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Abstract. The multi-poly-Bernoulli numbers are generalizations of the Bernoulli
numbers. In this paper, we will prove Kummer-type congruences for multi-poly-Bernoulli
numbers via p-adic distributions.

1. Introduction

For a non-negative integer 7, the (n-th) Bernoulli number B, is defined by the gener-
ating function

te! ="
o —1 Z Bnﬂ
n=0
as formal power series over Q. It is well known that the following congruence holds (cf.

[2, Theorem 11.6]). For positive integers m, n, N and an odd prime p, if m = n mod (p —
1)pN~!, then we have

B B
(1-p"H= =1 -p"H=" mod p".
m n

This congruence is called the Kummer congruence.

In [6] and [3], Arakawa and Kaneko introduced the poly-Bernoulli numbers B,(lk) and
C ,(,k), which are generalizations of the Bernoulli numbers, as follows. Let k be an integer
and n be a non-negative integer. Poly-Bernoulli numbers B,gk) and C,(lk) are defined by

Lis(l—e™) o of"
K(l—e )ZZB(k)_’

1 —e? = n!

Lix(1 —e™") _ ic(k)ﬁ

el —1 ‘ " nl
n=|
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respectively, as formal power series over Q. Here,
(0.¢] tn
Lie@) =Y —

n=1

is the k-th polylogarithm. Note that Lij(r) = —log(l — ¢) and B,(,l) = (—1)"C,(,1) = B,
for n > 0. Kitahara proved the following congruence for poly-Bernoulli numbers by using
p-adic distributions.

THEOREM 1.1 ([7, Theorem 12]). Let k be an integer, p be an odd prime, and m,

n and N be positive integers withm,n > N andk < p — 1. If m = n mod (p — 1)pN~1,

then we have
p2k’Br(’fc) — p2k’Br(lk) mod pV |
where k' = max{k, 0}.

REMARK 1.2. Sakata gave an elementary proof of Theorem 1.1 in the case k < 0
([9, Theorem 6.1]).

In this paper, we will consider a further generalization of Theorem 1.1.

DEFINITION 1.3 ([5, Section 1]). For k = (k1,---,k,) € Z", define the multiple
polylogarithm to be

"

Lk = Y

kr *
O<my<---<my, my- e my

Multi-poly-Bernoulli numbers B,(lk) and C ,Sk’ are defined to be the rational numbers satis-

fying
Lig(1 —e™) _ iB(k)ﬁ
l—e! "o’
n=0
Lix( —e™) _ i et
el —1 " nl
n=0
respectively, as formal power series over Q. (Note that the order of the summation indices
of Lik(¢) in [5] are reversed. Hence, B,Ek"“"k") in this paper coincide with B,(lk""”’k‘) in

(51)

REMARK 1.4. In [5], some relations between B,(,k) and C,(lk) were proved. For ex-
ample, we have relations

n
k E : Y~

i=0
- n
i k
o= (e
i=0

BY = + ek
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foranyr > 1,k = (k1, k2, -+ , k) € Z" and n > 1 ([5, Section 2]).

REMARK 1.5. The multiple polylogarithm was introduced in [3]. It is expected to
have relations with the multiple zeta values and the multiple zeta functions. It is also known

that the multi-poly-Bernoulli numbers C,(,k) are described as the finite multiple zeta values
([5, Theorem 8]).

We callk = (kq, -+ - , k) € Z" an index. For an index k, we define the weight of k to
be wt(k) = ki + - - - + k, and write k] = max({k;, 0} and k™ = (k}, -+ , k). We will prove
the following result in Section 3.

THEOREM 1.6. Letk € Z" be an index, p be an odd prime and m, n and N be

positive integers with m,n > N and wt(k™) < p — 1. If m = n mod (p — 1)p" =1, then
we have

pzwt(kJr)BrEf) = p2Wt(k+)Br(lk) mod PN ,
pEICH = p2EDC® mod pN .
Note that wt(k*) = 1 for the case of ordinary Bernoulli numbers, and hence the

assumption of Theorem 1.6 holds naturally for any odd prime p.

In Section 4, we will consider the multi-poly-Bernoulli-star numbers, which were in-
troduced in [4], and find Kummer-type congruences for the multi-poly-Bernoulli-star num-
bers which are similar to Theorem 1.6.

NOTATION: In this paper, let p be a prime. For x € Q,, we denote the p-adic valuation by
ord, (x). For a real number x, [x | means the greatest integer less than or equal to x.
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2. Preliminaries

In this section, we will recall a theory of p-adic distributions.

DEFINITION 2.1. Let & be a non-negative integer. Define LA (Z,, Q) to be the
set of functions f : Z, — Qp, which is locally analytic at each point with radius of
convergence > p‘h. For f € LAL(Zp, Q p), the norm of f is given by

h
1f1lh = supuz0, aez, {P"" anlp}

for the expansion f(x) = fo:o a,(x —a)" ona + pth. The set LA, (Z,, Q) is a
Qp-vector space equipped with the topology induced by the norm. Since there exist natural
inclusions LAy (Z,, Qp) — LAp11(Zp, Qp) for all h > 0, we may define LA(Z),, Q) =
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Un>0 LA, (Zp, Qp) equipped with the inductive limit topology. A continuous Q,-linear
map i : LA(Z,, Qp) — Q) is called a p-adic distribution and we write

/Z F@)dp(x) = pu(f)

for f € LA(Zp, Qp). We denote by D(Z,,) the set of p-adic distributions.
It is known that the following theorems hold.

THEOREM 2.2 ([8,Lemma 1]). Let f : Z, — Q. The function f is continuous if
and only if there exist a, € Q, such that

oo

fx) = Zan@

n=0
and a, — 0 asn — oo. Here, we define

0 n n!

THEOREM 2.3 ([1, Théoréme 3]). Let h be a non-negative integer. For [ : Z, —
Qp, f € LAy(Zp, Q)p) if and only if there exist a, € Qp such that

o= 2|5 [(0)

and a, — 0asn — co. Moreover, || fl|n < 1 holds if and only if a,, € Z, for alln > 0.

THEOREM 2.4 ([10, Theorem 2.3]). Let R be the set of formal power series f(T)
over Q, which converges on the open unit disk. Then the map D(Z,) — R given by

X . = X n
W /z,,(l + 7)Y du(x) '_HX_(:)/Z,, <n>du(x)T

is bijective. The inverse map sends Z:io cnT" € R to the element of D(Zy) given by

forn > 1.

1) LA(Z)p, Q) = Qp: f) = ay <z> > > e
n=0 n=0

REMARK 2.5. Since f € LA(Zp, Q) is continuous on Z, it follows from Theo-
rem 2.2 that f has the expansion as (1) and the infinite sum in (1) is convergent.

Note that, if a formal power series f(7) € R corresponds to a p-adic distribution u,
we have

d N ad X n
<(1 +T)ﬁ> f(T) = /pr(1+T) du(x) =r§/sz<n)du(x)T
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and

d n
(@) <(1 + T)d_T> £

= / x*du(x)
T=0 Zp

for n > 0. Indeed, we can check these by using the property
X 1) X n x

x = n .
n n+1 n

3. Proof of Theorem 1.6

In this section, we will prove Theorem 1.6. Our proof is inspired by the proof of
[7, Theorem 12]. In the following, let p be an odd prime.

For positive integers m, n and N, by applying Theorem 2.3 to the case 7 = 1 and
p~N(x™ —x™) e LA (Zp,Qp), we obtain a; € Q, satistying

S =25 )
= a; | = 'l .
PN ]2:(:) "Lpl\J

LEMMA 3.1. Ifm,n > N andm =n mod (p—1)pN~1, then we have a; € Z, for
any j > 0.

and |aj|, — Oas j — oo.

Proof. Put P(x) = p~N(x™ — x™). According to Theorem 2.3, we must prove
[[P(x)|l1 < 1 and it suffices to show that Q(y) := P(c + py) € Zply] for any ¢ =
0,1,---,p—1.Ifc =0, itis clear.

Suppose that ¢ # 0. We putm —n = (p — 1) pV~'d withd € Z- and

0(y) = p~V(c + py){(c + py) PP M 1y

We will check that (c + py)(”_l)”Nfld = 1 mod pNZp[y] by induction on N. When N =
1, we see that (¢ + py)P~D4 = ¢P=Dd = 1 mod pZ,[y]. Let N > 0 and suppose that
the assertion holds for N. Then there exists a polynomial Ry (y) € Zp[y] such that (¢ +

py)P=DP ' — | & pN Ry (y) and we have
(c+ pn) PP = (14 p¥ Ry (y))?

P
p . .
= ( .)p”’ Ry(»)' =1mod p"*'Z,[y].
i=0 '

This completes the proof. (]

Proof of Theorem 1.6. We omit the proof for C,(lk) because it can be checked by the
same argument as the following proof for B,(lk). Put

Lig(1 — €%)
f&)=——"=
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and ¢g(T) = f(log(1 + T)). In other words, we set
o0

_ oxymy—1
fo= Yy L Z( 1" B} “‘>x

O<my<---<m, ml

1ymr—
o= Y %T’”’_l.

O<my<---<m, my=---my

We can check that g(7") converges on the open unit disk. Indeed, since we have

(GO (k*
2. | =m

O<my<---<m, myee My

it follows that

1
r

. (—pme=t "
lim sup Z % <l1.

my—00 .
r O<mi<--<my my cmy p

Using Theorem 2.4, we get a p-adic distribution p corresponding to g. The p-adic distri-
bution p : LA(Zp, Qp) — Q) is given by

00 _ 1
ZIDIECHLTEEDY T

k b
j=r—1 O<my<-<m,_j<j+1 My M, G +D¥

where  has the expansion ¢(x) = Y32y a ]( ‘). According to (2), we obtain that

/Z x"du(x) = ((l +T)d—T) g9(T)

d n
= (E) fx)
forn > 0.

For positive integers m, n and N with m = n mod (p — 1) p¥ !, Theorem 2.3 implies

that there exist a; € Q,, such that
=27 )()
= aj | = ' .
20 Pl \J

and |aj|p, — O as j — oo. Then we have a; € Z, for any j > 0 by Lemma 3.1. We see
that

[ a2l (e

1 1
( l)/aj \\;Jl Z = -

o
O<m)<-<mp_<j+1 M1 "'mr—l(]+ )k

T=0

k
= (-"BY

x=0

[\”18|

0

~.
Il
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Put

G| !
3) h(j) = bJ! > ——

k
O<my<--<mp_1<j+1 M1 "°° r—l(-]+ )

for j > r — 1. Note that the summation in the R.H.S. of (3) is empty for 0 < j < r —2 and
understood to be 0. We will prove the following lemma soon later.

LEMMA 3.2. Ifwt(k™) < p — 1, then we have
min {ord,(h(j))} > —2 wt(k™).
j=zr—1

It follows from the above lemma that
+ XM —x" +y_
)4

It is equivalent to the congruence

p2 Wt(k+)Br(nk) — P2 Wt(k+)B}‘(lk) mod PN

We will show Lemma 3.2.

Proof of Lemma 3.2. Letk = (ky,--- , k). For j < p—1, we see thatord, (h(j)) >
—k,.Setj=ap+i (> p)witha>1and0 <i < p — 1. Then we have

min {ord,(h(ap +i))}

O=<i=p-—1
=, min_ 1 ord, (@) —k; ordy(ap+i+1)+ord, > ﬁ
i=p—l Oy <-<m, |<ap+l+l my' o,
20551;1;}_1 ord, (a!) —k| ord, (ap+i+1)+ N <InI11rn1 WM]! Zk’ ord (mg)”
r—1
=ordp(a!) — k. ord,(a + 1) — . {Zkg ordp(ms)} — K
r—1 .
>ordp(a!) — k. ord,(a + 1) — 0<b1<mi)z,._.5cz !;ké ordp(bs)] —wt(k™) = F(a).

It is enough to prove that min,>1{F(a)} > —2wt(k™). Forz > 0and0 < u < p— 1, since
we see that

ord, ((tp +u)!) = ord, ((tp + p — D)

and

r—1 r—1
/
O<b|<~~~r21271,)i1§tp+u {Zk ord, (b )} 0<by <-- <r1171ax !;ks ord,,(bs)] ’

1<tp+p—1
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it suffices to check the case a = p — 1 mod p. Puttinga = gp' — 1 withl > 1, ¢ > 1 and
p1q,we have

F(gp' = 1)
(qpl)' I =

=ord ) — k. ord - max k. ord,(bs) t — wt(kt

» ( o > rordyplgph— max l{j{j »( )} (k%)

r—1
=ord,((gp")") — (k. + 1) ord, (gp") — ,_ max - I!Zk’ ord,, (by )] — wt(k™)
0<by r—1=

1 1 r—1
_qp ~+ord,(g!) — k. + 1)l — max Zk ord, (bs) ¢ — wt(k) .

p—1 0<bj<--<b,_1<qp'— —1

Ifl<g<p-—1l,ssinceby <(p—1)p' —1 < p*landord,(bs) <lforl <s <r—1,
we find that

/ r—1
Fgp' - 1) =q2—— — (k. + 1) - max Zk/ ord, (b) § — wi(k™)
p— 0<bj<--<b,_1<qp'— =1

1_1 r—1
qu;_l —(k;+1)l—(Zk; I —wt(k™)

s=1

> P2 ikt + DI - wik™)
= —2wi(k™) ifl=1
>p+1-2wtk)+D—(p—2) ifl>2

—2wt(k™).

Note that we used the assumption wt(k™) < p — 1 in the case [ > 2.
Ifg>p+1,setqg = Z;’zocipi with0 <c¢; < p—1,cocqg #0andd > 1. Then it
follows that

F(gp' = 1)
I _q d r—1
z’; 1 Z +p—ch p—1)— (k/—l—l)l—(Zk/>(d+l)—wt(k+)
i=0 s=1
Pl_l d pd + . 1/ +
Zp_l(p +1)+p (wt(k)—i—l)l—(Zk)d wi(k™)
s=1

r—1

I+d l
P +p -
:T (wit(k™) + 1) — (} 1k ) d — wt(k™)
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d+1 ) r—1
z% - (Zkg) d—2wik™) — 1

s=1

r—1
1 1
=1+ —)p?¢— K)d—-2wtkt) - ——
(1+:25)s (z) i - =L

s=1

z(l >p Zk; 2wt(k+)——

r—1
- <p - Zkg) +1-2wt(k?) > —2wt(k").

s=1
This completes the proof. (]

REMARK 3.3. We obtain the explicit formula of B,(lk) by using the p-adic distribu-
tion u in the proof of Theorem 1.6 as follows. For n > 0, it is known that we have

~ELC)

where, for any integers a and b, { } are called the Stirling numbers of the second kind and
defined by the recurrence formula

I Rl R

with the conditions {8} = 1 and {Z} = 0 for a < b ([2, Definition 2.2, Proposition 2.6]).
Then we find that

e [ canacr g ()
W= 1" [ ) = ( )_ij U [ (x)

P =0
" (n =1/
— (—1\" :
et T
j=0 O<my<--<mp_j<j+1 my ---m,_y (J+ DF
(—1™ =, — DI, )
— (—1)" mp—1
=D 2. R
O<my<--<mp_j<my<n+1 my -e-m,_ lm"

By exactly the same way, we get

(=1t m, — DI
lelk) = (_l)n Z k] kr 1 k{) } ’

O<my<--<my_j<my<n+l my ceem,_gmy

These formulas were proved in [5, Theorem 3] by using the generating functions.

EXAMPLE 3.4. We see that B( 12 _ 2(1) € 57175 and 3504 2

= A/44375269362060 € 5~ Zs, where A is a 757-digit integer, by computer calculation.

Hence, it follows that 5432_1’2) 5435(041 2 mod 53.
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REMARK 3.5. It was claimed in [7, Theorem 13] that, given an odd prime p and
positive integers m, n, k, N with p > max{k + 2, (N + k)/2} and m = n mod (p — 1)p",

one has pk B,gf ) = pr B,gk) mod p". However, there are counterexamples: pBl(l) =p/2 #

0= pB,(,,l) mod pY for N > 2and m = (p — 1)p" + 1. (Its proof breaks down at
[7, Proposition 11], for which j = p? 4+ p — 1 yields a counterexample.)

4. Multi-poly-Bernoulli-star numbers

At the end of this paper, we will give Kummer-type congruences for other Bernoulli
numbers.

DEFINITION 4.1 ([4, Section 1]). Fork = (ky,--- , k) € Z", define the non-strict
multiple polylogarithm to be
" "
le([) = Z ﬁ .
O<m)<---<m, 10 my

The multi-poly-Bernoulli-star numbers B,(,k*) and C ,(,kz are defined to be the rational numbers

satisfying

% —t 0
TR Lh
1 —e? " n!
n=0
Lix(1—e™ > "
k( ) _ S cml
el —1 " n!

3
Il
=}

respectively, as formal power series over Q.

REMARK 4.2. Similar relations to Remark 1.4 were proved in [4, Proposition 2.3,
2.4]. Furthermore, the multi-poly-Bernoulli-star numbers B,(,k*) and C,(lk*) satisfy a duality

relation for k = (ki, - - - , kr) € Z_, ([4, Theorem 3.2]).

REMARK 4.3. It is known that the multi-poly-Bernoulli-star numbers C ,(,kz are de-

scribed as finite multiple zeta-star values ([4, Section 4]).

The following theorem can be shown by exactly the same argument as Theorem 1.6
and hence is omitted.

THEOREM 4.4. Letk € Z" be an index, p be an odd prime and m, n and N be
positive integers with m,n > N and wt(k™) < p — 1. If m = n mod (p — 1)p" =1, then
we have

p2wt(k+)B$l — p2wt(k+)Br(llfz mod pN’
pzwt(k+)c(k) — p2wt(k+)Cr(lIfl mod pN‘

m,x
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REMARK 4.5. We can check the following formulas
D" ome = DY, "}

k
B,E*) =(=D" Z ki kev ke ’
O<m<--<m,_1<my<n+1 my=---m,_my
_ my—1 _ ] n+1
c® — (_1yr ) 0" m = DI
nx kl kr—l kr
O<my<--<my_1<m,<n+l my -em,_ny

by the same computation as Remark 3.3. These were obtained in [4, Proposition 2.2] by
using the generating functions.
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