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Abstract. As one of the asymptotic formulas for the zeta-function, Hardy and Lit-
tlewood gave asymptotic formulas called the approximate functional equation. In 2003, R.
Garunkstis, A. Laurincikas, and J. Steuding (in [1]) proved the Riemann-Siegel type of the
approximate functional equation for the Lerch zeta-function {7 (s, o, A) =Y oo X i (n 4
a)~®. In this paper, we prove another type of approximate functional equations for the
Hurwitz and Lerch zeta-functions. R. Garunkstis, A. Laurincikas, and J. Steuding (in [2])
obtained the results on the mean square values of {7 (o +it, o, 1) with respect to r. We ob-
tain the main term of the mean square values of ¢ (1/2 + it, o, A) using a simpler method
than their method in [2].

1. Introduction and the statement of results

Let s = o + it be a complex variable, and let 0 < o < 1,0 < A < 1 be real
parameters. The Hurwitz zeta-function ¢y (s, @) and the Lerch zeta-function ¢z (s, o, A)
are defined by

o]

1
(s, @) =§m (1.1)
0 eZm’nk
CL(s, a, A) ng, (1.2)

respectively. There series are absolutey convergent for o > 1. Also, if 0 < A < 1, then the
series (1.2) is convergent even for o > 0.

As a classical asymptotic formula for the Riemann zeta-function, the following was
proved by Hardy and Littlewood (§4 in [5]); we suppose that oy > 0, x > 1, then

1 xl—s 3
(o)=Y — =T +06™)
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16 T. MIYAGAWA

uniformly for 0 > o9, |t| < 27wx/C, where C > 1 is a constant. Also, Hardy and
Littlewood proved the following asymptotic formula (§4 in [5]); we suppose that 0 < o <
I, x>1, y>1land 27'rxy = |t], then

£(s) = Z + x(s) Z
n<x n<y

where x (s) = 21" (1 —s) sin (7ws/2) (27)°~! and note that Z(s) = x(s)¢(1 —s) holds. This
is called approximate functional equation.

Further, there is a Riemann-Siegel type of the approximate functional equation for
£(s); suppose that 0 < o < 1,x = /t/2m,and N < Ct with a sufficiently small constant
C. Then

g-(s) Z +X(S)Z +( l) 1eﬂi(l—S)/2(znt)s/2—l/zeil/2—iﬂ/8

n<x n<x

N/6
xI'(1—ys) (SN +0 ((?) ) + O(e—C’)> , (1.4)
N— 1) n Vl/z—l)
2 2t
i (n—2v) = _
Z Z I ( ) an (,/n 2[x]> ,

n=0 v<n/

O+ o(|t2oyo T, (1.3)

where

with a;, defined by
Z 1 >
exp|l (s —Dlog|1+ — —iz~/;+—iz2>= anz",
p6- g1+ ) 3i7) = L

with ag = 1,a, < t7"/>*"/31 R. Garunkstis, A. Laurin¢ikas, and J. Steuding proved an
analogue of (1.4) for the Lerch zeta-function as follows;

THEOREM 1 (R. Garunkstis, A. LaurinCikas, and J. Steuding [1]). Suppose that O<
a<1,0<Ai<land0 <o < 1. Supposethatt > 1,x = /t/2n, N = [x], M = [x —«]
and B =N — M. Then

N —2mwian

M ezm'm)\ 27 o—1/2+it i A2 ) e
Lo, ) = = it+mi/4-2mi{A}a
CL(s,a, A) ;(m+a)s+< ; ) e r;)(n+k)1—5

+<2trr) e %Dy (2x —2N+B—{A}—a)+ 0 P/A), (1.5)

where
t

! 2 2
f()»an)——glg%—§+ ( —{A)

—af+2x(B+{A} —a) — §(N+M) - +a).
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We prove an analogue of the approximate functional equation (1.3) for (1.1) and (1.2)
(in Theorem 2), and gave another proof of the mean square formula for ¢ (1/2 + it, o, A)
with respect to ¢ (in Theorem 3).

THEOREM 2. LetO <o <1land0 < A < 1. Supposethat0 <o <1, x>1, y >
1 and2mxy = |t|. Then

eZm'nA
3 5)" = - <
(s, n) =y, Ty
0<n<x
ra—s) A(1=9)/2=2ai}mi Z errinti—e
1 1—
@) oo, kT
(~0-)/2421 i 3 e2rine
+e — (1= o(l— il
1
Oy n+1—=x1)l=s
+0x"%) + O0(|t]'/?7yo . (1.6)
Also, in the case A = 1 that is ¢y (s, «) it follows that
1
CH(s,a) = Z m
0<n<x
' —s) (1) eZm'n(l—Dl) _mi_s) eZﬂina
+ (2n)1—s e? Z nl—s te 2 Z nl—s
I=n=y I=n=y

+0(x"%) 4+ 0ty (1.7)

REMARK 1. Theorem 2 can be proved by the method similar to the proof of Theo-
rem 1, but results of Theorem 2 has advantage of choosing parameters x and y freely, only
under the condition 2rxy = [t| as compared with the result of Theorem 1. Also for ap-
proximate functional equations (1.6) and (1.7), {1 (s, «, A) is a generalization of ¢y (s, ),
but (1.6) in Theorem 2 does not include (1.7).

THEOREM 3. LetO <a <1, 0 <A < 1. Then,

T 1 2 T O(T(ogT)'?) O <a<1),
/1 99 (E“rll,()l,)») {

dt = T log — 1.8
%27 Tlo@aog ) @=1). 9
as T — oo.

2

REMARK 2. The result of Theorem 3 has larger error term than the result already
proved by R. Garunkstis, A. Laurincikas and J. Steuding [2], and they proved using The-
orem 1 (see [2]). However, the main term on the right-hand side of (1.8) can be obtained
more simply than the method of [2] by using Theorem 2. We will describe the proof of
Theorem 3 in Section 3.
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2. Proof of Theorem 2

In this section, we prove Theorem 2. The basic tool of the proof is the same as the
approximate functional equation for the Riemann zeta-function (1.3), that is the saddle
point method.

PROOF OF THEOREM 2. Let M € N be sufficiently large. We have

i 2mink i p2mini
CL (Ss o, )") = 78‘ + 78‘
it it (n+a)
M p2mink Q2TIAM 00 ps—1 ,—(M+a)t
= Z + - dt
o n +a)* res) Jo e—2mii_1
% p2mink 2TIM P (] ) Zs—le—(M+a)zd o
= . - z, .
o (}’l + a)s 2rieTis c ez—2m)» -1

where C is the contour integral path that comes from 400 to & along the real axis, then
goes along the circle of radius ¢ counter clockwise, and finally goes from ¢ to 4-00.

Lett > Oandx < y,sothat 1 < x < /f/2n. Leto < 1,M = [x],N =
[v],n = 2my. We deform the contour integral path C to the combination of the straight
lines Cy, Ca, C3, C4 joining 0o, cn+i(1+c)n+2xik, —en+i(l —c)n+2mwik, —cn—
wi(2l + 1) + 27iA, oo, where ¢ is an absolute constant, 0 < ¢ < 1/2.
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Im

in+2mix /

—cen+i(l —c)np+2mir

en+i(l4+co)n+2mir

—cn (0]

—cn —wi(2l+ 1) 4+ 2mwix

We calculate the residue of integrand of (2.1). Since

Zs—le—(M-HX)Z
lim z—2ni(A+n)} —————
z—>2ﬂi(k+n){ *+m} ei ik — ]
27N —1
—  lim e -1 e~ (MFe)z 51
z=2mi(An) \ 2 — 2mwi (A + n)

— ¢ 2miMAOCAN) (D7 (5 4 1))

we have
Zs—le—(M+o¢)z

z:ZEi?iﬂl)m

_ e—27ri(M+a)(A+n)(2n(n +A)i)S—1
e 2 MA)Am) (7 ( + 1) e™i/2)s—1 (n>0)
e2miM+e)(nl=2) (2 (|| — A)e3/2)s=1 (n < —1)

em’s eZm’n(l—(x)
. e{(l—s)/2—2(M+a)A}ni - (l’l > O)
. (27.[)1—s (n _|_)\)l—s -
- em’s . eZﬂi(—n)(x
e~ ((1=)/242(M+a)(1=D)i | n<-1

@) (In] —2)1=s
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and we have
N S lg=(M+a)z
Res ————
i s N 2min(l—
__ emis e{(1—s)/2—2(M+a)x}mZ e2min(l—a)
2m)s—! —~ (n 4+ A)l-s
N eZﬂina

+e—{(1—s)/2+2(M+a)(1—A)}7ri
};) (n+ 11—l

Therefore we obtain
M eZm’nk
S, 0, N) = _—
£L(s ot 1) X_(j) T

N orin(1—a)

+F(1 — ) e{(l—s)/2—2ak}niz e
(Zn)l_s o (n + )\)l—s

(n4+1—-n1)1-s

2711)\M1'*(1_s) -1 —(M+0t)Z
d 2.2
t——— 2rieTis <'/Cl /Cz /C; '/C,4> ei— —2miA z- ( )

From here, we consider the order of integral terms on right-hand side of (2.2).
First, we consider the integral path C4. Let z = u + iv = re'? then |z°~!| = ro1,

and since @ > 57 /4, r > n, |e¥7 ¥ * — 1| > 1, we have
i9)a+it—l —(M+a)(u+iv)

Zs—le—(M+oz)z _ (re e
o € ] dz = c ei2min _ | dz
00
< 770_16_5]”/4/ e—(M+(x)udu
cn

U—I(M + a)—le(M+(x)cn—5nt/4

[(1=5)/242a(1-2)) i ermine
+e— - o — il —

=7
< e(c—57r/4)t. (23)

Secondly, we consider the order of integral on C3 of (2.2). Noting

¢ du ¢ du @
arctan ¢ = 5 > 5 =
o 1+mu o (I+pw l+¢

for ¢ > 0, we can write

e
T—c 2 TerAe

on C3, where A(c) is a constant depending on c. Then we have
|Zs—le—(M+ot)Z| — rae—t0+(M+a)cn

b4
0 =argz = B} + arctan

& 57l /A M ta
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< ng_le_(ﬂ/2+A(C)l.

Therefore, since |¢¥~27* — 1| > 1, we have

2 lem e (/24 A
o —(T c
/C gz 4 ne : 2.4)

Thirdly, since |eZ~2"* — 1| > ¢" on C1, we have

s=1p=(M+a)z (1+c)np+2mx

u

Z

o—1
Tei2min _ | L n” Cexp <—t arctan

—(M+a+1)u>.

Since M + o + 1 > x = t/n, the term (M + o + 1)u on the right-hand side of the above
may be replaced by ru /5. Also, since

A+om+2rr  u A+o)n+2mx 1
— ({arctan ———— + — | = — ->0
du u n w2+ ((1+en+270)2  n
and
[ =]
arctan ¢ = < =0.
@ o 1412 A n=g
for 0 < ¢ < /2, we have
A4+cn+2mi u <1+c 2711)
arctan ———————— + — > arctan +—J)+c
u n c n
b4 c T
=— —arctan—— 4+ ¢ > — + B(¢)

2 14+ c+2mer/n 2
inu > cn, where B(c) = (n +cn + 2xic)C/{n + 2r X 4+ n)c}. Then we have
s—le—(M+a)z

z B b4
o <7 exp (- (5 +5@)1).
Since T
et [ te(= (54 s0)1) @z ez,
2 —2min _ | na—l exp (—xu) (u > mn),
we obtain
51— (M+a)z mn o
/ = < {/ e / e_mdu}
o el —2mia 1 cn n

< 77(Ie—(J'r/2+B(c))t + na—le—rmx
< nae—(n/2+3(0))t. (25)

Finally, we describe the evaluation of the integral on C;. Rewriting z = i(n+ 27 1) +
ge™/* (where & € R and |&| < +/2¢n ), we have

27 =expfis— 1) (log (i(n +27) + 80774}

= exp{(s -1 (% +10g(n+2nk+§e_”i/4)>}

i & .
= - = +1 27A) + ————e /4
exp{(s )<2+0g(n+ T+ e
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52 —mi/2 €3
T2tampt  TO (?))}

£

52

< (42707 Lexp { <—%

as n — oo. Also, since

+ —~ +0
V2 +270) 20+ 27h)?

e—(M+a)z e—(M+a—x)z
= . e—XZ
ez—Zm’A -1 ez—Zm’A -1
and -
e~ (M+a—x)z e(Xx—M—a—Du (Ll > _)
N N (T}
we have .
e Wz _ _ b4
Ty e = (1l > E) '
Hence

Zs—le—(M+o¢)z
/ —27in dz
Nz | lul>m/2) € —1

& / (n+270)°"!
Canfz | lul>m/2)

e
P 2 2 +27n) 2 +2ma)? n’
Vaen o—1_—nmt/2 52
< /_ﬁcn(n—i-er)u) e eXp{<_72(n+2nA)2 <

o D(c)&%t
<« na—le—m/z'/_ooexp{_ (707)25 }d&

& 770[_1/26]”/2 ,

o
00 52 53
<</ (n+2ﬂk)a_le_”t/2exp{<—m+O<? )t}d&

(2.6)

where D(c) is a constant depending on ¢. The argument can also be applied to the part
lu| < /2 if |2~ *| > A. If not, that is the case when the contour goes too near to the
pole at z = 2mwi N + 2mi A, we take an arc of the circle |z — 2wi N — 2mwiA| = 7 /2. On this

arc we can write to z = 2wi N + 2mwi)l + (n/2)ei’3, and

log (z* 1) = (s — 1) log <2m'N fomin+ =

eh
2

— (s — 1) loge™/? (ZnN omh+ % :

1

=@-1 {% + log(2n (N + 1)) + 10g<

e'h )

eiﬁ

1 [
I 0

)
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nt te'P
= Y + (s = D log(2m (N + 1)) + m +0(1).

On the last line of the above calculations, we used N2 > ¢ which follows from the assump-
tion x < y. Then
s—1 e—(M+a)z

Z
L (5= D log@r(N 1) + — 0 _ (M 4 e + 0(1)
=exp|—— — 1) log(2m —_ = ,
P77 7l g AN+N 2 we
and since
tetf T , 2rxy —2n((x]1+a)([y1+ 1) ;
- (M ip _ ip _ o
dN Ty Mt 4N + 1) < =0om
we have

t
2 TlemMHOT exp <—% + (s — D) log(2m (N + 1)) + 0(1))

<< NO‘—le—ﬂl/Z .

Hence, the integral on the small semicircle can be evaluated as O (7° ~'e™"! /2). Therefore
together with (2.6), we have

¥ lem(Mte 172 —nt)2 | —nt)2
O ,— —TT o— —TT
Now, evaluation of all the integrals was done. Using the results (2.3), (2.4), (2.5), (2.7)

and 2T ION=S/2 P (1 — 5) « t1/779¢71/2 we see that the integral term of (2.2) is

< t1/2—ae7rt/2{nae—(n/2+B(c))t + nat—l/Ze—nt/Z + na—lent/2

_I_ntre—(n/Z—i-A(c))t +e(c—5n/4)t}
<2 (ﬂ)” e~ (AO+B@) (ﬁ)” Ll (ﬂ)"_l | 1720 ple=3m/4)
t t t
Le M4 xT 1 «x77,

where § is a small positive real number. Therefore we have

~1/2,1-0

Z eZm’nk
;L (Ss o, )") = T ¢
0<n=<x (n + a)s
2min(1—
ra—s) A(1=5)/2-200)mi Z errintl—e
(27.[)1—s 0oty (n + )\)l—s
o
Lel=(1=9)/2420(1=1)mi Z e
0<ney n+1-— )\)l—s
+0(x7%), (2.8)

that is, Theorem 2 in the case of x < y has been proved.
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To prove Theorem 2 in the case x > y, we use the following functional equation of
the Lerch zeta-function;
ra-— ) :
Cu(s b = o =022kt (1 g 1 — )
(2m)l=s
+elmU=02420(A=0Ni e (] _ g 1 — 2, )}, (2.9)
Applying (2.8)to ¢ (1 —s, A, 1 —a) and ¢ (1 —s, 1 — A, ), and substitute these into (2.9),
we have

sr(s,a, )
rd-s.1 : p2mini
= V| A0=9)/2"2ad)i Z et
Qm)l-s o (n+1)1-s
2in(l— -
—1—& el Z LM + el=s/2+200)mi Z ﬂ
2m)*s 0Sney n+1—a) = oy
i
R P
—i-
0<n<x n+1—n)l-s
i
I'(s) A6/2-2(1-2)a)mi Z ﬂ
2m)s 05nsy (n+ o)’
2in(1—
O<n<y (n + a)s
+0(I' (0 — 1)(27[)_0(6]”/2+€_J”/2)x[7_1)
_ 2ink i ra :s) A(1=)/2-2a0)mi Z eZLU—I“)
N —s —
O<n<y (n+a) (27m) = P
(n+1—x)l=s

0<n=<x
+O@'Po0x7).

Interchanging x and y, we obtain the theorem with x > y. Combining this equation with
(2.8), we obtain the proof of (1.6).

The proof of (1.7) is similar. However, the four integral path Ci, C2, C3 and Cy4 are
different from the proof of (1.6), that is, as follows; The straight lines C1, C;, C3, C4 join-
ing oo, cn+in(l1+4+c¢), —en+in(1 —c), —en — (2L + 1)mi, oo, where c is an absolute
constant, 0 < ¢ < 1/2. Also, in the proof for the case x > y, we use the functional equation
ra—s)

s @ s L e T R (s L),
=

CH(s, a) =
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but this equation is not included in the functional equation (2.9). Noticing these points, we
can prove (1.7) by a similar method. This completes the proof of Theorem 2. O

3. Proof of Theorem 3
In this section, using Theorem 2, we give the proof of Theorem 3.

PROOF OF THEOREM 3. Let

t
= = 1/1 t
* 2 /logt Y o8

and we assume ¢ > 0 satisfies x > 1 and y > 1. Use the Stirling formula
F(l _ s)e{(l—s)/2—2a)\}ﬂi << 1’ F(l _ s)e{—(l—s)/2—20[(1—)\)}ﬂi << l
Thenif 0 < A < 1, using (1.6) we have

1 eZﬂinA
& (5 it x) - Y
0<n<x
2min(l—a) 2wina
e e
+0 Z 1/2—it + Z 1/2—it
ooy R /2 ooty (1 =2) /2=
+0@ 2 1og)/*) + O((logr)~1/4y, (3.1)
and if . = 1, using (1.7) we have
1 ' 1 e27rin(1—a) e27rimx
SH <§ T, O‘) =) 1+ a2 T of > YT ) n1/2=it
0<n=<x 1<n<y 1<n<y
+0 @2 (ogH'/*) + O((logn)™"/%) . (3.2)
(i) Inthecase0 <A <1and 0 < « < 1, since

S eZm'n(l—a) o eZﬂimx

Z (n+k)1/2 ’ Z (n+1 _)\)1/2

n=0 n=0

are convergent, and 1~ /2 (log1)'/* = o(1), (log 1)~/ = o(1), we have
1 e27rinA
93 (E‘Flt,a,)t) = Z W+ o).

0<n<x

(i) Inthe case 0 < A < 1 and o = 1, the second term on right-hand side of (1.6) is

< / L =0 = 0(egn)
by WP ’

so we have

1 eZm’nk 1/
93 <§+il‘, 1,)\> = Z W‘F O((logt) .

1<n<x
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(iii) Inthe case A = 1 and 0 < o < 1, consider similarly as in the case of (i) to obtain

1
§L< —I—lta1> > e T oM.

0<n<x

(iv) Inthecase A, = 1 and o = 1, since ¢1.(s, 1, 1) = ¢(s) we obtain

1
;L< +it, 1, 1) > 1/2+”+0((10gt)1/4)

1<n<x

(see Chap. VIl in [5]).

Let
Z eZm’nk
E(Ol, )\.) = T N1/24i
/2+it
0<n<x (}’l + Ol) l
and calculate as
2711(m n)A n+a it
(o, V)=
|2 (e, WP = ZZ (m+a)'2(n + a)l/? <m+a>
0<m,n<x
2m(m n)x n+a it
— Z n+o ZZ (m+a)l/2(n+a)1/2 <m+a>
0<n=<x 0<m,n<x
m#n
Also T1 = Ty (m, n) is a function in m, n satisfying
) = — 1
max{m,n} = ————.
2r/log T}

Let X = T/2n/log T, then

T
/ D@ VPdr= ) L
1

Ogngxn+a
Zm(m n)A n+a 1
(0] log —— .(33
R p»> (m+a)1/2(n+a)1/2< ¢ +oz) G-
0<m<n<X
Here, since
T T 1/2
Vlogn = lo ~ —Ti(n,
Vioen 27“/—10ng< gZN«/—logT1> 2 101
and
2711(m n)A n+a -1
XlogX <« T(logT)'/?

(see Lemma 3 in [2] or Lemma 2.6 in [4]), (3.3) can be rewritten as

T
T
/ | X (a, M)|>dt = T log =t O(T(logT)'?). (3.4)
1 T
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Therefore from (i), (ii), (iii), (iv) and (3.4) , and the Cauchy-Schwarz inequality, we obtain

T 1 2
/1 95 <§ +it, a, A)

T
=/ | X (o, M)|?dt +
1

dt

O(T'*(log T)V/*)) + O(T) O<a<l),
O(T(logT)3/*) + O(T(logT)'?) (x=1)
T O(T(logT)'?) O<a<1),

— Tlog —
%857 T oTdoe TV (@=1).

Thus we obtain the proof of Theorem 3. O
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