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§0. Introduction

Under what conditions can we write an iterated Boolean power as a single
Boolean power? This problem had been investigated by Mansfield ([4]),
Banaschewski and Nelson ([1]). They essentially obtained the following

THEOREM A ([4]). Let k be a cardinal. If B satisfies the (<k, co)-distributive
law and A satisfies the <k chain condition with respect to B and A[B] is complete, then

the canonical embedding e: (M) B — MAB s an isomorphism for every structure M.

THEOREM B ([1]). Let k be a cardinal and P(x) be the Boolean algebra of all
subsets of k. The canonical embedding e: (M) B _ MPCOB) s an isomorphism for
every structure M if and only if B satisfies the (k, co)-distributive law.

In this paper, we use terminology of Boolean valued models of set theory. We
assume that the reader is familiar with the notations of [6] for VP, In the notations of
V'®, the Boolean power of a structure M by a complete Boolean algebra (cBa) B is
described by

N\
MP=M={feV®|[f eM]®=1}

and

MOER(, - f) 3 [MERG - )P =1

where R(x,, - -+, x,,) is an atomic formula.
In this paper, we assume that V'® is separated, i.e., [ f =g]® =1 implies f=g for
every f, ge V®.

Our main theorem is as follows:

THEOREM. The following conditions are equivalent.

(1) The canonical embedding e: (M'‘)® — M “4®B js an isomorphism for every
structure M. o . ‘

(2) [A is complete and M= MD]|® =1 for every structure M.

(3) B satisfies the (<Sat(d), oo)-distributive law and [Sat(4) =Sat(A)]®=1.

(4) B satisfies the (<Sat(A4), oo)-distributive law and A satisfies the <Sat(A)
chain condition with respect to B.
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(For precise definitions see blow.)

In [p. 33, 1], Banaschewski and Nelson remarked that there are topological
spaces X and Y such that

(i) Reg(X) satisfies the (| Y|, co)-distributive law,

(i) (M ResM)) RegX) = Reg(M@ReeX) for some structure M,
where Reg(X) (respectively Reg(Y)) is the Boolean algebra of all regular open subsets
of X(Y). But they mistook at this point. We actually have the following

COROLLARY. Let X and Y be topological spaces. If Reg(X) satisfies (| Y|, c0)-
distributive law, then the canonical embedding e: (M®eV)RegX)_, prRes(V)®Reg(X)) jg 4
isomorphism. for every structure M.

§1. Preliminaries

We use letters «, f for ordinals and J, k, A for infinite cardinals. The cardinality
of a set X is denoted by | X|. We use letters 4, B for infinite Boolean algebras. We
denote the finite Boolean operations of Bby +5, *5, ~5 the least element by 0, and
the greatest element by 1;. An element (~ ga)+ b is dénoted by a=>zb. < is the
canonical ordering of B. We shall omit the subscripts if there is no confusion. B is said
to be k-complete if the supremum VS exits for every subset S of B such that
| S|<k. Bis complete if it is k-complete for every k. We note that B is complete if and
only if it is Sat(B)-complete ([20.5, 5]). A partition of Bis a maximal pairwise disjoint
family of it. We denote the set of all pairwise disjoint families of B by PDF(B) and the
set of all partitions of B by PART(B). B satisfies x-chain condition if there is no
partition P of Bsuch that | P|=x. Sat(B) is the least cardinal k such that B satisfies the
k-chain conditions. A satisfies the <x chain condition with respect to B if for every
function P from A4 to B such that P(a)- P(b)>0 implies that a=b or a-b=0, there is a
set {b;|iel} such that V{b;|iel}=1 and |{a|P(a)-b,>0}|<k for every iel. A
complete Boolean algebra B satisfies the (k, A)-distributive law if for every
{{b,,5| B<1} e PART(B)|a <k}

A Vv ba,ﬁz V. A b
a<k f<i fei¥a<kDa,f(a)

B satisfies the (x, co)-distributive law if it satisfies the (x, A)-distributive law for every
A. B satisfies the (<, co)-distributive law if it satisfies the (J, co)-distributive law for
every d <k.

Let M be an L-structure for some (first order) language L and B be a cBa. The
Boolean power M® of M by B is defined by

M‘B’={feBM| {f(m)|me M} e PART(B)}
and '

M®LR(, -+, f) if and only if
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V{fitmy):---- 1) I MERmy, -+, m)}=1

where R is an atomic L-formula.

In particular, we denote the Boolean power 4® by A[B]. A[B] is a Boolean
algebra. We denote the normal completion of A[B] by 4®B.

‘We refer the reader to [5] with respect to Boolean algebras and [1, 2] with respect
to Boolean powers.

The following lemmas are very useful (see [4]).

LEMMA 1. Suppose that {ai|i el}cA and {b,.|i €I} ePART(B). Then there is
an fe A[B] such that \/ {f(a) | a=a;} 2 b, for every ieI. Such an element f is unique, so
that we denote it by 3, ;b,a; or Y. ba;. In particular, if I={i,, i,}, then we denote it by
b,,a, @b, a;,.

LEMMA 2. (1) Forevery feA[Bl, f=3,..f(@a.

2 Zba(@=V {b|a=a}.

(3) Xba+ thjsj = Zi,j(bi * tj)(ai + sj)3

Zibair Y itsi =3 (bitt)a;s)),
~2iba;=2b(~a).

(4 bV ay) is the supremum of {¥ba;;|jeJ}.

jeJ

Suppose that A, B be complete. The canonical embedding e, , 5 from (M“W)®
to M“4®B is defined by

ev, 4,8 F)m)= Y F(f)f(m)

feM(a)

for every Fe(M“Y)® and me M. Usually we omit the subscripts.

PROPOSITION. (1) e(F)e M“®D for every Fe(M™)®),
(2) e is an embedding; ie.,(M)P=R(F,, ---, F,) if and only if M“®B
R(F)), - - -, e(Fy)) for every atomic L-formula R and F,, - - -, F, e (M®)®),

Proof. By virtue of Lemma 2, it is easy to show (1).
(2) Note that 1,g5=145 and 1 4z (1,)=1p.

\Y {e(F1)(m1) """ e(Fk)(mk)lMFR(mp R mk)}

k k
-V {Zf,, o (AF(f)>< A fi(m..))]M|=R<ml, a m»}

k k
=i he (L\IFM)) <V{/_\ .fi(mi)‘MlzR(ml’ A mk)})'
Since M ER(f;, - - -, f) if and only if

k

M*=R(m1’ T, mk)}=1 s
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we have

(MD)YB=R(F,, -, F)

H(Zfl, . (A FM)) (v {/\ fim) | ME=RGmy, -+, m,)}))(l =1,
i=1 i=1

> Vi{e(F)my): - e(F)(my) | MER@my, -, m)}=1,gp
SMUEP = R(e(Fy), -, e(Fy) .

Hence e is an embedding.

§2. A proof of the theorem

In this section, we shall prove the theorem and its corollary.

LEMMA 3 ([7]). If A[B]is complete, then B satisfies the ( <Sat(A), 2)-distributive
law.

Proof. We give a sketch proof. Suppose that x<Sat(4), {a,; | A<k, i=
0, 1} ePART(4) and {b, | a<k}cB. Put f,=ba, ,®(~b,)a,, for every a<k.
Since A[B] is complete, there exists p=V f,. {p(a) | ae A} is a common refinement
of {{b,, ~ba},|oz<1c}. Hence B satisfies the (x, 2)-distributive law for every k<
Sat(4).

Proof of the theorem. (1)—(4). Let x<Sat(4) and {{b, ;|B<A}|a<k}c
PART(B). We first show that {{b, ;| <A}|x<x} has a common refinement. Then
B satisfies the (x, 1)-distributive law, so that it satisfies the (<Sat(4), oo)-distribu-
tive law. Since A[B]~A® B, A[B] is complete. Hence B satisfies the (<Sat(4), 2)-
distributive law. So for every

B<AV A bg9=1

ge2¥ a<k

where b) ;=b, sand b} ;= ~b, ;. Let {a,|a <k, a,>0} e PDF(A) and for every < 4

Fn=3 (A v a)
ge 2k \a<k a<k
where al=a, and al=0. Then Fei“®), Hence, by the assumption, there is a
Ge(A)® such that e(G)=F. Suppose that feA, G(f)>0 and a<k. Then
G(f)*b, z>0 for some f<A.

dG)Pp= Y Ghhp)=Y K( A bgf?)( vV ag@)).

hela) gez \a<k a<w

Since {a,|x<x, a,>0}ePDF(4), for every g,g’e2*, g#g’ implies V af®#

a<kK

V af®. Hence {G(h)|heA™} is a refinement of { A bgf?IQEQK}- So

a<kK

G(f)<b, . Hence {G(h)|he P} is a common refinement of {by,p| B<A}|a<x}.
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Next we show that A4 satisfies the <Sat(4) chain condition with respect to B. Let
P:A-B such that P(a): P(b)>0 implies a=b or a-b=0. we define Fe A4 by
F(a)=P(a)a®(~ P(a))0, for every ac A. By the assumption, there is a Ge(4“@)®
such that e(G)=F. Suppose that f € A, P(a):-G(f)>0 and a>0.

eG)afa)= V Gl(g)=F(a)(a)=P(a).

a—a

Since P(a)-G(f)>0, f(a)=a.
[{ae 4| P(a)-G(f)>0}|=|{acAd]| f(a)=a}|

s [{f(@)]ae4}]
<Sat(4) .

Hence | {ae A | P(a): G(f)>0}| <Sat(4) for every f € A). So A satisfies the <Sat(4)
chain condition with respect to B

@-0). Suppose that [[Sat(A) Sat(4)]® < 1. Without loss of generality, we
assume that [[Sat(A) <Sat(A)]]‘B’— 1. Let X be an element of V® such that
[XePDF(4) and | X|=Sat(4)]® =1. We define P: A—>B by P(a)=[de X]®.

P(a)- P(b)=[de X and be X]P<[d=b or 4-5=0]® .

Hence P(a):P(b)>0 implies a=b or a-b=0. By the assumption, there is a set
{b;|ie I} such that \/ {b;|ie I} =1 and | {a| P(a)b;>0} | <Sat(4) for every ic . Fix
iel. Put Y={{P(a)-b,, (~P(a))- b}]aeA} Since B satisfies the (<Sat(A4), o0)-
distributive law and | Y| <Sat(4), there is a common refinement {c;|jeJ} of Y. Fix
J€J such that ¢;>0. Put X; —{a|c < P(a)}. Note that c;£P(a) if and only if
< ~P(a).

Claim. ¢;<[X;=X]®.
[X;cX]®-c;= /\X'[[dEX]] Pe;

J =

= N Pa)c;

¢;<P(a)

=Cj.

[X<=X]®:c;= /}4 (P(a)=[de X ;]®)-c;

= A (~P@)-

a¢X;

= N (~P@)¢

cj<P(a)

= N (~Pa)c

cj< ~P(a)

=CJ.

Therefore claim is established.



64 M. TAKAHASHI

Since | X;| | {a] P(a)-b;>0}| <Sat(4) and B satisfies the (<Sat(4), co)-distributive
law, [ |X;|<Sat(4)]®=1. Hence

¢; <[X;=X]®[| X,| <Sai(4)]®
<[1X|<Sat(4)]® .

But this contradicts that [ | X'|=Sat(4)]®=1.
(3)v—>(2).vIt is well known that if B satisfies the (< Sat(4), oo)-distributive law,
then [4 is Sat(4)-complete]® =1. Hence

[A is complete]®=[4 is Sat(A4)-complete]®
=[4is Sa?(/A)-complete]]‘B’
=1.
It is clear that [[A}fA)cM‘A"]](BE 1, so that we show that [M@Wc MW]®=1. Let
Fn(X,Y,)={p | [p|<A, pis a function, dom(p)= X and ran(p)< Y} .

It is well known that if B satisfies the (<A, co0)-distributive law, then [[F\'n/(X?/Y, A=
Fn(X,Y,7)]®=1 for every X and Y. Hence we have [Fn(4, M, Sat(4))=
Fn(A4, M, Sat(4))]® =1 by the assumption.

Claim. 1If [[fan(/‘I', M, Sat(4)) and dom(f)ePART(J)]]””: 1, then
V {[f=9]®|geFn(4, M, Sat(4)) and dom(g) e PART(4)} =1. Since
VA{[f=9]® | ge Fn(A,; M, Sat(4))}=1, it is enough to show that dom(g) ¢ PART(4)
implies [dom(g) ¢ PART(A)]®=1. Suppose that dom(g) ¢ PART(4). Then

(i) 3JaeAdla<]1 and Ya’edom(g)la’ =d]],
or

(ii) 3a, a’edom(g)la#a’ and a-a’>0].
(i) implies that [Jaedla<1 and Va'edom(g)la’=d]]]P=1. (ii) implies that
[3a, a’ edom(g)la#a’ and a-a’>0][P=1. Since [doni(g)=dom()]® =1,
[dom(g) ¢ PART(A)]®=1. Hence claim is established. Since we can canonically
identify M @ with {feFn(4, M, Sat(4))|dom(f)ePART(4)}, we obtain
[MD OB =1,

(2)—>(1). By virtue of [5.5, 0], A[B] is complete if and only if [4 is complete]® =
1. Therefore it is enough to show that for every Ge M “B) there is an Fe(M“W)®
such that e(G)=F. Let Ge M“B) We define Ge V® by

G={{m, Gm)y |me M} x {15} .
Then [Ge MP]® =1. By the assumption [[GG]\){A)]](B)= 1, so that G*e(M“)®
where G* is defined by G*(f)=[G=Ff]® for every fe M. Now we show that

e(G*)=G. e(G*)(m) =3, (DG *(f) f(m).
Note that
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[G=71"= A [Giin=F0m]®
= AM[[G(m)=f(m)]]‘B’
= N Gm)(f(m).
meM
Hence

(G¥m(a)= V {G*(f)|fm)=a}
= V{G=1]®| fim)=a}

=V {m/\M Gm)(f(m)| fi (m)=a}

= G(m)(a) .

Since {e(G*)(m)(a) | ae A}, {G(m)(a) | ae A} e PART(B), e(G *)(m)(a)=G(m)(a) for
every ac A. Hence e(G*)=G.

Proof of the corollary. Let A=Reg(Y) and B=Reg(X). Suppose that B
satisfies the (| Y|, oo)-distributive law. Note that Sat(4)Sat(P(Y))=|Y|*. We show
that [[Sa?(A)=Sat(/I)]]‘B’= 1. Then, by the theorem, e:(M“)®MAU®B i5 an
isomorphism.

If Sat(4)<| Y|*, then

[Sat(P(Y)) = Sat(4) < Sat(d) <Sat(P(Y))][P=1.

Since
[Sat(P(Y))=Sat(P(Y))|P=1,  [Sai(4)=Sat(A)]®=1.

So we assume that k=Sat(4) <| Y|*. Since « is regular ((Lemma 17.6, 3]),

VfeA[f(x) e PDF(4)—>3a<kVB>a[f(B)=0]].
Since B satisfies the (x, c0)-distributive law,

[Vf € A[f(¥) e PDF(d) > 3u <kVB > o[ f(B) =0]]] P =1 .

Hence [Sat(d) <#=Sat(4)]®=1. Since [Sai(4) <Sat(4)]® =1, we have [Sat(4)=
Sat(A)]®=1.
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