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Abstract. This paper presents algorithmic approaches to study superspecial hyperellip-
tic curves. The algorithms proposed in this paper are: an algorithm to enumerate superspecial
hyperelliptic curves of genus g over finite fields [, and an algorithm to compute the auto-
morphism group of a (not necessarily superspecial) hyperelliptic curve over finite fields. The
first algorithm works for any (g, ¢) such that ¢ and 2¢g + 2 are coprime and ¢ > 2¢g + 1. As
an application, we enumerate superspecial hyperelliptic curves of genus g = 4 over I, for
11 < p <23 andover F P2 for 11 < p < 19 with our implementation on a computer algebra
system Magma. Moreover, we find maximal hyperelliptic curves and minimal hyperelliptic
curves over I » from among enumerated superspecial ones. The second algorithm computes
an automorphism as a concrete element in (a quotient of) a linear group in the general linear
group of degree 2.

1. Introduction

By a curve, we mean a projective, geometrically irreducible, and non-singular algebraic
curve. Let C be a curve of genus g over a field K of positive characteristic p > 0. We call
C superspecial (s.sp. for short) if its Jacobian variety is K -isomorphic to the product of g
supersingular elliptic curves, where K denotes the algebraic closure of K.

The problem which we mainly consider in this paper is to enumerate [F,-isomorphism
(resp. F_q-isomorphism) classes of s.sp. curves of genus g over the finite field I, of ¢ elements,
where ¢ is a power of p. Note that it suffices to consider the case of ¢ = p and p? since the
number of isomorphism classes of s.sp. curves over [« depends on the parity of a (cf. [11,
Proposition 2.3.1]). If g < 3, there are some theoretical approaches based on Torelli’s theorem
to find s.sp. curves (cf. [2], [22, Prop. 4.4] for ¢ = 1, [6], [8], [16] for ¢ = 2, and [5], [7]
for ¢ = 3). Different from the case of g < 3, these approaches are considered to be not so
effective for g > 4 by the following reason: The dimension of the moduli space of curves
of genus g > 4 is strictly less than that of the moduli space of principally polarized abelian
varieties of dimension g.

In the non-hyperelliptic case for ¢ > 4, computational approaches to enumerate s.sp.
curves were proposed, and the enumeration in some small particular characteristic has been
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completed (cf. [9], [11], [10] for ¢ = 4, and [12] for ¢ = 5). In particular, the isomorphism
classes of s.sp. non-hyperelliptic curves of genus 4 over I, are determined for g = 52—l 52
72¢=1 72¢ and 112¢~!, where e is a natural number.

A fascinating fact in the hyperelliptic case is that the existence of a s.sp. hyperelliptic
curve of genus ¢ in characteristic p implies that of a maximal (resp. minimal) curve of genus g
over [F p2> see [10, Subsection 2.2] for a review of this fact. Ekedahl [3, Theorem 1.1] showed
p = 2g + 1 if a s.sp. hyperelliptic curve exists for (g, p) # (1,2). While the existence of
s.sp. hyperelliptic curves of given genus is known for many p with some congruent relations
(e.g., [18], [20], and see also [17], [19], [21] for the existence of maximal curves of various
types), the enumeration of s.sp. ones of genus g > 4 has not been completed yet even for small
particular p.

This paper is the full-version of our conference paper [10] which enumerates s.sp. hyper-
elliptic curves of genus 4 for g = 11%2¢71, 112¢, 13%¢=1,13%¢, 172¢=1,17%¢, and 19%¢~!. The
following (Theorems 1 and 2) are the main theorems of [10]:

THEOREM 1 ([10], Theorem 1). There is no s.sp. hyperelliptic curve of genus 4 in
characteristic 11 and 13.

THEOREM 2 ([10], Theorem 2). There exist exactly five (resp. 25) s.sp. hyperelliptic
curves of genus 4 over F17 (resp. F172), up to isomorphism over 17 (resp. Fy,2). Moreover,
there exist exactly two s.sp. hyperelliptic curves of genus 4 over the algebraic closure in char-
acteristic 17 up to isomorphism.

In particular, Theorem 1 relaxes the restriction on non-hyperelliptic curves in [11, Theo-
rem B].

COROLLARY 1 ([10], Corollary 2). There exisLexactly 30 (resp. nine) s.sp. curves of
genus 4 over F11, up to isomorphism over 11 (resp. F11).

Additional and new results, that are not given in [10], of this paper are as follows:

(1) Complete proofs of computational results in [10],
(2) New results on enumeration for ¢ = 19% and 23 (Theorems 3 and 4 below),
(3) Computation of automorphism groups of enumerated s.sp. hyperelliptic curves.

THEOREM 3. There exist exactly 12 (resp. 18) s.sp. hyperelliptic curves of genus 4
over Fig (resp. Fi92) up to isomorphism over 19 (resp. F1q2). Moreover; there exist exactly
two s.sp. hyperelliptic curves of genus 4 over the algebraic closure in characteristic 19 up to
isomorphism.

THEOREM 4. There exist exactly 14 s.sp. hyperelliptic curves of genus 4 over F3 up to
isomorphism over F23. Moreover; there exist exactly four s.sp. hyperelliptic curves of genus 4
over 23 up to isomorphism over the algebraic closure.

All the computations to obtain our main results were done on Magma V2.26-10 [1], and
codes and log files are available at [24].

The rest of this paper is organized as follows. Section 2 gives a review of general facts
on hyperelliptic curves over finite fields. In Section 2.3, we review the enumeration method
given in [10]. The method consists of the following three ingredients: (A) Algorithm to list
up s.sp. hyperelliptic curves, (B) Reduction of defining equations of hyperelliptic curves, and
(C) Isomorphism testing. Section 3 gives complete proofs of computational results in [10],
and new results on enumeration for ¢ = 197 and 23. Section 4 studies automorphism groups
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of enumerated s.sp. hyperelliptic curves. Specifically, we give an algorithm to compute the
automorphism group of a (not necessarily s.sp.) hyperelliptic curve. Note that in this paper we
do not mention the asymptotic complexity but the practicality of our algorithms only.

2. Preliminaries

In this section, we review a realization of hyperelliptic curves, a criterion for their super-
speciality and a method to enumerate s.sp. hyperelliptic curves.

2.1. Hyperelliptic curves

Let K be a field of characteristic # 2. Let C be a hyperelliptic curve over K, i.e., a curve
over K admitting a morphism over K of degree 2 from C to the projective line P!. As seen
in [10, Subsection 2.1], if the cardinality of K is greater than 2¢g + 1, then C is realized as the
desingularization of the homogenization of

@.1.1) v =),
where f(x) is a polynomial over K of degree 2¢g + 2 with non-zero discriminant.
The next lemma tells us when two hyperelliptic curves C1 and C; are isomorphic.

LEMMA 2.1.1 (cf. [10], Lemma 2.1). Let f1(x) and f>(x) be elements of K[x] of de-
gree 2g + 2 with non-zero discriminants. Let C1 and Co be the hyperelliptic curves over K de-
fined by y? = fi(x) and y* = f>(x) respectively. Set F;(X, Z) = Z*9*2 f;(X/Z) € K[X, Z].
Let k be a field containing K. There exists a k-isomorphism from Cy to C» if and only if there
exists (h, 1) € GLy(k) x k* such that Fy((X, Z) - 'h) = A2 F>(X, Z).

2.2. Cartier-Manin matrix and superspeciality

Let K be a perfect field and let K denote the algebraic closure of K. Let C be a nonsin-
gular projective curve over K. We say that C is superspecial (s.sp. for short) if its Jacobian
Jac(C) is K-isomorphic to the product of some supersingular elliptic curves.

For a curve C over K, its Cartier-Manin matrix is defined as a matrix representing the
Cartier operator on the space H O(C , .Qé) of holomorphic differentials of C (cf. [23, Section
2]), which is uniquely determined as soon as we choose a basis of H o, Qé). Here is a
well-known method (cf. [4], [14], [23, Section 2]) to compute a Cartier-Manin matrix of a
hyperelliptic curve.

PROPOSITION 2.2.1. Let C be a hyperelliptic curve y*> = f(x) of genus g over K,
where deg(f) is either 29 + 1 or 29 + 2. Then the g x g matrix whose (i, j)-entry is the
coefficient of xP'=7 in fP=V/2 for 1 <i, j < g is a Cartier-Manin matrix of C.

The next corollary follows immediately from the fact that C is s.sp. if and only if the
Cartier operator on the cohomology group H o, .Qé) is zero (cf. [15]).

COROLLARY 2.2.2. Let C be a hyperelliptic curve y* = f(x) of genus g over K,
where deg(f) is either 2g + 1 or 2g + 2. Then C is s.sp. if and only if the coefficients of xP*~/
in fP=Y/2 gre equal to 0 for all integers i, j with 1 < i, j < g.

2.3. Ingredients to enumerate superspecial hyperelliptic curves

Assume that K is the finite filed IF, or its algebraic closure IF,;, where g is a power of an
odd prime p. This subsection reviews a method in [10] to enumerate s.sp. hyperelliptic curves
over ;. The same method shall be applied to prove main theorems (Theorems 3 and 4 in
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Section 1) in this paper, and it consists of the following three ingredients described precisely in
[10, Section 3]: (A) Algorithm to list up s.sp. hyperelliptic curves, (B) Reduction of defining
equations of hyperelliptic curves, and (C) Isomorphism testing. Since concrete algorithms for
(A) and (C) and a proof of (B) are already given in [10], we here describe only the idea of each
ingredient.

(A) Algorithm to list up superspecial hyperelliptic curves: In [10, Section 3.1], we con-
structed an algorithm with a pseudocode to list up all s.sp. hyperelliptic curves of genus g over
IF, for a given (g, g). The idea is reducing the enumeration of s.sp. curves into solving mul-
tivariate systems over finite fields (the same idea is also used in a series of papers [9], [11],
[10], [12]). By Lemma 2.3.1 below, any hyperelliptic curve of genus g over [, is given by
the equation ¢y? = f(x) forc = 1 or € with € € IE‘; ~ (]F;)z, where f € F,[x]is a degree
(29 + 2)-polynomial of the form (2.3.1) with non-zero discriminant. For each ¢ and b, we
derive a multivariate system of algebraic equations from the condition that cy? = f(x) is s.sp.
(i.e., the Cartier-Manin matrix is zero), that is,

(the coefficient of x”*~/ in f(”_l)/z) =0

foreach 1 < i, j < g, where we regard unknown coefficients a; for 0 < i < 2¢g — 1 as
indeterminates. For each root of the system, we check whether f has no double root in IF_q
by constructing the minimal splitting field of f. In this way, we can collect all f of the form
(2.3.1) with non-zero discriminant such that cy?> = f(x) is S.Sp..

(B) Reduction of defining equations of hyperelliptic curves: In [10, Section 3.2], we gave
the following elementary reduction of defining equations of hyperelliptic curves:

LEMMA 2.3.1 ([10], Lemma2). Assume that p and2g+?2 are coprime. Lete € K* \
(K*)2. Any hyperelliptic curve C of genus g over K is K -isomorphic to the desingularization
of the homogenization of

23.1) cy? = x4 b fazg x4t aix +ag
fora; € K withi =0,1,...,29g — 1 whereb=0,1,eandc =1, e.
REMARK 2.3.2. (1) As we pointed out in [10, Section 3.2], a good method of

reduction over an algebraically closed field is to translate three ramified points of the
corresponding morphism C — P! of degree 2 to {0, 1, 0o}. However, we can not
adopt this method in Lemma 2.3.1 since the ramified points are not necessarily K -
rational points.

(2) Let h(x) be a monic polynomial over K with non-zero discriminant. As mentioned in
[10, Remark 3], the hyperelliptic curves Cy : y2 = h(x) and Cs : €y?> = h(x) with
€ € KX~ (K*)? are isomorphic to each other over K[/€] via (x, y) — (x, \/€).
In particular, the superspeciality of Cy is equivalent to that of C>.

(C) Isomorphism testing: We suppose that p and 2¢g + 2 are coprime. Determining whether
two hyperelliptic curves are isomorphic to each other over K is reduced into testing whether a
multivariate system has a root over K or not. Let C; and C; be hyperelliptic curves of genus
g over ;. Recall from Lemma 2.3.1 that each hyperelliptic curve C; is the desingularization
of the homogenization of ¢;y? = f; (x) for ¢; = 1 or € with € € IE‘; ~ (]F;)Z, where fi(x)isa
polynomial in [F,; [x] of degree 2¢ + 2 with non-zero discriminant. For each 1 <i < 2, let F;
denote the homogenization of ¢; ! fi with respect to an extra variable z. Lemma 2.1.1 shows
that Cy and C; are isomorphic over K if and only if there exist . € K> and 4 € GL(K) such
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thath- Fy = A2F>, where h- F1(x, z) := Fi1((x, z)-'h). This s equivalent to that the following
multivariate system has a root over K:

(all the coefficientsin /2 - Fj — A2 F,) =0
(2.3.2) =1
det(h)v = 1

where A, @, v and all entries of & are indeterminates. One can decide whether the system
(2.3.2) has a root over K or not by computing Grobner bases of the corresponding ideal. Note
that adding field equations such as A? = X is necessary if K = F,.

3. Enumeration of superspecial hyperelliptic curves

This section proves Theorems 1 — 4 stated in Section 1. In Section 3.1, we give complete
proofs of computational results in [10] for p < 19 with ¢ = 4. New enumeration results for
(9,q9) = (4,19%) and (4, 23) are stated and proved in Section 3.2. The three ingredients in
Section 2.3 are applied to computational enumeration for obtaining computational results in
Sections 3.1 and 3.2. As a further application, [ >-maximal curves and I ,>-minimal curves
are found in Section 3.3 from among enumerated s.sp. hyperelliptic curves.

3.1. Complete proofs of computational results in [10]

After stating results in [10] (Propositions 3.1.1-3.1.4 below), we prove them by executing
enumeration method based on the ingredients in Section 2.3. Our enumeration method was
implemented on Magma V2.26-10 [1] in its 64-bit version on a PC with macOS Monterey
12.0.1, at 2.6 GHz CPU 6 Core (Intel Core i7) and 16GB memory. We succeeded in finishing
required computation within a day in total. The source codes and the log files together with
detailed information on timing are available at [24].

PROPOSITION 3.1.1 ([10], Propositions 2 and 3). There does not exist any s.sp. hyper-
elliptic curve of genus 4 over I defined by an equation of the form (2.3.1) for each of g = 1 12
and g = 132,

PROPOSITION 3.1.2 ([10], Proposition 4). There exist exactly five (resp. two) s.sp. hy-
perelliptic curves of genus 4 over F17, up to isomorphism over F17 (resp. F17). Specifically,
the five F'17-isomorphisms classes are represented by

(1) Cr:y?=x!"+x,
(2) Cy:y? = x4 x7 4+ 13x% 4+ 12x,
(3) C3:y?2 =x"0 4 x7 +14x0 + 617 + 12x3 +5x2 + Tx + 6,
4) Cy:y?=x"04x8 4 x7 4+ 15x0 4+ 4x> + 12x* + 1523 + 11x%2 + 9x + 4, and
(5) Cs: 9% =x'"0 4 x8 +2x7 4927 + x* + 10x3 + 8x2 + 11x + 16y +5.
The two F17-isomorphism classes are represented by
@)) C{alc) :y2=x"04x, and
(2) CM 1y = X104 &7 4 13x% 4+ 12x.
(The subscript “alc” stands for algebraic closure.)

PROPOSITION 3.1.3 ([10], Proposition 5). There exist exactly 25 (resp. two) s.sp. hy-
perelliptic curves of genus 4 over F 2, up to isomorphism over IF 2 (resp. F2). Specifically,
the 25 [F |2-isomorphisms classes are represented by
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®) =204 7,

©) y?> ="+ 8,

(10) y? = x'0 4 x7 4+ 13x* + 124,

(11) y = x10 4 7 +§66x6+§78x5+§138 34 18652 4 7y 4174

(12) y =x10—|—§x +§74 4_|_ 237

(13) y*=x

(14) y =x10+x8+§3x7+§98x6+{153x5+§287x4+§71x3+§8x2+§71x+§254,
(15) y =x10_|_x8+§3x7+§226x6+§37x4+§147 3~|—§91x2~|—§145 §127

(16) y =x10+x8+§5x7—|—§138 6~|—§‘60x5~|—§‘222 4 ;128 3 ;278 2+§41x+§24
(17) y =x10~|—x ~|-§' _|_§267 6 CSO 5_'_;39 4_|_§94 3~|—§‘58 2~|—§‘191x+§‘166

where we take { = —8 + /61 € IE‘ 172, and the two IE‘ 17z-is0m0rphism classes are represented
by the same equations as those in Proposition 3.1.2.

PROPOSITION 3.1.4 ([10], Proposition 6). ~ There exist exactly 12 (resp. two) s.sp. hy-
perelliptic curves of genus 4 over Fi9, up to isomorphism over F19 (resp. F19). Specifically,
the 12 Fyg9-isomorphisms classes are represented by

(1) Cy:y?=x041,

(2) Cr:y?=x"042

(3) C3:y?=x"04x7 +4x0 + 1557 + 6x* +8x3 +5x2 + 12x + 1,

4) C4:y2=x10~|—x8~|—7x6+x4+x2—|—7,

(5) Cs:y? =x"0 4 x84+ x7 4+ 12x0 + x5 + 10x* + 9x3 + 8x% + 9x + 3,

(6) Co:y?>=x"04 x84+ x7 +13x0 4+ 9x° + 14x* + 4x3 + 11x% +3x + 8,
(7 C7:9>=x"0 4 x¥ 4+ 2x7 4 6x° + 18x° 4 4x* 4 13x3 + 18x% + 10x + 14,
(8) Cg:y2=x"04 x® 4+ 2x7 4+ 12x0 4+ 18x* +5x3 + x2 47,

(9) Co:y?=x"04x8 +4x7 + 8x6 4+ 8x> + 3x* 4+ 11x> + 8x% + 8x + 4,

(10) Cio: y? = x10 4 2x8 4 9x® 4 8x* + 16x2 + 15,
(11) Cry 2 y? =x10 4208 + x7 4+ 12x% 4+ 9x° + 2x3 + 4x2 + Tx + 4, and
(12) Cio:y? = x"1042x8 4 3x7 4 1720 + 9x° + 243 + 12x% + 2x + 4.
The two F9-isomorphism classes are represented by
(1) 1 y2 = x10 41, and
(2) CM 1y = x10 4 &7 4 4x0 41565 4 60t 4 863+ 5x2 4 120 + 1.



Algorithmic Study of Superspecial Hyperelliptic Curves over Finite Fields 55

Proofs of Propositions 3.1.1-3.1.4. Let g = 4. In the procedures 1-4 below, we set the follow-
ing parameters:
e (q=11%)s;:=2g+1=9andsy :=2g—2=35,
e (q=13")s;:=2g+1=9andsy :==2g—1=7,
e (g =17and 19)s1 :=2g+1=9andsy :=29—-2=06,
e (g=17s1:=2g=8ands, :=2g—2=6.
By the computer described at the beginning of this section, we conduct the following four
procedures:
1. Leta; for0 <i < s; — 1 be indeterminates.
For each (cy;, ...c29-1) € (IFq)GBZL"_Sl and ¢34 € {0, 1, €} with e € ]qu ~ (IF;)Z, proceed with
the following procedures:
2. Put f(x) := x29+2+029x29 +czg_1x29_1+- cdeg x* —i—asl_lxsl_l +---+aix—+aop,
and compute & := fP~D/2 over Fylao, ..., as,—11lx].
3. Let S C Fylao, ..., as—1] be the set of the coefficients of the 92 monomials in & =
fP=D/2 given in Proposition 2.2.1.
4. For each (cy,, ...c5-1) € (Fq)®29 —$17%2_ proceed with the following three steps 4a—
4c:
4a. Substitute (cy,, . ..c5—1) into (ay,, ...as —1) of the coefficients in each P € S,
and put

S :=={P(ao, ..., a5-1,Csps ... C5—1) : P €SYU{ai —ci 150 <i <s1—1}.

4b. With Grobner basis algorithms, compute the roots in (F,;)®! of the multivariate
system P’ = 0 for all P’ € &’ with variables ao. . .., as,—1.

4c. For each solution (cp, ..., c5;—1) to the system constructed in Step 4b, we set
ool 1= X212 40009 eag x0T oo x5 g 1T T - eix o
(the subscript “sol” stands for solution). By constructing the minimal splitting
field of fyo1, test whether f;o1 has no double root in IE‘_q or not. If fs has no
double root in IF_q, store fsol-

As a computational result for each g, we obtain the set F of all the polynomials f(x) of the
form in the right hand side of (2.3.1) such that y> = f(x) are s.sp. hyperelliptic curves of
genus g over Fy. Put Ho := {cy?> = f(x) :c=1,eand f(x) € F}. For each pair (Hy, H») of
elements in Ho with H; # H», the method given in the paragraph (C) of Section 2.3 decides
whether C; : Hyj(x,y) = 0 and C> : Ha(x, y) = 0 are isomorphic or not. Finally we obtain
the set Hx C Ho of representatives of K-isomorphism classes of s.sp. hyperelliptic curves of
genus g over [F,, where K is either of I, and F_q. Propositions 3.1.1 — 3.1.4 follow from the
resulting sets Hx with K = F, or F, for g = 112, 132,17, 17, and 19. O

REMARK 3.1.5. In our implementation, Magma’s built-in function Variety was used
to solve multivariate systems over finite fields.

3.2. New results in characteristic 19 and 23
We here state new enumeration results for (g,q) = (4, 19%) and (4,23). The proofs
are omitted to write down since they are done in a way similar to the proofs of Propositions
3.1.1-3.1.4, where the parameters are
e (=195 :=2g=8ands, :=29—2=6,
e (q=23)s1:=29g=8andsy:=2g—-3=5.
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PROPOSITION 3.2.1. There exist exactly 18 (resp. two) s.sp. hyperelliptic curves of
genus 4 over F g2, up to isomorphism over IFq2 (resp. Fq2). Specifically, the 18 Fg2-
isomorphisms classes are represented by

(D) y2=x0+1,

@) y?=x+¢,

) y?=x"+¢2

@ y2=x10+¢%,

®) y2=x1"+¢%,

©) y>=x'"+¢,

(7 y>=x"+¢7,

®) y?=x"+¢,

(9) y* =x'0 4 x7 +4x6 + 1557 4+ 6x% + 8x% + 5x2 + 12x + 1

(10) y2 x10+§2x7+§31x6+{169x5+§322x4+§257x3+§352x2+§227x+§13
(11) y2 x10_|_§2x7+§61x6+§31x5+§286 4+§359x3~|—§232 2+§245x+§
(12) y2 = x10 4 x8 4 2x0 4 ¢ 110y 5+7x +;330x3+9x ~|—§30x~|—17

(13) y2 = x10+x8+x7+13x +9x5 4+ 14x* +4x3 + 11x2 +3x + 8,

(14) y? = x10 418 +§ T ox0 4 o35 4 oI5t 4 07003 4 20542 4 15x 4 ¢35,
(15) y2_x10+x +C +€57 6+C179 5+x +§298x3+€-89x2+€204x+§171
(16) y2_x10+x +§12 7 §196 6 ;193 5 ;281 4 §293 3 ;107 2+§316x+§74
(17) yi—x10~|—x +2x7 +12x + 18x* +5x3 +x2 47,

where we take { = —9 — /19 € F |2, and the two [P g2-isomorphism classes are represented
by the same equations as those in Proposition 3.1.4.

PROPOSITION 3.2.2.  There exist exactly 14 (resp. four) s.sp. hyperelliptic curves of
genus 4 over Fa3, up to isomorphism over oz (resp. Fo3). Specifically, the 14 TFo3-
isomorphisms classes are represented by

(1) C1:y?=x"04x74+3x* + 10x,

(2) Cr:y?> =x'"0 4 x7 4 18x* + 6x,

3) C3:y2=x10+x7+5x6+3x5+21x4+3x3+9x2+4x+21,

4) Cq:y?=x"04 x7 +9x0 + 1127 + 19x* + 10x3 4 16x2 + 8x + 21,
(5) Cs: 9> =x"0 4 x7 +16x% +9x° + 14x* +2x3 +5x2 + 6x + 1,

(6) Co:y>=x"04x74+17x% + 13x° +3x + 14x2 +20x + 15,

(7) C7:y>=x104x7 ~|—18x +21x —I—x + 8x2 +20x + 21,

(8) Cg:y? =x'"0 4 x84+ 3x0 4 2x* +2x% 4+ 6,

(9) Co:y? =x"04 x84 6x° +22x +4x2 +3,

(10) Cyo : x10 4 x84 8x0 + 7xt + 1522 + 14,

(11) Cp : 104 x84 2x7 4+ 6x0 + 3x7 4+ 14x% 4+ 16x° + 11x% + 19,

(13) Ci13: y2 = x10 4 &8 + 457 + 12x0 4+ 247 +12x ~|—11x+18 and
(14) Cia:y? = x10 4 x8 4 5x7 4+ 15x0 +22x5 + 11x* + 7x2 + 18x + 17.

The four Fy3-isomorphism classes are represented by
(1) €M1 y2 = x10 4 7 4 3x% + 10x,
(2) 91y = X104 7 4 18x% + 6x,
3) Céalc) cy2 = x10 4 x7 4 5x0 4 3% 4+ 21x* + 3x3 + 9x2 + 4x + 21, and

y2
y2
(12) Crp: y? =x10 4 x¥ +3x7 4+ x° + 13x4 + 22x3 + 12x% + 4,
2
y
2
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@) M1y = x10 4 17 4 9x0 4 1125 + 19x* + 1023 + 1612 + 8x +21.

3.3. Application to finding maximal curves and minimal curves

Since any maximal or minimal curve over F > is s.sp., it is included in enumerated s.sp.
curves over [F 2 if exists. We have non-existence results (Corollary 3.3.1 below) from Theorem
1 for p = 11 and 13, whereas we find 2 -maximal curves and [ pz-minimal curves for p = 17,
19, and 23 (Corollaries 3.3.2-3.3.4 below). Using a computer, we find them by computing the
number of I »-rational points on s.sp. curves in Propositions 3.1.2-3.2.2.

COROLLARY 3.3.1 ([10], Corollaries 3 and 4). There does not exist any F pz-maximal
(resp. minimal) hyperelliptic curve of genus 4 for each of p = 11 and 13.

COROLLARY 3.3.2 ([10], Corollary 5). There exists exactly two (resp. two) TFi;2-
maximal (resp. F|72-minimal) hyperelliptic curves of genus 4 over F 52 up to isomorphism
over F 1. Specifically, the two maximal curves are given by

Y =x0 4y
y2 =x10 4+ %7+ 13x* + 12x,

respectively. The two minimal curves are given by

y2=x10+x8+§16x7—|—§83x6—|—§276x5+§164x4—|—§102x3—|—§111x2—|—§2x+§152,

Y210 o8 2207 p250,6 4 p89,5 | p18204 4 p9\3 4 p205,D 4 o282 4 113
respectively, where we take { = —8 + /61 € F .

COROLLARY 3.3.3 ([10], Corollary 6). There exists exactly two (resp. two) T g2-
maximal (resp. Fig2-minimal) hyperelliptic curves of genus 4 over Fi92 up to isomorphism
over IF 2. Specifically, the two maximal curves are given by

WY=x041,
y2 =x"0 4 x7 4 4ax0 +15x° + 6x* 4+ 8x3 +5x% + 12x + 1,
respectively. The two minimal curves are given by
Y2 =10 o8 207 4 o576 1795 | 4y £298,3 4 (89,2 4 p204y 171
y2 =x10 b ¥ 4 2x7 1240 + 18x% + 57 + % + 7,
respectively, where we take ¢ = —9 — /79 € 2.

COROLLARY 3.3.4. There exist F532-maximal hyperelliptic curves of genus 4 defined
over Fo3. There also exists an Fyz-minimal hyperelliptic curve of genus 4 over [F23. Specifi-
cally, the following 11 hyperelliptic curves over Fo3 are Fy32-maximal:

y2 =304 x7 4+ 3x% + 10x,

y2 =x0 4 %7+ 18x* + 6x,

y2=x10+x7 +5x% +3x° + 21x% 4+ 3x3 + 9x2 4+ 4x + 21,

y2 =104 %7 4950 + 11x7 + 19x* + 10x3 + 16x2 + 8x + 21,
y2=x10+x7 +16x% +9x° + 14x* +2x3 +5x2 + 6x + 1,

y =x'0 4 x7 +18x° + 21x* + x3 + 8x% 4+ 20x + 21,
y2=x10+x8 +3x6+2x4+2x2+6,

y =x10—|—x8—|—6x6+22x4—|—4x2+3,
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y2 =x10 —I—xS + 8x© + 7x* + 15x2 + 14,
2 __ 10 8 7 6 5 2
yo=x"4x"+4x" +12x° 4+ 2x7 4+ 12x° + 11x + 18,
y2=xlo—|—x8 +5x7 +15x% + 2203 + 11x* + 7x2 + 18x + 17.
On the other hand, the following curve over T3 is Fyz2-minimal:
y2=x10 4 x84 207 4 6x0 +3x° + 14x* + 16x° + 11x2 +19.

REMARK 3.3.5. The maximal hyperelliptic curve y> = x!0 4+ x (resp. y> = x!0 4+ 1)
over IFy2 (resp. Fy42) is of known type, see e.g., [18] for more general results on the existence
of such a kind of maximal hyperelliptic curves.

4. Computing automorphism groups of enumerated hyperelliptic curves

In this section, we present an algorithm to compute the automorphism group of a hyperel-
liptic curve over K = [, or IF_q, where ¢ is a power of a prime p > 2. Note that our algorithm
works for not only s.sp. but also arbitrary hyperelliptic one such that p and 2¢g + 2 are co-
prime. As an application of the algorithm, this section also studies the automorphism groups
of s.sp. hyperelliptic curves of genus 4 enumerated in Section 3. Moreover, we check that our
enumeration in Section 3 is compatible with the Galois cohomology theory.

4.1. Description of automorphism groups of hyperelliptic curves
Assume that p and 2¢g 4 2 are coprime. Let C be a hyperelliptic curve of genus g over
K defined by y> = f(x) for some monic polynomial f(x) in K [x] of degree 2¢g + 2. Let F
denote the homogenization of f with respect to an extra variable z.
In order to describe the automorphism group of C, we consider the groups
Gk ={(h,}) € GLo(K) x K* | F(h-"(X, 2)) = A’ F(X, 2)},
Gk ={h € GLy(K) | F(h-"(X, 2)) = F(X, Z)},
and pg+1(K) = {a € K* | adtl = 1}, where G i is considered as a subgroup of GK, via the
homomorphism sending i € G to (h, 1) € Gg.

LEMMA 4.1.1. There exists a diagram

| — K~ Y, 6k —— Autg(C) —— 1
o o |
vlek
I —— pg+1(K) Gk Autg (C)
with exact horizontal sequences, where ¢ sends <<;‘j §> , k) to the automorphism mapping

A u 0 .
(x,y) to (‘;iig, W) and r sends u to <<O u) , u9+1>. Moreover, if the (g + 1)-th
power map on K* is surjective, then, |G, is surjective.

Proof. The surjectivity of ¢ holds, as any automorphism is given in the form as in the
lemma (cf. the proof of [10, Lemma 1]). Then obviously the kernel of ¢ is equal to the
image of . The lower exact sequence is immediately obtained by restricting the upper one to
Gk. If the (g + 1)-th power map on K * is surjective, then any automorphism determined by
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<<;‘j 'f;) ,A) € Gk is equal to that determined by <u_1 <;‘j 'g) , l> for p with p9+! =

A, whence ¢|g is surjective.

Consider the case of ¢ = 4. Applying this lemma for an algebraically closed field k, we
have Aut(C) >~ Gi/us(k). If K =T, for p = 17, 19, 23, the group wus(K) is trivial, whence
we have Autg (C) ~ Gg.

4.2. Algorithm to compute automorphism groups

In this subsection, we present an algorithm to compute the automorphism group of a
hyperelliptic curve over K = [, or IE‘_q Note that our algorithm works for not only s.sp.
but also arbitrary hyperelliptic one such that p and 2¢g + 2 are coprime, and such that the
(g + 1)-th power map on K * is surjective. Let C be a hyperelliptic curve of genus g over K
defined by cy?> = f(x) for some polynomial f(x) in K [x] of degree 2g + 2. Let F denote the
homogenization of f with respect to an extra variable Z.

The algorithm below computes Autg (C) as the set of complete representatives of G/
Mg+1(K) in Lemma 4.1.1. Note that G is finite since both Autg (C) >~ Gk /ug+1(K) and
M g+1(K) are finite.

Algorithm to compute Autg (C). For the input (¢, f(x)), and g as above, the following five
steps compute Gk for K =y, or K = IF_q:

(1) Let by, by, b3, bg, and v be indeterminates, and set

by b
o —l52g42 = ! 2
F(X,2) =297 f(X/2) and h = <b3 b4)’

where £ is a square matrix whose entries are indeterminates.

(2) Compute F'(X, Z) :=F((X, Z)-"h)—F (X, Z) over the polynomial ring K [b1, b3, b3,
bs, v][X, Z] whose coefficient ring is also a polynomial ring.

(3) Let Cr be the set of the coefficients of the non-zero terms in F’'(X, Z). We put

C :=Cr U {det(h)v — 1}.
For K = I, we replace C by
CU! —bi:1<i<4uUfp?—v}.
(4) Compute Vi ((C)) in A>(K), where Vg ((C)) denotes the set of zeros of the ideal

(C) C Kby, ba, b3, ba, v]. One can do this by computing Grobner bases; for K = IE‘_q,
field extensions are constructed.

(5) For the computed finite group G ¢ given by

Gk = {(Z; Zi) 2 (b1, by, b3, bs, v) € Vi ((C)) for some v € KX},

compute G g /us5(K), and then output it.

4.3. Automorphism groups of enumerated superspecial hyperelliptic curves

Executing the algorithm in Section 4.2 on the computer algebra system Magma, we com-
pute automorphism groups of s.sp. hyperelliptic curves of genus 4 enumerated in Section 3.
All elements of G g for each automorphism group Autg (C) is computed, and Autg (C) is also
computed as the set of representatives of a quotient group of G x. The orders of automorphism
groups over [F,, with those over E are summarized in Table 1. Note that the group structure of
each automorphism group is determined by Magma’s built-in function GroupName. For each
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integer t > 0, we denote by Z;, S;, and D; the cyclic group of order ¢, the symmetric group of
degree t, and the dihedral group of order 2¢, respectively.

REMARK 4.3.1. For each s.sp. curve C over K = F, (resp. F) listed in Table 1,
we also computed the automorphism group Autg (C) (as an abstract group) by using Magma’s
built-in  function AutomorphismGroupOfHyperellipticCurve (resp. GoemetricAuto-
morphismGroup), which was recently implemented (since Magma V.2.25-7 in 2021, based
on an algorithm in [13]). Note that the ideas of [13] and ours are essentially the same, while
our algorithm had been proposed in a preprint (arXiv: 1907.00894 [math.AG]) of this paper
before the above built-in functions were implemented.

As aresult, we confirmed that the results obtained from our algorithm coincide with those
obtained from Magma’s built-in function(s). For example, both the automorphism groups of
C1 with p = 17 computed by our algorithm and Magma’s built-in function(s) are Z,.
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p | Superspecial hypere_lliptic Aut(C)  #Aut(C) ¥ ,-forms Autp (C') #Aute (C')
curves C over I, C'o ! !
Cfalc) Tis 13 C Zy 2
Cy Zn 2
17 Cs Zy 2
co SLy(F3) 24 Cs Z4 4
Cs Zy 4
Cy Dy 8
C Zy X Lo 4
Cy Dy 8
Cs Zho 10
c# ZsxDs 40 Cs Zs x Z4 20
19 Cy Z10 10
Cio Dio 20
Cui Zyo 10
Ci2 Lo 10
3 S2 2
co Dy 8 Cs Z4 4
C7 Zy 4
Cfdlc) Zs 6 Gi Z> 2
Cs Zn 2
C Zn 2
c SLy(F3) 24 Ce Z4 4
Cip Z4 4
C3 Zo X 7 4
23 (alc) . D "
G Dy 8 Cio Zo X 7 4
Cii Z4 4
Cia Dy 8
Cy Zo X 7 4
Cflc) Ty x T 4 C7 Zy X Lo 4
Co Zy X Lo 4
Ci3 Zy X Zn 4

Table 1. The automorphism groups Aut(C) := AutE(C) of s.sp. hyperelliptic curves C

over E and the automorphism groups Autg, (C;) of the s.sp. hyperelliptic curves
CioverlF, for17 < p < 23.
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4.4. Compatibility with the Galois cohomology theory

This subsection shows that our enumeration in Section 3 is compatible with the Galois
cohomology theory. Specifically, we check the below equalities (4.4.1) — (4.4.3) deduced
from the Galois cohomology theory for each of enumerated s.sp. hyperelliptic curves over an
algebraic closure.

For a hyperelliptic curve C over ]F_q, two elements a and b in Aut(C) are said to be
o-conjugate if a = g~ 'bg® for some g € Aut(C), where o is the ¢g-th power Frobenius
action on Aut(C). For an element a € Aut(C), we denote by Orb(a) the orbit of a, i.e.,
Orb(a) := {g 'ag? : g € Aut(C)}, called the o-conjugacy class of a. The o-stabilizer of a is
defined as the subgroup {g € Aut(C) : a = g~ 'ag®}, written Aut(C),.

By the Galois cohomology theory, we have the following well-known facts:

e For a hyperelliptic curve C over F_q, we have
“4.4.1) |[Aut(C)/o-conjugacy| = (the number of [, -forms of C),
and thus

4.4.2) Z |Aut(C)/o-conjugacy| = |SSp-Hypg FI,
CeSSp-Hyp, (Fy)

where SSp-Hyp, (K) denotes the set of K-isomorphism classes of s.sp. hyperelliptic
curves over K, where K is a finite field or its algebraic closure.

e For a hyperelliptic curve C over ]F_q and for each element a € Aut(C), there exists a
bijection Aut(C), >~ Auty, (C @), Here C@ denotes the I, -form associated to a via
the isomorphism

H! (Gal(]F_q/]Fq), Aut(C)) = Aut(C)/o-conjugacy.
From the orbit-stabilizer theorem, we have |Aut(C)|/|Orb(a)| = |Aut(C),|, and thus
(4.4.3) |Aut(C)|/|Orb(a)| = |Autg, (C©)].

For each Aut(C) in Table 1, we determine the left hand side of each of (4.4.1)-(4.4.3) with
(9,9) = (4,17), (4, 19) or (4, 23) by computing o-conjugacy classes of Aut(C) on Magma.
As a result, we confirmed that the equalities (4.4.1)—(4.4.3) hold, where the value of the right
hand side of (4.4.1) (resp. (4.4.3)) is already obtained in computation to prove Propositions
3.1.2,3.1.4 and 3.2.2 (resp. results in Table 1). As it needs many pages to explain all cases, we
refer to [24] for details of computational results, and let us here exhibit only one example:

EXAMPLE 4.4.1. Consider C := C{alc) s y2 = x10 4 x7 4 3x* 4 10x for p = 23.
The automorphism group Aut(C) is isomorphic to Gi/ms(k) with k = [Fa3, which is a
cyclic group of order 6. The cyclic group is generated by the equivalence class of & :=

¢ 83952 0

€ G C GLy(k), where ¢ is aroot of P := t* + 3t% + 197 + 5 € Fx3[t]
0 ;177232

in Fy34 = Fa3[¢]/(P). The minimal natural number n such that A% = A" is five. One can
easily check that |Aut(C)/o-conjugacy| = 2 and |Orb(a)| = 3 for every a € Aut(C). This is
compatible with the facts that there are exactly two F3-forms of C (which are C; and Cs in
Proposition 3.2.2, see Table 1) and that Auty,, (C;) and Autg,, (Cs) are of order two.
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