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Saturation property is a property of ideals. In [2], A. Taylor extended a saturation
property to sets of ideals. In this paper we shall propose a certain property of ideals,
and shall prove the property implies a saturation property. Further we shall extend
the property to sets of ideals.

Let k be a regular uncountable cardinal number. An ideal over « is a set I of
subsets of x satisfying the following conditions:

(1) ¢el,

(2) if Xeland Y= X then Yel,

(3) if XelIand Yelthen XU Yel

An ideal I over « is proper, if k¢ I. And an ideal I over « is called uniform, if 7
satisfies the following condition:

If X<k and |X|<k, then Xel. (| X | denotes the cardinality of X.)

Let v be a cardinal. An ideal I over « is said to be v-complete, if I satisfies the
following condition:
If A<v and {X,|a<A}cI, then |J X,el.
a<i
An ideal I over k is nontrivial, if {a} € I, for all « < k. Hence if I is a nontrivial -
complete ideal over k, I is a uniform ideal.
Throughout this paper, an ideal means a proper uniform ideal over . Let I be an

ideal. We set
I"={X|Xckand X¢I}.

And if Ael™, then the ideal
I|A={X|X<k and X" Ael}

is an ideal generated by I U {k — A}. It is easy to know that if I is v-complete, then I | A
is also v-complete. Let I be an ideal over k. Then a function fis called I-function if
dom(f)el™. Let 1 be a cardinal number, and .# = {I, |« <} be a set of ideals over «.
We set

Sr=N1;.

a<i

And a function f'is said to be .#-function if dom(f)e £ ™*.
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PROPOSITION 1. Let I be a k-complete ideal over k=pu*. Then if there is a
collection of I-functions F={f, | a<k} such that for all a<x range(f,)<u, and
{8] £:08)= f30)} el for a< B <k, then there is a collection {X, | a<x}<=I* such that
X, nXel for a<B<k.

Proof. Let F={f, | a <k} be a set of I-functions satisfying the hypothesis. Let
{Y%| B<u} be a collection of subsets of dom (f,) such that f;*(f)= Y% for all B<p.
If Yfel for all B<pu, then

dom(f)= ) Ylel,
B<u
because u <k and I is a k-complete ideal over k. This contradicts f, is an /-function.
Hence we have y,<pu and Y,=dom (f,) such that

Y,elI™ and f,”(Y)=7,, for all a<k.
Since « is regular and u<x, there is a collection {X,|a<x} and y <p such that
{X,|a<x}={Y,|a<k} and f(X)=y, forall a<xk.
Thus if X, n X;el for a<f <k, then the proof is complete.
Let X, N X;eI™ for some a<f <. Then we have
8] 0= f® =71} 2X, " X,el*
a contradiction.

COROLLARY 2. Let I be a k-complete ideal over k=u*. Then if there is a
collection of I-functions F={f,|a<x™} such that for all a<x™ range(f,)Sp, and
{0 £,(8)=f3(O)} eI for a<B<k™, then there is a collection {X, |a<k*}sI* such
that X, Xzel for a<f<x™.

Let v be a cardinal. An ideal I over « is said to be not v-saturated, if there is a
collection {X,|a<v}<=I™ such that X, n X;el for a<f<v.

Hence Proposition 1 (Corollary 2) means that if 7 is a k-complete ideal over k=
pu* such that there is a collection of I-functions F={f,|a<x} (F=(f,|a<x*}) with
range(f,)Su for all a<k (x<xk*) and {5|f(8)=/,()} el for a<f<k (a<f<
k1), then I is not k-saturated (i« *-saturated).

In [2] Taylor showed that some set of ideals has a certain saturation property, if a
single ideal has the same one. That is,

THEOREM 3 ([2]). Let k be a regular uncountable cardinal number and v be a
cardinal number with v<k. Then the following two assertions are equivalent.
(1) If I is at least v*-complete ideal over x, then I is not v*-saturated.
Q) Ifrs={1, | n<v} is a set of at least v*-complete ideal over k, then there is a
collection {X,|a<v*}<S I* such that
X,nXze (I, for a<p<v?.

n<v
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Taylor proved this theorem in order to modify the technique used by
Baumgartner, Hajnal and Maté in [1].

Now we shall show that some set of ideals has the property in the hypothesis of
Proposition 1, if a single ideal has the same one using the technique of Baumgartner,
Hajnal and Maté.

THEOREM 4. Let v be a cardinal number with v<ix=p*. Then the following two
assertions are equivalent.

(1) If Iis a k-complete ideal over k, then there is a collection of I-functions F=
{f,|a<x} such that range (f,) < u for all o<k and {6 ]fa(6)=f,,(5)} el for a<f<k.

2 I1fs={1, | n<v} is a set of k-complete ideals over K, then there is a collection
of S-functions G={g,|u <k} such that range (g,) < u for all o <x and

{6]90)=g40}e () I, for a<p<k.
n<v

Proof. From (2) to (1) is obvious. We shall prove (1) to (2).

Let 4 ={I;|¢<v} be a set of k-complete ideals over k. For each {<v I is -
complete over k. So by (1) and Proposition 1 there is a collection {X}|a<x}<I*
such that XinXjel, for a<f<k. Hence we can construct a collection
{Y¢|a<x}<I,* of pairwise disjoint sets from {X¢|o<x}, because I, is k-complete.
Now we deine a function 4: v—v by

h(n)=inf{¢ <v| [{a<x|Yiel,}|=x} for n<v.

If y<h(n), then |{a<x|Y2eI }| <x. Hence there is a B, <« such that, if Y2 eI,*
then a<B,. So if we set 6,={J,<umB,» We know that for every y<h(y) if Y2 eI,
then o <4, <k, because « is a regular cardinal number. Now set

o=)s, (<n).
n<v

Then we get that for every n<v if y<h(y) and Y)el,* then a<d. Of course
[{a<k|YI™el*}| =k, s0 |[{Y"|Y!™e]* and 6 <a<xk}| =k. Thus we can get a
collection {W, |n<v} of distinct sets such that W, e{Y'|Y!"el,* and §<a<x}
for each # <v. Define T, for every n<v by

L=W— U W

h(A) <h(n)

We show that {T, | n <v} is a collection of pairwise disjoint sets such that T, e I, * for
every n <v. First we show T, eI, *. If we can prove W, €1, for all h(1) <h(n) we have
T,el,”, because W,el,*, {1 | h(A) <h(n)} | <v<kand I, is k-complete. As we show
above if h(2) <h(n) and W, =Y P eI} then a<4. But this contradicts the definition
of W,. Second we show {T, | n<v} is a collection of pairwise disjoint sets. If A(1) #
h(n), T, and T,, are clearly disjoint. Hence let (1) =h(n)=¢. Then we have W,=Y}
and W, = Y for some ¢ and 7. But {Y} | o<k} is a collection of pairwise disjoint sets
and W, and W, are distinct, so we get W, and W, are disjoint. Therefore T, and T,
are disjoint. Since T, €1, I,,| T, is a k-complete ideal over k. Then from (1) there is a
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collection of 7, | 7,-functions F, = {f7|a<x} such that range (f")< u and {8 f1(3) =
fHd)}el, | T, for a<f<xk. Hence by the proof of Proposition 1, there is a
collection {CI|a<x}<(l,|T,)* and a y,<u such that C'nClel,|T, for a<
p<x and f1(CD=y, for all a<k. Let DI=Cl—|);<,C} Then {D!|a<xk}<c
(I,,| T,)" is a collection of pairwise disjoint sets, because I, | T, is k-complete. Set

E;=D;nT, forall a<xk.

Then {E?|a<x and n<v} is a collection of pairwise disjoint sets such that
{Ella<x}sI,*  forall n<v and f1'(Em)=y, forall a<k.
Now set

Z,=\JE: forall a<k.
n<v

Then we get Zaeﬂ,,ql,,* =4"* and {Za|a<x} is a collection of pairwise disjoint
sets.
Define functions g, for all « <k such that

dom(g,)=2Z, and g/ (8)=fU6)=y, if SeEn.

Because {E] i 1 <v} is a collection of pairwise disjoint sets, each g, is well defined and
of course g, is an #-function. Let a < f <, then dom (g,) N dom (g,) = &. So we have
{0]9.9)=9,0)}=e N I,.
n<v
Hence we get a collection of .#-functions G = {g, | « <x} such that range (g,) < u for all
o<k and
{6]g0)=gd)}e 1, for a<f<k.
n <v

This completes the proof.
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