce before the anisotropies spoil its background evolution.



Appendix C

Cubic Action for Scalar
Perturbations in the Horndeski
Theory

This chapter is based on S. Akama, S. Hirano and T. Kobayashi, “Primor-
dial non-Gaussianities of scalar and tensor perturbations in general bounce cos-
mology: Evading the no-go theorem,” Phys. Rev. D 101, no.4, 043529 (2020)
doi:10.1103 /PhysRevD.101.043529 [arXiv:1908.10663 [gr-qc|] [55]. Copyright (2020)
by the American Physical Society.

Substituting the perturbed FLRW metric into the Horndeski action, expanding
it to cubic order in perturbations and using the background equations, we obtain

the cubic action for scalar perturbations [63, 64, 65]:

S = / dtd®zaL®), (C.1)
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where

Lo =g ( 062 + % (cotx + 000 + #3000+ o (%07 - @0°) )

- gTﬁ ((&C)Q + 2C82C> + a—;fc (9,0)* + 35¢on? + 200n (9cc' —(OPx - &-Caix)

. . - 2
+ ,u<2§3 — %8%@2 + é <(02x)2 — (0i05x) > + 45nC—C

2571 82€82 —0; 8 Ca 0. X +T 35%&2 . —5714:62)(
J 2
a
— = . 0%y Sn2
" % o (00" - (aianf)) + Ebn’ << - 37) + (I = gr) —5-0%C

— % (242X x + HE) on’. (C.2)

From the first-order constraint equations we have

on=2¢, (C.3)
1 3 ag? )
x= o (ab0sv - %), ()

where 921 = (. Substituting these solutions into the cubic action, we obtain

2
Gl M ndocon

S = / dtd?’ma?’gs{%é?’ + A9CC? 4 Al
A
+ R602C (00 + 15— [0°€(010)° — ¢0u0; (01¢050)

As 1

+ 2 [62C0i¢0i — 0,05 ( iCaj¢)]}

+ / dtd®zF(¢)Es, (C.5)
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where

Ale[% <%+3g_2_1)+%(3g_§_1>+2u<g_2_%)
+% <3g—2—2) +§@€%§s (2—X2x)—§9g§;],

A2:3—%(3—QT+fs+fe),

Az = é—g + H@gT (1+g7+9s — fo) — Ig{Sgg (14297 — fo),

Mo = 50— g 3+ m = fot fo) ~WH G (3 + 20 — ).

A6:zg—i—4g7i%(3+gz”—fr+f@)—#ﬂg—§ (g‘l‘gT—%fu),
—GNHgféz (1—2gT—fu+2f@+2g§§)}

Ang{—%+%<4+2f@—2fu+22—2>
+Hgr (1= gor— 3o+ fo+ Tz )|

PO =552~ 5 (g + 2 ) (00w — 07200, (0c0yv)

t s (Cor + o) (1007 - 0700, 0:0,0)).

Es =20, (*GsC) — aFs0?(].

(C.12)

(C.13)

(C.14)

(C.15)
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Here we defined

O := —¢XGsx +2HG, — 8HXGyx — 8HX?Guxx + dCGuap + 2XpGupx
— H*p(5X Gsx +2X2Gsxx) +2HX (3G5p + 2X Gs4x), (C.16)

Y= XGox +2X?%Goxx + 12HX Gax + 6HOX*Gaxx — 2X Gy — 2XGapx — 6HG,y
+6 [H2(7XG4X +16X%Gyxx +4X3CGuxxx) — qu%(G4¢ +5XGypx + 2X2G4¢XX)}
+2H%¢ (156X Gsx + 13X2Gsxx +2X°Gsxxx)

—6H2X(6G5¢+9XG5¢X +2X2G5¢Xx), (017)
[:=2Gy — 8XGux — 8X2Guxx — 2HH(5XGsx + 2X%Csxx) + 2X (3G54 + 2X Gy x),
(C.18)

(1]

= 12¢XG3X + GQ'ﬁXngXX —12HG, + 6|:2H(7XG4X + 16X2G4XX +4X3G4xxx)

— (é(G4¢ +5XGupx + 2X2G4¢Xx)} + 90H2$XG5X + 78H2¢X2G5XX

+12H%$X3Csx x x — 12HX (6G54 + 9XGspx + 2X2Cspxx), (C.19)
and
_ Gr _ Gs _ Fs ) _ T _
gT—HgT7 gS—Hgsv fS_Hf-Sa f@_H®7 fF_Hl—n fM_HH
(C.20)

Note that we can write the Egs. (C.18), (C.19) as

00 _ 0%

It is therefore natural to assume that these quantities scale as

[1]

I o (—t)*T2, 2o (—t)iT2e, (C.22)

In Eq. (C.5), we neglected some boundary terms having the form of a total time

derivative. They are given by

d 2
su= [ -0 DB o T (24 ) (- c00,07)

267
_ % A+ ﬁ (Céa2< _ (0-8~¢8-8-C>
20 \""" 76 AR

2 )

652)2 (6“ * %) (C(@:0;0)* = <<6’2<)2)1, (C.23)

3
+ 99 Ay 2HGy — 2uHNC 1 a (QT - B ) i




Appendix C Cubic Action for Scalar Perturbations in the Horndeski Theory

78

where
X
Az = —/ GsxV2X'dX' — 2V 2X Gy, (C.24)

X
Bs = —/ GsxV2X'dX'. (C.25)
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)

Backreaction constraint on ﬁlis

This chapter is cited from, S. Akama, S. Hirano and T. Kobayashi, “Pri-
mordial tensor non-Gaussianities from general single-field inflation with
non-Bunch-Davies initial states,” Phys. Rev. D 102, no.2, 023513 (2020)
doi:10.1103/PhysRevD.102.023513 [arXiv:2003.10686 [gr-qc]] [72].  Copyright
(2020) by the American Physical Society.

If a scalar field is minimally coupled to gravity, the energy-momentum tensor of
tensor perturbations is derived by expanding the Einstein tensor to second order in
hij. Even if the scalar field is non-minimally coupled to gravity, one may proceed
essentially in the same way and expand the field equations to second order in h;; to
estimate the energy density of tensor perturbations. This is how one can evaluate
the backreaction of excited tensor modes to the homogeneous background. The
effective energy density of subhorizon tensor perturbations is thus given by

(0ihji)?

a?

M? 2

h
where a dash stands for differentiation with respect to 1. The backreaction can

safely be ignored if

(0p1pn]0b) S €, (D.2)
where £ is the homogeneous part of the field equation, which can be estimated
naively as

£ ~ Mp H? (D.3)

inf>

where Hj,¢ is the inflationary Hubble parameter and Mp; ~ M.
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The backreaction from the excited modes of tensor perturbations can be estimated

at n = ngy from

M2 R ch M.a(no)
0b|pn|0) ~ —-L(0p| 2|0 N—/ B 1234, D.4
(Op|pn|0p) a26%< b|755105) ) Jo 1817 (D.4)

where we discarded the vacuum energy. Then, by requiring that

M.a
o [ ka5 g (05)
a*(no) Jo

one can save the inflationary background from being spoiled by the backreaction.
To derive a more explicit constraint, we need to assume the momentum depen-

dence of the Bogoliubov coefficients. Here, let us suppose that B,Ef) is of the form

s k?
A~ v | Sz Do

as a simple model, where /3 is a constant parameter. Substituting this into Eq. (D.5),

1 ([ Mp\* [ Hine \’
2 . D.7
ot s (50) (55 (.7)

As is explained in the main text, the deviation of the tensor power spectrum from

we obtain

the standard Bunch-Davies result is at most of (’)(|6](€5) |) < 1, and thus we may use
Pp, ~ H2./(cnM?). Then, the constraint (D.7) can be rewritten as

M3, M? M2, M?2
8P < PRI TL  pop MU
o M2 M2
<10 11%. (D.8)

*

For example, if we take M, ~ Mp; ~ My, then we have |3| < 107, while if we
assume that the cutoff scale is much smaller, say, M, ~ 10~2Mp; ~ 10~2Mp, the
bound is looser, |3| < 1072
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