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Abstract. For natural numbers g, N, r and for a power g of a prime, it is a basic
problem to determine the maximum number of I, -rational points on a genus-g curve over
I, of gonality N. The upper-bound N(gq" + 1) is known as the gonality-point bound,
which may be less than the Hasse-Weil upper-bound for small ¢”. In this paper, we discuss
the existence and the enumeration of curves of the following types attaining the gonality-
point bound: We firstly study the superelliptic case, and secondly deal with the case of
genus-5 curves over small finite fields, which complements our previous result [15] on the
non-hyperelliptic and non-trigonal case.

1. Introduction

Throughout this paper, we use curve to mean a non-singular projective variety of di-
mension one. Let p be a rational prime, g a power of p, and r a natural number. Let
F, denote the finite field of ¢ elements. For a curve C of genus g over F,, we denote by
|C(F4r)| the number of its [Fr-rational points. Finding a curve C over Fy with |C(IF,r)]
as large as possible (relative to ¢) is an interesting problem in itself, and also such a curve
is useful in applications such as coding theory (e.g., [10]). The most well-known (upper-
)bound on |C (IF;r)| is the Hasse-Weil bound:

(1.1 ICFI < q" +1429V/q" .
For further improvements of (1.1) when g is larger with respect to ¢, see e.g., [11], [18]
and [16].

Here is another kind of bound in the case where there exists a morphism defined over
Fyr from C to the projective line P! of degree N: Since every IF;r-rational point of C maps
to an [F;r-rational point of P!, we have

1.2) IC(Fg ) < N(g"+1).
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This upper-bound is called the gonality-point bound (cf. [4]). Of course, this bound is not
optimal in many cases: Actually when we fix g and N, this bound exceeds the Hasse-Weil

bound if
2 g+vg*>— (N —1)?

(1.3) g P

for g > N — 1. Van der Geer asked in [6]: What is the maximum number of rational points
on a curve of genus g and gonality N defined over IF;? See Faber and Grantham [3] and [4]
for recent results on this question for small g and ¢. In [19], Vermeulen showed that a curve
attaining the gonality-point bound exists for sufficient large g, which answers a conjecture
proposed in [4].

In this paper, we study the existence/enumeration of curves attaining the gonality-
point bound for two types of curves: Superelliptic curves (including the hyperelliptic case)
and genus-5 curves. The case of genus-5 non-hyperellitic and non-trigonal curves has been
studied in [15]. Following Serre’s paper [18], we denote by N, (g) the maximal number of
[, -rational points on a curve C of genus g over F,, namely,

Ny (g) = max{ |C(F,)| : Cis acurve of genus g over F,},

and then (1.1) implies N, (g) < g +1+2g./q. According to [8], the “smallest" case among
the unknown cases at this point is (g, ¢g) = (9, 5). The maximal number of the Fy-rational
points of the known Fg-rational points on curves of genus 5 over Fy is 32. However, the
theoretical upper-bound of Ny (5) is 35 [16], i.e, so far we know 32 < Ng(5) < 35. So far
as is known, there are four concrete examples attaining |C (Fg)| = 32: The first example
was found by van der Geer - van der Vlugt [7], and other two examples were known, one
was found by Fischer (cf. [8]) and the other was found by Ramos-Ramos in [17]. In [15],
Kudo and Harashita found a new example with enumeration of generic curves C over [F3
of genus 5 such that |C(F9)| = 32, where “generic curve" means a non-hyperelliptic and
non-trigonal curve of genus 5 with a sextic model in P? with mild singularities, see [15]
for the precise definition. They also proved that there is no generic curve over [F3 with
|C(F9)| > 32. This paper investigates remaining cases, i.e., the hyperelliptic and trigonal
cases, but in these cases the gonality-point bound is 20 (resp. 30), which is less than 32.
Hence we set the aim to showing the existence of these curves attaining the gonality-point
bound, and to enumerating such curves.
This paper has the following two aims:
(A) Giving algorithms to find/enumerate superelliptic curves attaining the gonality-
point bound;
(B) Enumerating trigonal genus-5 curves over a small field attaining the gonality-point
bound.
We explain the detail of each part.
(A) We give algorithms to find/enumerate superelliptic curves attaining the gonality-

point bound for given g, g, r, and N, see Section 3. Applying the algorithms to the hyper-
elliptic cases with (g, ¢, r) = (5, 3,2), we obtain:

THEOREM 1.1 (Theorem 4.1.2 and Corollary 4.1.3). There exists a genus-five hyper-
elliptic curve C over 3 attaining the gonality-point equality |C (Fg)| = 20 (see (4.7) given
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in Example 4.2.2 for an explicit example), and hence the maximal number of Fy-rational
points of genus-five hyperelliptic curves over F3 is 20. Moreover, there are exactly 573
Fo-isomorphism classes of such curves C, and there are exactly 419 Fo-isogeny classes of
Jacobian varieties among them.

See Section 4, for further many examples on the enumeration of superelliptic curves
attaining the gonality-point bound. We observe from our computational results summarized
in Table 2 and Fig. 1 that the number of superelliptic curves of a fixed genus yV = f(x)
with deg(f) = d over I, attaining the gonality-point bound is maximal when g" is near
from d. It would be interesting to know more precise reason of this phenomenon.

(B) We execute another algorithm for trigonal (possibly non-superelliptic) curves, for
(g9,9,r) = (5, 3,2) with N = 3, we enumerate trignal curves attaining the gonality-point
bound. We also determine the Weil polynomials of the enumerated curves:

THEOREM 1.2 (Theorem 5.2.2 and Corollary 5.2.3). There exists a genus-five trigo-
nal curve C over I3 attaining the gonality-point equality |C (IF9)| = 30 (see the proof given
in Subsection 5.2 for explicit examples), and hence the maximal number of Fy-rational
points of genus-five trigonal curves over I3 is 30. Moreover, there are exactly eight Fg-
isomorphism classes of such curves C, and there are also exactly eight Fo-isogeny classes
of Jacobian varieties among them.

The organization of this paper is as follows. Section 2 collects some results on count-
ing rational points on superelliptic curves and on genus-5 curves with the classification of
curves of genus 5. In Section 3, we give algorithms to find/enumerate superelliptic curves
attaining the gonality-point bound. The enumeration results obtained by executing algo-
rithms are found in Section 4. In Section 5, we give a reduction of quintic models of trig-
onal curves (in characteristic 3) and obtain the enumeration result of such curves attaining
the gonality-point bound. Section 6 is devoted to conclusion and future works.
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2. Superelliptic curves and curves of genus 5

In this section, we recall some facts on superelliptic curves and on curves of genus 5
with the classification of curves of genus 5, and study some constraints so that they attain
the gonality-point bound.

2.1. Superelliptic curves

Let g be a power of a prime p. Let N be an integer > 2 with (N, p) = 1. A cyclic
covering C — P! of degree N over F, with nonsingular projective curve C over Fy is
realized as the desingularization of the projective closure of

2D YW= f) =aax! +agx + - +ao,
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for some f(x) € Fy[x]. The cyclic covering C — P! (or simply C) is called a superelliptic
curve over F if f(x) is a separable polynomial. It is known that the genus of C is

g(C):l—l—%((d—l)N—d— (N,d)).

The necessary and sufficient condition for |C (IF,r)| attaining the gonality-point bound
N(g" + 1) is that the morphism C — P! obtained by forgetting y is totally decomposed
over every [Fr-rational point on P!, especially as the infinite point is a rational point, N|d
and ay € (F;,)N are required. The condition N|d implies
_d=2)N-1)

-
The condition that a; € (F;,)N ,say ag = u withu € IF;,, allows us to assume ag = 1
by replacing y by uy.

In Section 4, we shall discuss about the number of C’s of the form (2.1) with |C(IF,r)|
attaining the gonality-point bound with respect to the relative position of d and ¢”. Here
we give a simple bound of ¢" in d.

(2.2) g(C)

LEMMA 2.1.1.  If there exists a superelliptic curve C of the form (2.1) with d > 4 so
that |C(IF,r)| attains the gonality-point bound, then we have

(d—2)*+(d —2)vd> —4d
" +1< 5 .

Proof. 1If such a C exists, then the gonality-point bound is less than or equal to the
Hasse-Weil bound:

2.3)

N@"+1 =q"+1+29(C)/q".
The lemma follows from a straightforward computation with (2.2). O

For example, the integer part of the right-hand side of (2.3) is 2, 7, 14, 23, 34,47, 62,
79,98 ford = 4,5,6,7,8,9, 10, 11, 12 respectively. In particular, there is no (g, r) satis-
fying (2.3) for d = 4. See the table below for the totality of the pairs (N, d) for genus < 5
satisfying (2.2), N|d and that the right-hand side of (2.3) is greater than 2.

g | N,d)
22,6
3 (2.8)
4 | (2,10, (3,6)
512,12

Table 1. Possible (N, d) for the existence of C of genus < 5 attaining gonality-point bound

2.2. Curves of genus 5

Let C be a curve of genus 5 over a field K. Over the algebraic closure K of K, the
gonality of C is either of 2, 3 and 4, see [9, Chap. IV, Example 5.5.3 and Ex. 5.5]. The first
case and the second are called hyperelliptic and trigonal respectively.
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Assume that K is a finite field. If C is hyperelliptic (resp. trigonal), then C has a
morphism C — P! defined over K of degree 2 (resp. 3), by the uniqueness of g21 (resp.
g31), see [9, Chap. IV, Prop. 5.3] and [14, 2.1].

A hyperelliptic curve of genus g over K of characteristic # 2 is realized as the desin-
gularization of the projective closure of

¥ =fw

for an f(x) € K[x] of degree 2¢g + 2. Note that even if degf = 2g + 1, we have a
hyperelliptic curve of genus g, but such a curve has an extra condition: a branched point
of the hyperelliptic fibration C — P! is a K-rational point. In Subsection 4.1, we shall
enumerate hyperelliptic genus-5 curves C over F3 so that |C(Fg)| (resp. |C(F3)|) attains
the gonality-point bound, making use of an algorithm for superelliptic curves.

As mentioned above, a trigonal curve C over K admits a morphism 7 : C — P! over
K of degree 3. Let wc be the canonical sheaf and set £ = 7*Opi1(1). Then the linear
system wc ® L£7! defines a morphism p : C — P2. The image of p turns out to be a
quintic in P? with single singular point, which is a K -rational point and is a node or a cusp.
Thus, any trigonal curve of genus 5 is realized as the desingularization of such a quintic
in P2, see [14, Subsection 2.1] for more details. In Section 5, we shall enumerate trigonal
genus-5 curves C over 3 so that |C(Fg)| (resp. |C (IF3)|) attains the gonality-point bound.
Note that such trigonal genus-5 curves are not superelliptic of the form (2.1) with N = 3,
see Table 1.

Finally it is known that any non-hyperelliptic and non-trigonal curve C of genus 5
is realized as a complete intersection of three quadrics in P* (cf. [9, Chap. IV, Ex. 5.5)).
We need so many indeterminates to parameterize three quadrics, but in [15] the authors
introduced a sextic model of P? constructed from C and two distinct points on C, which
enables us to parameterize these curves very efficiently. Although C has gonality 4 over K
(cf. [9, Chap. IV, Example 5.5.3]), C may not admit a morphism C — P! over K of degree
4 (i.e., the smallest degree of C — P! over K can be greater than 4). For g = 5and N > 4,
by (1.3) the gonality-point bound is greater than the Hasse-Weil upper bound if ¢” > 9.
Consulting manYPoint site [8] for g" < 9, we conclude that there is no non-hyperelliptic
and non-trigonal curve of genus 5 over any finite field attaining the gonality-point bound.

3. Algorithms for superelliptic curves and their complexities

As in the previous section, let ¢ be a power of a prime p, and r a positive integer. In
this section, we consider to find or enumerate superelliptic genus-g curves C over I, so
that |C (IF4r)| attains the gonality-point bound. Let N be an integer with N > 2.

Assume that (N, p) = land N | dand uy = {p € F, : uV =1} C Fy, ie.,
N | (¢" — 1). These assumptions are satisfied if N = 2 and d = 2g + 2. Let C be the
desingularization at the point at infinity co of

3.1 yN = f(x):= adxd—l—ad_]xd_l +ag_orx +---4ax+agp,

where f(x) is a square-free univariate polynomial over F, with a; = 1. The assumptions
N | d and ag = 1 imply that C has N rational points over the point at infinity. By the

d=2
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assumption uy C F;, we have |C(Fyr)
all o € Fyr

= N(¢" + 1) if and only if f(x) € (F;,)N for

3.1. Algorithm based on exhaustive search

The most simplest computational method to find or enumerate C with |C(qu)
N(g" + 1) is an exhaustive search: For each (ag,...,aq—1) € (Fq)®d, compute f (o)
for all « € F,r, and check whether they belong to (]F )N or not. Here, f’ denotes the
derivative of f.

LEMMA 3.1.1. The complexity of the exhaustive search is 6(qd(d +r2q")) (resp.
0(q%*t"r)) operations inFyrifd > q" (resp. d < q )

Proof. The set (]FX )V is constructed in L— 10g(N ) operations in IF -, since
‘(IE‘ )N‘ = ! by the assumption uy C Fq,. The number of loops on (ag, ..., as—1) is
q?. For each loop, the values f(«) forall & € I, are computed as follows:

e Ifd > ¢g", we first compute the remainder g(x) := f(x) mod (xqr —x) of f(x) by
x9" —x, in O(d) operations in IF,. Then it suffices to compute g(a) for all o € Fyr
since g(a) = f(«). Computing g(«)’s is done in M(g") log(g") operations in Fr,
by using divide-and-conquer, where M(n) denotes the complexity of multiplying
two univariate polynomials of degree at most n over [Fy.

o If d < ¢", we divide the elements of IF,r into [¢”/d] groups, where each group
consists of at most d elements. For each group, it suffices to compute f(«) for
all @ belonging to the group. Computing g(«)’s is done in [g”/d] M(d) log(d)
operations in F,r, by using divide-and-conquer (cf. [5, Corollary 10.8]).

The complexity of checking whether f(a) € (IF;,)N for all o €Fyr or not is
0 (q log ’(]F N ), and that of computing ged( f, ') is M(d) log d (see e.g., [5, Corollary
7

11.9]). By ‘(]F N ‘ T_l, the total complexity of the exhaustive search is

L7 tog(V)+q7 (d+M(g") loglg") +¢" logL ! +M@logd) (@ = "),

32 |
L7 tlog)+4¢ (19" /d1 M(@) log(d)+q" log7 +M(@) logd ) (@ < ¢")

operations in Fyr. Assuming M(n) = n log(n) log(log(n)), we can bound (3.2) by
0(q%(d + r?q")) (resp. O(¢?"r))ifd > q" (resp. d < q"). O

3.2. Algorithms based on linear algebra

We construct alternative algorithms which rely on solving linear systems over finite
fields. The idea is as follows: Regarding ag, ..., aq—1 and ¢y := f(«) as unknowns, we
solve a system of linear equations

3.3) Zaiai =cq —af (a e Fyr)
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on aop, ..., aq4—1 for any possible values ¢, € (IF;‘,)N. For each solution (ag, ..., as—1) to
the system, we also check if gcd(f, f/) = 1 or not, and if so, store the superelliptic curve
C:yN =f).

In the following, we shall precisely describe an algorithm constructed from this idea,
and analyze its complexity, dividing the case into (A) ¢" > d and (B) ¢" < d. Also in each
case, we use the orbit decomposition of IF;- with respect to the g-th power Frobenius map,
and so recall it here briefly: For each positive integer e dividing r, let S, denote the set of
elements o in [Fge, such that « does not belong to any smaller subfield of Fye, say S, :=

{o eFye i & qu/ for Ve' | e with ¢’ < e}. Each S, is decomposed into S, = |_|lsze{/e Se.is

where S, ; is an orbit of the g-th power on S, that is, S.; = {OlZ]i :0<j<e—1}for
some o.; € S.. We then obtain the desired orbit decomposition as
[Sel/e
(3.4) For = ]Se =] ] Sei-
elr elr i=l1

Throughout the rest of this subsection, we also fix o, ; for each (e, 7).

3.2.1. Case(A): ¢" > d.
Choosing arbitrary d distinct elements «p, . . ., @g—1 of F4r, we deduce a linear system

d—1
(3.5) Y aidh =cy - O<j<d-1)
(=0

from (3.3). This system has a unique solution (ao, ..., aq—1), which is computed with a
Vandermonde matrix with respect to «y, ..., «gz—1. For the obtained (ao, ..., as—1), we
need to check whether f(a) € (F;,)N forall o € Fyr \ {ao, ..., ag—1} or not. From this,
we obtain the following algorithm:

ALGORITHM 3.2.1. Given (N,d, q,r) with q" > d, proceed with the following:
(0) Construct the set (F;,)N .

(1) Choose arbitrary d distinct elements ay, .. ., aq—1 of Fyr, and compute a§. for all
0<j<d-1land2 <i <d. Construct a Vandermonde matrix with respect to
oo, ..., x4—1, and its inverse.
(2) Foreach (ca;)o<j<d—1 € ]_[jl;é (]F;r)N’ conduct the following:
(2-1) Compute a unique solution (ay, . .., ag—1) to the linear system (3.5), by using
the inverse of the Vandermonde matrix constructed in Step (1).
(2-2) Compute cy := f () foralla € Fyr ~{ap, ..., aq—1}. Testif each cy belongs

to (IF;,)N or not.
2-3) If cy € (F;r)N SJorall a € Fyr \Aap, ..., aq-1}, compute ged(f, M. If
gcd(f, ') = 1, store the superelliptic curve C : yN = f(x).
(3) Output C'’s collected in Step (2).

LEMMA 3.2.2. Assuming that the complexity of Step (0) is negligible compared to
those of the other steps, Algorithm 3.2.1 runs in O(q"?(d* + q"r)) operations in Fyr.
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Proof. For Step (1), computing aj. forall0 < j <d-—1land?2 <i < d is done in
0(d?), and the inverse of a Vandermonde matrix with respect to «o, . . ., ¢g—1 is computed
in O(d®), where w is the exponent of matrix multiplication with 2 < @ < 3. Hence, the
complexity of Step (1) is d> + d® = O(d®).

As for Step (2), the number of loops for this step is ‘(]F;,-)N ‘d = (qu_l)d = O(qrd).
For each loop, the complexity of Step (2-1) is estimated as that of multiplying the inverse of

the Vandermonde matrix constructed in Step (1) by a d-dimensional vector whose entries
are ¢y — ozl.d with 0 < j < d — 1, say O(dz). Similarly to the proof of Lemma 3.1.1,

we can estimate the complexities of Steps (2-2) and (2-3) as ’V"rd—_d_l M(d) log(d) + (¢" —
d) log ‘(IF;,)N‘ = é(q’r) and M(d) logd = 0 (d) respectively, where we used M(n) =
n log(n) log(log(n)). Hence, the complexity of Step (2) is estimated as

3.6)

rd 2 qg" —d r g —1 _
q“|d + 7 M(d) log(d) + (¢" — d) log N + M(d)logd | =
0" +4'r)).
Therefore, the total complexity is d® +¢"¢(d*>+q"r) = 0(qg"(d*+4q"r)), as desired.
|

Improvement of Algorithm 3.2.1. Using the orbit decomposition (3.4), we can improve
Algorithm 3.2.1 as follows. First, for checking whether f(«) € (IE‘;,)N foralla € Fyr

{ag, - .., ag—1} or not, it suffices to test if f (i) € (FX)Y NF,e for all a,; or not, since
s q q s
f(oﬂi) = f(a)q[ forany @ € Fyr and 1 < i < r — 1. Second, the number of choices
d
of cy’s is ‘(IF;,-)N ‘ naively, but it can be reduced by choosing «y, . . ., ®g—1 appropriately.

Specifically, we choose (eg, ix) with 1 < k <t so that Z;(: 1 18es,ix| = d, and take arbitrary
d distinct elements of Utk: 1 Ser,ip @S ap, ..., g_1. In this case, once the value of ¢, for

o = oy, ;, 1s given, that of C gl 18 also determined as ¢J for each 1 < Jj < er — 1. Taking
these into account, we here present an improved algorithm:

ALGORITHM 3.2.3 (Improvement of Algorithm 3.2.1). Given (N, d, q,r) withq" >
d, proceed with the following:

(0) Compute the orbit decomposition (3.4), and then choose and fix an element o, ; of
each orbit S, ;. Construct also the set (F;,)N , and compute the set (]F;‘,)N NIFye
for each positive integer e dividing r.

(1) Choose (eg, iy) with 1 < k <t so that 22:1 |Se,.ix | = d, and arbitrary d distinct
elements oy, ..., aq—1 from Uf{zl Ser.ir- Compute also a Vandermonde matrix
with respect to a, . . ., d4—1, and its inverse.

(2) Foreach (ck)1<k<: € ]_[f(:] (F;,)N NFye, conduct the following:

(2-1) Putting the value of cy for o = e, i, as cx, compute cq; forall0 <i < d—1.
Compute also a unique solution (ay, . .., aq—1) to the linear system (3.5), by
using the inverse of the Vandermonde matrix constructed in Step (1).
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(2-2) Compute co,, = f(ae,i) for all (e,i) with oo i & {0te) iy ..., Qe,.i,}. Testif
each cq,; belongs to (Fy, )N NFye or not.
(2-3) If ca,, € (F5)Y N Fye for all (e, i), compute ged(f, f'). If ged(f, f') = 1,
store the superelliptic curve C : yV = f(x).
(3) Output C’s collected in Step (2).

LEMMA 3.2.4.  Assuming that the complexity of Step (0) is negligible compared to
those of the other steps, Algorithm 3.2.3 runs in O(q? (dr + d* + q")) operations in Fyr.

Proof. 1t follows from the proof of Lemma 3.2.2 that the complexity of Step (1) is
0(d®). As for the complexity of Step (2), the number of loops for this step is

l_[;(zl ‘(F;r)N N quk

. In the worst case, we take the whole qu as U;:l Sey.iy» SO that

! Sel/e r s
-1
(3.7) [T|@0" nFee| <TTTT |0 nFye| < (" - )
k=1 elr i=1

by ‘(F})N‘ = %, where s is the number of orbits of the g-th power on F,r. Since s is
estimated as

with the M6bius function u, it follows from (3.7) that the number of loops for Step (2) is

r_\4'/r
upper-bounded by (’IT_I> . For each loop, one computes ¢y, forall0 <i <d — 1in

d log(q") = O(dr) in Step (2-1). By s ~ ¢"/r, the complexities of the rest of Step (2-1)
and the last steps can be estimated in a way similar to the proof of Lemma 3.2.2, so that the
complexity of Step (2) is

-

qr
SN ([ ¢ g _
( N > (dr+d —i—’rrd—‘l\/l(d)log(d)—f- " log N +M(d))—

O(q? (dr +d* +q")).
Therefore, the total complexity is d® + ¢4 (dr + d*> + q") = 0(¢4 (dr + d* + q")), as
desired. ]

3.22. CaseB):q" <d
In this case, we cannot take d distinct elements from Fyr, and so a solution to (3.3) is
not unique if it exists. Nevertheless, once the values of f () for all @ € Fyr are specified,

we can compute any solutions (ao, . . ., ag—1). Indeed, the system (3.3) is re-written as
ap = f(0),

3.8 92 .

(3.8) Z Z aj a’:f(oc)—ad (aEF;r),

i=0 \0<j<d—1 with j=i mod (¢"—1)
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where we used o4 ~! = 1 forany « € ]F;,. Regarding the coefficient of each o/ in (3.8) as
an unknown A;, and putting ¢ 1= f(&) € (]F;,)N
of linear equations

foreach o e qu, we construct a system

q" -2
(3.9) Z Aidd =cyg—a? (ae Fy)
i=0

whose coefficient matrix is a (¢" — 1) x (¢" — 1) invertible Vandermonde matrix. This
system has a unique solution (A;)o<;<4—2, Where each A; of the solution belongs to [F,.

Moreover, regarding ay, ..., ag—1 as unknowns, we also obtain a system of ¢" — 1 linear
equations
(3.10) > aj=A4A; (=0,...,4" =2

0<j<d—1 with j=i mod (¢g"—1)
with ag := cg. The extended coefficient matrix of (3.10) is of the form

i ay ay v agrp  agr_) agr Ggryy v Aggr_3 dagr 2 [
1 1 1 Al
2 1 1 Ar
qr -2 1 1 Aqr -2
0 1 1 Ag — ¢o

where the row indexed by i corresponds to the equation indexed by i in (3.10) for each i
with 0 < i < g” — 2. Thus, both the coefficient matrix and the extended one of (3.10) have
rank ¢" —1, and a solution is (ay, ..., a2, a4 1,447, ...,a4-1) = (Ag, ..., Agr 2,
Ao — ¢0,0,...,0). This implies that the dimension of the null-space of the coefficient
matrix is d — ¢g”, and it is straightforward that any solution is of the form

d—1
@,...,aq—1) = (A1, ..., Agr—2, Ao — ¢0,0,...,0) + Z aj (ej —€j modq’—l) ,
Jj=q

where e; denotes the (4" — 1)-dimensional vector with 1 in the j-th (resp. (¢" — 1)-th)
coordinate and 0’s elsewhere for 1 < j < g" — 2 (resp. j = 0).
Here, we write down the above method to compute (ag, . .., dg—1)’s as an algorithm:
ALGORITHM 3.2.5. Given (N,d, q,r) with q" < d, proceed with the following:
(0) Construct the set (IE‘;,)N .

(1) Construct a Vandermonde matrix with respect to the elements of IF;,, and its in-

verse.
(2) Foreach (ca)aer, € ]_[(XE]qu (]F;,)N , conduct the following:
(2-1) Compute a unique solution (Ao, ..., Agr—2) to the linear system (3.9), by

using the inverse of the Vandermonde matrix constructed in Step (1).
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(2-2) For each (agr,aqrq1...,a4-1) € (Fq)ea(d—q’)’ compute (ay, ...,a, —1) by
(3.2.2), and then compute gcd(f, 7). If ged(f, f') = 1, store the superelliptic
curve C : yN = f(x).
(3) Output C’s collected in Step (2).

Compute the space V of ¢ in the case where ¢, = 0 for all «. Let fj be a solution for
(cq)- Then for every solution f for (c,) is written as a sum fo + g, where g € V.
Exhaustive search | Linear Algebra method Use orbit decomp.

g"=d| 0" 0@ +4q'r) | 0¥ dr+d>+4q")

q"<d | 0@'(Pq" +d) | 0" (@ +q" 7 d) [ 0T (4" +q* 7 d)

The complexity of the exhaustive search is O(qd d+ rzq’)) (resp. 0(qd+’r)) opera-
tions in Fyr if d > q" (resp. d < q").

LEMMA 3.2.6. Assuming that the complexity of Step (0) is negligible compared to
those of the other steps, Algorithm 3.2.5 runs in O(q”’r g% + qd_"rd)) operations in IFyr

Proof. As in the proof of Lemma 3.2.2, the complex1ty of Step (1) is estimated as
0 (g®"). The number of loops for Step (2) is ‘(IFX )N) = (q]\?] )q = O(q’q ). For each

loop, the complexity of Step (2-1) is estimated as 0(g*). In Step (2-2), a solution (3.2.2)
and ged(f, f’) are computed respectively in O(d) and in O (M(d)), in qd’qr times. Hence,
the complexity of Step (2) is

(3.11) ¢ (¢¥ + ¢ M@D) = 0" (¢¥ +q" 7 d)).

Therefore, the total complexity is ¢ + ¢’ (¢g% + q9~9"d) = 0(¢"¢(¢¥ + q?~1 d)), as
desired. (]

Similarly to Algorithm 3.2.3, we can improve Algorithm 3.2.5 with the orbit decom-
position (3.4). An improved version is given as follows:

ALGORITHM 3.2.7 (Improvement of Algorithm 3.2.5). Given (N, d, q,r) withq" <
d, proceed with the following:

(0) Compute the orbit decomposition (3.4), and then choose and fix an element o, ; of
each orbit S, ;. Construct also the set (F;r)N, and compute the set (IF;,)N NIFye
for each positive integer e dividing r.

(1) Construct a Vandermonde matrix with respect to the elements of IF;,, and its in-
verse.

(2) Foreach (cei)e.i € ]_[e|r | Bty ,)N N Fye, conduct the following:

(2-1) For each positive mteger e dlviding r and for each integer i with 1 < i <
|Se| /e, compute the value of c, for o = aZ’Ji as CZJI for each integer j with
I<j<e—1.

(2-2) Compute a unique solution (Ao, ..., Agr—2) to the linear system (3.9), by
using the inverse of the Vandermonde matrix constructed in Step (1).

(2-3) For each (agr,aqr41...,a4-1) € (Fq)ea(d—q’)’ compute (ay, ...,as —1) by
(3.2.2), and then compute gcd(f, f7). If ged(f, f') = 1, store the superelliptic
curve C : yN = f(x).

|Se |/¢
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(3) Output C’s collected in Step (2).

LEMMA 3.2.8.  Assuming that the complexity of Step (0) is negllglble compared to
those of the other steps, Algorithm 3.2.7 runs in O(q? (¢¥ + ¢~ d)) operations in Fyr

Proof. The complexity of Step (1) is estimated as O (¢g®"), see the proof of Lemma
3.2.6. From the proof of Lemma 3.2.4, the number of loops for Step (2) is upper-bounded

by (q _1) which is asymptotically equal to O(q? ) by s ~ ¢”/r. For each loop, one
computes c for all (e,i)and 1 < j < e — 1 in sr log(g) = O(q’) in Step (2-1). Since
the complexmes of Steps (2-2) and (2-3) are respectively O(qzr) and O(Qd’qr M(d)) from
the proof of Lemma 3.2.6, the complexity of Step (2) is

(3.12) ¢ (4" +4% +4" " M@) = 0" (¢* +4* 7 a).

Therefore, the total complexity is ¢® + ¢4 (g% +q9=9 d) = 0(¢? (¢* + q?~ 1 d)), as
desired. (]

REMARK 3.2.9. From the proof of Lemma 3.2.8, the number of C’s enumerated by
Algorithm 3.2.7 is upper-bounded by

qr _ 1 s d_qr qd
(3.13) ( N ) X q NaTTr
by ‘(IF N ‘ = N , where s is the number of orbits of the g-th power on IF;r. Here we do

not exclude C’s with ged(f, f) # 1 nor identify isomorphic C’s.

4. Computational results

We implemented Algorithms 3.2.3 and 3.2.7 on the computer algebra system Magma
V2.26-10 [1], [2] on a computer with macOS Monterey 12.0.1, at 2.6 GHz CPU 6 Core
(Intel Core i7) and 16GB memory. In this section, we summarize computational results
obtained by our implementation. The source codes and the log files are summarized at
[20].

4.1. Enumeration of superelliptic curves attaining the gonality-point bound
For each set of values (N, d) in Table 1, we executed Algorithm 3.2.3 for the case
where ¢” > d and Algorithm 3.2.7 for the case where ¢” < d, where we choose (g, r) so
that uy C IF;,., ie,N|(g" —1.
e For ¢ = 2, we have completed the enumeration of superelliptic curves attaining
the gonality-point bound. Namely, we enumerated hyperelliptic curves of genus 2
over Fy, with |C(F,r)| = 2(g" + 1) for all (g, r) satisfying (2.3). As a result, we
find that there exists such a curve for each (q, r) with ¢" < 13, see the left figure
in Fig. 1 below for the number of such curves.
e Also for ¢ = 4 with (N,d) = (3, 6), we have enumerated superelliptic curves
attaining the gonality-point bound for all possible (g, r)’s: (2,2), (4, 1), (7, 1),
and (13, 1). Consequently, such curves do exist for (g, r) = (2,2), (4, 1), (7, 1),
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Table 2. The number of genus-g superelliptic curves C of the form (3.1) over F; with az = 1 such that
{C(]qu )| = N(q" + 1), obtained by executing Algorithms 3.2.3 or 3.2.7 for a set of parameters
(N,d,q,r), where we choose (N, d) from Table 1 and (g, r) so that N | (¢" — 1). “Upper-
bound on ¢” by Lemma 2.1.1” shows an upper-bound on ¢” deduced from the inequality (2.3)
of Lemma 2.1.1 for which there exists a superelliptic curve over Fg with {C (Fyr )| = N(qg"+1).

.
gl v, Uggeietr’gil‘;d;;lq (¢,r) | Num.of C’s |  Time (s)
21 26 13 G. 1) 19 0.016
G, 1) 32| <0001

1) 595 0.031

©,1) 540 0.250

(11,1 297 0.750

(13, 1) 104 2.609

3G.2) 22| <0001

3 289 33 ) 219 0.016
G.1) 3795 0.250

1) 14490 3.047

©.1) 65536 37.984

(11,1 74965 69.781

(13, 1) 66963 |  102.050

a7, 1) 27302 | 957.850

(19, 1) 13851 | 3543.490

3G.2) 207 0.016

(5,2) 45 5.109

4@ 10 61 G. 1) 2058 0.109
G, 1) 97776 |  191.141

.1 740313 | 2905.290

G.2) 1488 0.125

(5.2) 1992 41.609

3.6) 3 2.2) 4 <0001
1) 10| <0001

1) 42| <0001

13, 1) 0 0.328

52 12 97 ) 18658 3797
G, 1) 2452130 | 60389.340

3.2) 13544 2.188

but do not exist for (g,r) = (13, 1). In particular, there are precisely 6 curves
over /4 which are not defined over the prime field [F», see Example 4.2.1 below for
explicit equations.

o In the case where g € {3, 4, 5}, we have succeeded in enumerating hyperelliptic
curves of genus g over Iy, with |C(F,r)| = 2(¢" + 1) only for (g, )’s shown in
Table 2, not all (g, r)’s satisfying (2.3). For example, we enumerated such curves
of genus 3 for all (g, r)’s with ¢" < 25 and ¢” # 23 completely (see the right
figure in Fig. 1 below for the number of such curves), but have not succeeded in
finishing the enumeration for the cases where g” = 23, 27, 29, 31 yet.

Among the curves enumerated in Table 2, we classified IF,r-isomorphism classes for
the cases (g,¢") = (5,3), (5, 32) by an algorithm presented in [13, Section 2.3 (C)]; the
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Fig. 1. The number of hyperelliptic curves C of g = 2, 3 attaining the gonality bound for » = 1. The
horizontal axis shows the order g of the field of definition IFq for C, and the dot line is x = d.

same method can be applied to the other cases, but we here treat with these two cases only,
based on our motivation described in the third paragraph of Section 1. Our results on the
isomorphism classification are as follows:

THEOREM 4.1.1.  There exists a genus-five hyperelliptic curve C over F3 attaining
the gonality-point equality |C(IF3)| = 8, and hence the maximal number of F3-rational
points of genus-five hyperelliptic curves over 3 is 8. Moreover, there are exactly 820 F3-
isomorphism classes of such curves C.

THEOREM 4.1.2 (Theorem 1.1). There exists a genus-five hyperelliptic curve C over
F3 attaining the gonality-point equality |C (F9)| = 20, and hence the maximal number of
Fo-rational points of genus-five hyperelliptic curves over 3 is 20. Moreover, there are
exactly 573 Fo-isomorphism classes of such curves C.

By a method described in Remark 4.1.4 below, we also computed the Weil polynomi-
als of the Fg-isomorphism classes to classify their Jacobian varieties:

COROLLARY 4.1.3.  Among the 573 Fy-isomorphism classes in Theorem 4.1.2, there
are exactly 419 Fo-isogeny classes of Jacobian varieties.

In Example 4.2.2 below, an example of genus-five hyperelliptic curves C over F3
with |C(F3)| = 8 (resp. |C(F9)| = 20) is given; C : y*> = x'2 — x2 + 1 in (4.4) (resp.
C:y>=x2—x*+1in4.7).

REMARK 4.1.4. To prove Corollary 4.1.3, we computed the Weil polynomial of each
of the 573 curves. A computational method which we adopt is as follows: Let C be a non-
singular curve of genus g over IF,. The Weil polynomial of C, say W () = 1—[121 ot —a;) =

1.210 a;t', is determined by the numbers |[C(Fye)| fore =1,2,..., g. Indeed, the values
ap,ai, ...,aq with a; = (—l)k Zi|<t2<_._<ik aj, o, - - - o, are determined by Newton’s

identities and Z?ﬁo af =14 q° —|C(Fge)| fore = 1,2,..., g. The remaining values
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Ag41,- - ,azg are determined by the formula azy—; = qg”'ai, which follows from the
functional equation of the congruent zeta function. Our computation of Weil polynomials
just used this method.

4.2. Some concrete examples
Here, we show concrete examples:

EXAMPLE 4.2.1. Among the curves enumerated in Table 2, the 10 superelliptic
curves of genus 4 over [F4 with gonality N = 3 attaining |C(F4)| = N(g" + 1) = 15
are the following:

y3 =x0+x3+1,

y3 =x0 +x4+x3 +x4+1,

y3=x6+tx4+x3+tx+l,

y3 =02t i+ 1 ,

VxSt 4x241,

y3 = +x5 +x4 +x3 +x2 +x4+1,

y3=x6+tx5+x3+tx2+l,

y3=x6+tx5 +t2x4+x3 +tx2+t2x+l,

Vx2S 32,

y3=x6+t2x5 +tx4+x3 +t2x2+tx+1,
where ¢ is an element of 5, with > 4 ¢ 4+ 1 = 0. The first and fifth examples in the above

list are the special cases of the following curves: It is straightforward to see that for a pair
(N, g") with N | (¢" — 1) and a positive integer m, the curves
yN — xmrg" =1 + xmp=1(g"=1) N _|_x2(q"—1) + x4 1 +1,
r r _xmp(qr_l)‘i‘l — 1
gV =xmP@ =D o mp@ D=l b= —
are superelliptic, whose IF,r-rational points attain the gonality-point bound.

EXAMPLE 4.2.2. Among the curves enumerated in Table 2, we find the following
hyperelliptic curves of genus g = 4, 5 over IF, attaining |C(Fyr)| = 2(¢" + 1):

4.1) y=x"—x2+1 with (9,¢") = 4,3),

(4.2) y=x1"—x24+1 with(g,¢") = 45),

(4.3) y=x"—x>+1 with(9,¢") = (4,9),

(4.4) Y=x2—x>+1 with(g,¢") = (5,3).

Although we have not finished the enumeration for p > 5 when g = 5 yet, we have
succeeded in finding some examples of curves over I, attaining |C (Fyr)| = 2(g" + 1):
4.5) y=x2—x*+1 with(g,¢") = (5,5),

(4.6) y=x2—x%+1 with(g,4") = (5,7),

.7 y=x2—x*+1 with(g,¢")=(5,9),
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4.8) y=x2—x2+1 with(g,q") = (5, 11).

We also find that these examples are the special cases of the following hyperelliptic curves
yr = f):

o (4.1), (4.4), (4.5), and (4.6): y> = f(x) = x"@ =D — x4~ 4 1, where f(x) is
separable if m is divided by p as in (4.4) or if (1 — m~ )"~ £ m (mod p) as
in (4.1), (4.5), and (4.6). Indeed, the former case is trivial, and the latter case is
shown as follows: The derivative f” is

f/ — m(qr _ l)xm(q’—l)—l _ (qr _ l)xq’—Z — _mxm(qr—l)—l +xq’—2.

If « # 0 were a common root of f and f/, we have o ~! = ma™@ D by
f'(@) = 0, whence (1 —m~Ha? ~! = 1 by f(a) = 0. Taking the (m — 1)-th
powers of both sides, we also have (1 — m_l)”’_loz’”(qr_l)_‘fr+1 = 1, and thus
(1 —m~Yym=lgm@ =D=1 — 44"=2 Tt follows from (1 —m~1)"~! %= m (mod p)
that f/(a) # 0, a contradiction. )
e (42)and (4.7): y?> = f(x) = (x%)” + (—1)”xq’% + 1, where f(x) is separable
if n is divided by p as in (4.2) and (4.7).
e (4.3) and (4.8): y2 = f(x) = x4t — x2 4 1, where f(x) is separable if p > 3
orif p =3 and ¢" = 1 (mod 4). Indeed, if @« were a common root of f(x) and
f(x) = x4 —2x, wehave f(a) = aa? —a?+1=20%>—a?+1 =a?+1 =0and
« # 0. On the other hand, we have f/(@) = a((@®) 7" —2) = a((=)T" —2),
which is non-zero if p > 3 orif p =3 andg =1 (mod 4).
In each case, it is straightforward that f(a) = 0 for all « € IF,;r, whence y2= f(x)isa
hyperelliptic curve attaining the gonality-point bound (if f(x) is separable).

5. Trigonal curves of genus five in characteristic three

In this section, we enumerate trigonal curves of genus five in characteristic p = 3
attaining the gonality-point bound, our motivation described in the third paragraph of Sec-
tion 1.

Let K be a finite field of characteristic p = 3, and let g be the cardinality of K. We
choose a primitive element ¢ of K* and a non-square element & of K* ~. (K*)?, and fix
them throughout this section. As quintic models of trigonal curves of genus g = 5 over K,
we have the following three types (cf. [14, Subsection 2.1]):

(Split node case) C' = V (F) for some F = xyz> + f;

(Non-split node case) C’ = V (F) for some F = (x2 — ey?)z3 + £

(Cusp case) C’ = V(F) for some F = x%z3 + f,
where f is the sum of monomial terms over K which can not be divided by z>. Note that
in the cusp case, the y>z2-coefficient of f has to be non-zero.

5.1. Reduction for trigonal curves of genus five in characteristic three

We here give reduced forms of the defining polynomial F in each of the three cases
(Split node case), (Non-split node case), and (Cusp case). In [14, Section 3], we consid-
ered similar reductions, but those do not work for p = 3.
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PROPOSITION 5.1.1 (Split node case). Any genus-five trigonal curve over K of split
node type has a quintic model in P? of the form
6D
xy2 4 (@1x + apx’y + asxy® + asy)z’ + (asx* + asx’y + arx’y® + agxy® + agy)z
+ alox5 + a11x4y + a12x3y2 + a13x2y3 + a14xy4 + g15y5
for a; € K, where either of the following (1) — (5) hold.
(1) a; =1,a, € {0, 1} and a5 = ag = 0;
(2) a1 =0,ay=1,a3 € {0, 1} and ag = a7 = 0;
B)ar=ay=0,a3=1,a4 € {0, 1} and a7 = ag = 0;
4) ay=ay=a3=0,a4 =1 and ag = ag = 0;
(5) ai=ary=a3=a4=0,a6 € {0, 1, ¢} and a7 € {0, 1}.

Proof. Note that (5.1) is the general form of the quintic in the split node case. Con-
sidering z — z + ax + By, we can transform the quintic (5.1) to a quintic of the form:
(5.2) F =xy2 + (@x’ + ax’y + asxy® + ay)2* + fiz + fo,
where
f1 = Quaa; + as)x* + 2Bay + 2aay + a6)x3y + (2Baz + 2aas + a7)xzy2

+ (2Ba3 + 2aas + ag)xy® + (2Bas + ag)y*
and fo is a quintic form in x and y.

(1) (a1 # 0) Putting o := —as5/(2a;) and B := —(2aaz + ae)/(2a1), we may assume
as = ag = 0in (5.1). Considering (x, y) — (yx, 8y) and the multiplication by (y8)~!, the
coefficients a1 and a are transformed into %8~ 'a; and ya; respectively. Putting y := a,
(resp. y :=1)if ap # 0 (resp. a = 0) and § := y2ay, we may assume that the coefficients
of x3z% and x%yz? are 1 and 0, 1 respectively.

(2) (a1 = 0 and ay # 0) Putting @ := —ae/(2az) and B := —QRaasz + a7)/(2az), we
may assume ae¢ = a7 = 0in (5.1). Considering (x, y) — (yx, dy) and the multiplication
by (y8)~!, the coefficients a; and a3 are transformed into y a; and 8a;3 respectively. Putting
y = a;l and § = a;l (resp. 6 := 1) if az # O (resp. az = 0), we may assume that the
coefficients of x2yz? and xy?z? are 1 and 0, 1 respectively.

(3) (a1 = a» = 0and a3 # 0) Putting o := —a7/(2a3) and B := —(Qaas +ag)/(2az),
we may assume a7 = ag = 0 in (5.1). Considering (x,y) — (yx,d8y) and the mul-
tiplication by (yS)_l, the coefficients a3 and a4 are transformed into da3 and y_182a4
respectively. Putting § := a3—1 and y := 8%ay (resp. y := 1) if ag # 0 (resp. as = 0), we
may assume that the coefficients of xy?z% and y3z% are 1 and 0, 1 respectively.

(4) (a1 = ap = a3 =0and ag # 0) Putting o := —ag/(2a4) and B := —ag/(2a4), we
may assume ag = a9 = 0in (5.1). Considering (x, y) — (yx, dy) and the multiplication
by (y8)~!, the coefficient ay is transformed into y ~'8%ay. Putting y := a4 and & := 1, we
may assume that the coefficient of y3z2 is 1.

(5) (a1 = a» = a3 = a4 = 0) Considering (x, y) — (yx, 8y) and the multiplication
by (yS)_l, the coefficients ag and a7 are transformed into ]/2(16 and yday respectively.

(5.3)
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Ifag = 0,put y := land § := a;' ifag # 0. If ag # 0, write ag = ¢%*/ for
ie€{0,...,(q—3)/2}and j € {0, 1},and put y := ¢~ and § := (yay)~!ifas # 0.
O

PROPOSITION 5.1.2 (Non-split node case). Any genus-five trigonal curve over K of
non-split node type has a quintic model in P? of the form

(1) fora; € K,

5 F=(x*—eyh) 2+ {alx(xz—sy2>+azx3+y3} 24 (azx* + agx’y+asx?y?)z

+aex’ +arxty + agx®y* + agx®y? + ajoxy* +any’ .
(2) fora; € K,

(5.5) F = (x2 — syz)z3 + {x(x2 — syz) + a1x3} 2+ (a2x4 + a3x3y + a4y4)z

+ a5x5 + a6x4y + cz7)c3y2 + agx2y3 + agxy4 + al()y5 .
3) fora; € K,

F = (x2 — 8y2)13 + 3372+ (a1x2y2 + azxy3 + a3y4)z

(5.6)
+ a4x5 + a5x4y + a6x3y2 + a7xzy3 + agxy4 + a9y5 .
4) fora; € K,
57 F=x?—ey) + (aix* + aax®y + a3x?y? + agxy® + asyM)z

+ a6x5 + a7x4y + atgx3y2 + ctgxzy3 + a1oxy4 + a11y5 )
where (ag, . ..,ayy) is either of (0,...,0,1,a;41,...,a11) fori =6,...,11

Proof. Let V be the K-vector space consisting of cubic forms in x, y over K. As
seen in [12, Lemma 4.1.1], the representation V of the group

é::{(r grs>:r,seK,r2—8s27é0}

N

defined by yx = rx + esy and yy = sx +ry fory = <:: ers) e Cis decomposed as

Vi@ Vs, where Vi = (x(x? —ey?), y(x? —ey?)) and V2 = (x(x>+3ey?), yBx2 +ey?)) =
(x3, y3). We write

F = ()c2 — 8y2)z3 + [clx()c2 — syz) 4+ czy()c2 — 8y2) + b1x3 + b2y3} 2
(5-8) + (a1x* + apx3y + azx?y? + asxy® + asy*)z
+agx’® + arxty + agx®y? + agx?y? + ajoxyt +any’ .

An element y = (; srs) of C sends c1x(x2 — ey?) 4+ c2y(x? — gy?) to

(r? — esH)((c17 + c28)x (x? — ey?) + (c1e5 + c2r)y(x? — ey?)).
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As there exists an (r, s) € K2 \ {(0, 0)} so that cies 4 cor = 0, we may assume that ¢c; = 0:
F=(0"—ey))’ + {C1X(x2 —ey?) +bix’ + b2y3} 2
(5.9) + (ar1x* + @’y + asx®y* + asxy® + asyt)z
+ a6x5 + a7x4y + a8x3y2 + agxzy3 + aloxy4 + a11y5 .

(1) Assume by, # 0. We take the coordinate-change (x, y,z) — (x,y, byz) and
multiply F by by 3. then we may assume by = 1. Considering the transformation sending
ztoz — (aa/2 + creas/4)x — (as/2)y, we may eliminate the terms of xy3 and y* from F,
i.e., we may assume (a4, as) = (0, 0):

5.10) F= (xz—syz)z3+{c1x(x2—8y2)+b1x3+y3} 2+ (@t +axdy+asx?y?)z

+aex” + arx’y + agx’y? + aox®y’ + ajoxy* +any’.

(2) Assume b, = O and ¢ # 0. We take the coordinate-change (x, y, z) — (x, ¥, c12)
and multiply F by c]_3; then we may assume c¢; = 1. Considering the transformation
sending z to z — (a3 /(—2¢))x — (as/(—2¢))y, we may eliminate the terms of x2y2 and xy3
from F, i.e., we may assume (a3, aq) = (0, 0):

S F=x*—ey)) + {x(x2 —eyh) + b1x3} 2+ (ax* + aax’y + asy*)z

+aex® + arxty + agxy? + agx?y? + ajoxy* +any’ .
(3) Assume b, = 0 and ¢y = 0 and b; # 0. Similarly F is reduced to

512 F =% —ey)2d + 0322 + (a3xy? + asxy® + asy*)z
. + agx® + arxty + agx®y* + aox?y? + ajoxy* +any’.

O

PROPOSITION 5.1.3 (Cusp case). Any genus-five trigonal curve over K of cusp type
has a quintic model in P* of the form

(5.13) F=x224+ b’ + b2x2y + al)cy2 + (12)}3)12 + (azx* + a4x3y + a5x2y2)z
' + asx” + arx*y + agx’y? + agx?y® + ajoxy* + airy’

for a; € K with ay # 0, where by, by € {0, 1}.

Proof. Recall from the paragraph at the beginning of this section that any trigonal
curve of genus 5 over K of cusp type has a quintic model in P? of the form

510 Fo=x*2 + (a1 +aox®y+azxy* +asy )22+ (asx* +aex?y + arx*y* + agxy®
. +agyHz + a10x” + anxty + anx’y* + aizx?y? + anaxy* + aisy’,

where a; € K with ag # 0. Considering z — z + ax + By, we can transform the quintic
(5.14) to a quintic of the form:

(5.15) F=x3+ (ax* + azxzy + a3xy2 + (14y3)z2 + fiz+ fo,
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where fi is the same as in (5.3), and where fj is a quintic form in x and y. Putting
B = —a9/(ay) and o := —(2Ba3 + ag)/(2a4), we may assume ag = ag = 0 in (5.14).
Considering (x, y) — (yx, 8y) and the multiplication by y ~2, the coefficients a; and a»
are transformed into ya; and §aj respectively. Thus, we may assume that the coefficients
of x3z% and x?yz? are O or 1. O

5.2. Curves attainning the gonality-point bound

Based on the reduction for genus-five trigonal curves C provided in the previous
subsection, we enumerate those curves over [F3 attaining the gonality-point bound, i.e.,
|C(Fyr)| = N(g" + 1) with (N, g) = (3, 3), for the following two cases: r = 1 and r = 2.
As in the superelliptic case treated in Section 4, we use Magma for our enumeration. We
also note that our enumeration will be done by an exhaustive search, different from the
superellitic case.

First, we consider the case where r = 1. In this case, the gonality-point bound is
33" + 1) = 12, and we have the following theorem:

THEOREM 5.2.1.  There exists a genus-five trigonal curve C over F3 attaining the
gonality-point equality |C (F3)| = 12, and hence the maximal number of F3-rational points
of genus-five trigonal curves over F3 is12. Moreover, there are exactly nine F3-isomorphism
classes of such curves C.

Proof. We enumerate quintic models V (F) maximizing |C (F3)|. For this, we con-
ducted an exhaustive search on all possible unknown coefficients over Magma, for each
form ((5.1), (5.4) — (5.7), or (5.13)) of F. The source code for collecting F and its
log file are available at [20], and they are named trigonal_g5g3_stepl.txt and
log_trigonal_gb5g3_stepl.txt. It took about 13 hours to execute the code.

We found from the output (Log_trigonal_g5g3_stepl. txt) that the maximal
value of |C(IF3)| is 12. In the following, we list quintic forms F such that |C(F3)| = 12:

e (Split node case) The quintic forms F' of the form (5.1) such that the normalization
of V(F) C P? has 12 F3-rational points are the following:

Fi =xy2 + (34 x2y+2xy2 4293 22+ 2x2y2 4 2xy3 + yhz+2x° +x3y?

P =xyz3 + 3+ x2y + ny2 + 2y3’)z2 + (x2y2 + 2xy3 + 2y4)z +2x°
+2x4y + x3y2 + )czy3 ;

F3 =xyz3 + 3+ xzy + ny2 + 2)}3)z2 + (2)c2y2 + 2xy3 + y4)z +2x°
+x4y + x3y2 + 2)c2y3 ;

Fy =xyz3 + 3+ xzy + 2xy2 + 2)13)z2 + (xzy2 + 2)cy3 + 2y4)z +2x°
+x4y + x3y2 + 2x2y3 ;

Fs =xyz> + (3 +x2y+2xy? +2y3) 22+ (2 y 2 F2xy® +2yh) 24267 + xy*;

Fo=xyz2> + (x> + x%y + 2xy? + 2y 22 + 2x2y? 4+ 2xy + yHz 4+ 24
+2xty + x2y3 4+ xyt;

Iy =xyz3 + (3 + xzy + 2xy2 + 2y3)z2 + (xzy2 + 2)cy3 + 2y4)z + 2x°
+2xty + x2y3 4+ xyt;
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Fg =xyz3 + 3+ xzy + ny2 + 2)}3)z2 + (2)c2y2 + 2xy3 + y4)z + 2x°
+x4y + 2x2y3 + xy4 ;
Fo =xyz3 + 3+ xzy + 2xy2 + 2)13)z2 + (2)c2y2 + 2xy3 + y4)z +2x°
+2x3y? + 2xy4;
Fio=xyz> + (> +x2y + 2xy* + 2y 22 + (¢2y? + 2xy° +2yH)z + 247
+2x4y + 2x3y2 + x2y3 + ny4 ;
Fii = xy2 + 00+ + 207 4252 4+ 2x0°2 + 20 + 20y 2 412207y 47
Fio =xy2 + (3 4+x2y4+2xy24+2y%)2% + 2032 + 2 + 2x*y + xy* + 7
Fi3 = xy22 + (3 422y +2xy? 42y°) 22+ 2xy 242 +xty 22y 4yt 497
Fia =xy2 + (3 +x2y+2xy? + 29722 + 2xy3z 4+ 2x° + 262y 4 xy* + 57
Fis=xy2> + (3 +x%y + 2xy% + 2y 22 + 2xy° 7 4+ 2x° + x*y 4+ 2x3y?
1223 4 20yt 495
e (Non-split node case) There are no F that achieves |C(F3)| = 12.
e (Cusp case) The quintic forms F of the form (5.13) such that the normalization of
V(F) C P? has 12 F3-rational points are the following:
Fig=x"2" + %y + 2y + 2x*z + 2%y + )7
Fi7=x22 + 2y + 2y)H 22 + 2x*z + 2x*y + 20302 + oyt + 7,
Fig =x%2° + (2% + 20722 + 2x*z + 2xy + 232 + 20t 4 0.

For the above 22 curves, we classify their F3-isomorphism classes of the above 18
curves, by an algorithm provided in [14, Section 5]. The source code for the isomorphism
classification and its log file are available at [20], and they are named 1log_trigonal_
g5g3_step2.txt and log_trigonal_g5g3_step2.txt respectively. The time

it took to execute the code is about 0.3 seconds. As a result, there are nine F3-isomorphism
classes:

(1) Fpand Fg; (2) Fand Fi3; (3) F3; 4) Fyand Fis;
(5) Fsand Fiy; (6) Feand Fo; (7) Fpand Fig; (8) Fioand Fip;

(9) Fie, F17,and Fig.
O

Next, we consider the case where r = 2. In this case, the gonality-point bound is
3(3% 4+ 1) = 30, and we have the following theorem:

THEOREM 5.2.2 (Theorem 1.2). There exists a genus-five trigonal curve C over F3
attaining the gonality-point equality |C (F9)| = 30, and hence the maximal number of Fg-
rational points of genus-five trigonal curves over B3 is 30. Moreover, there are exactly eight
F3-isomorphism classes of such curves C.

Proof. Similarly to the case where r = 1 (cf. the proof of Theorem 5.2.1), we con-
ducted an exhaustive search on all possible unknown coefficients over Magma, for each
form ((5.1), (5.4) — (5.7), or (5.13)) of F. The source code and its log file are available at
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[20], and they are named trigonal_g5g9_stepl.txtandlog_trigonal_g5g9_
stepl. txt respectively. It took about 2.5 hours to execute the code.

We found from the output (log_trigonal_g5g9_stepl. txt) that the maximal
number of Fg-rational points of the normalization C of such a quintic V (F) is 30. In the
following, we list quintic forms F such that |C (Fg)| = 30:

e (Split node case) The quintic forms F' of the form (5.1) such that the normalization
of V(F) C P? has 30 Fo-rational points are the following:
Fi=xy? + 4+ xy? + )22 +xy’z + 0 + 32 +x%° +y°;
Fy=xy2> + (x> 4+ 2xy2+32) 22+ 2x2y? + 2xy?)z 4+ x° + 2x* y+ x2y3 + 2xy*
+y%;
Fy=xyz> + (x> + xy2 + 2922 + (2y? + xy° + 2y z + 27 + x3y2 4+ 2x2y3
+2xyt + 57
Fy :xyz3 + ()c3 + xy2 + y3)z2 + xy3z + X0+ x3y2 + 2x2y3 + 2y5;
Fs=xyz> + (x> + xy2 + yH22 + 2x2y? +xy° + yhHz + 20 + 132 + 523
-|-2)cy4 + 2y5 ;
Fs=xy23 4+ (3 4+ 209222 + 29922 + 032 4 2003z + 15 + x4y + 2423
-|-2)cy4 + 2y5 ;
Fr=xyz® + (¢ 4+ x%y + 322 + x%y? + 2xyY) 2427 + 20ty + 202y + 5,
Fe=xyz> + (3 + x2y + 29922 + @22 + 29Hz 4+ 0 +xty + xy* + 3
Fo=xy23 4+ (3 4+ 22y + )2+ (2022 + 29z + 205 + 392 + 2423
+xy4 + 2y5 ;
F1o =)cyz3 + &+ x2y + 2xy2 + 2y3)z2 + 2x2y2z +x7+ x4y + 2xy4 + 2y5 .
e (Non-split node case) The quintic forms F of the form (5.4) — (5.7) such that the
normalization of V (F) C P? has 30 Fy-rational points are the following:

Fii =02 — ey + (x(x? —ey?) + 23 + 322 + x%y%z + 205 + 2x%y
+3y% +y%;

Fio=(x? — ey + Qx(x? — ey?) + 27 + yH)22x%y2z + x° + 2x%y
+2:3y% 435

Fi3=(x>— 8y2)z3 + Q2x(x? — eyz) + X3+ y3)z2 +(*+ x3y)z +x°
+2x%y% 4+ y7;

Fia=(x*— 8y2)z3 + (x(x? — zzy2)+2x3 + y3)z2 + @t + 2x3y)z + 2x°
+2x%y3 4y

Fis= (x> — a?yz)z3 + (x(x? — £y2) + y3)z2 + (2x3y + 2x2y2)z + X+ x4y
FIC NI, PGNP

Flg = (x> — e;"yz)z3 + 2x(x? — £y2) + y3)z2 + (x3y + 2x2y2)z +2x° + x4y
12532 12023 )5
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Fir=u2—ey)2 + (x(x? —ey?) + 2022 + * + yHz + 47,
where & =2 € F} \ (IE‘3X)2.

e (Cusp case) The quintic forms F of the form (5.13) such that the normalization of
V(F) C P? has 30 Fy-rational points are the following:
Fis=x22 + 2y + )2 + o + 262Dz +xty + 57,
Fio=x223 + (x%y +2y°)2% + 2x* 4+ 2x2y%) 4+ 2x*y +2y°;
Fao =223 4+ (62y + 20922 + (2 + 3y + 2292z + 25 4 2632 + 2223

+xy* +2y°;

F =x220 + (%y + 2922 + (x* + 253y + 2x2yH)z + 207 + x3y? 4+ 2x%y?
+2xy* +2y%;

Fpo=x22 + (3 + 22y + y)22 + 2%y + 25292z 4+ x° 4+ 2x3y? 4+ x2y3
+xy4 + y5 .

For the above 22 curves, we classify their Fo-isomorphism classes, by an algorithm
provided in [14, Section 5]. As a result, there are eight Fg-isomorphism classes among
them:

(1) Fi, Fy,and Fy; (2) F2, F, and Fg; (3) F3, Fs5,and Fr;
4) Fioand Fy7; (5) Fipand Fio; (6) Fi3and Fug;
(7)  Fi5 and Fig; (8) Fig, Fi9, F20, F21,and Fa .

The text files log_trigonal_g5g9_step2.txt and log_trigonal_g5g9_
step?2. txt are the source code and its log file respectively, and it took within a second
to execute the code. O

We also computed the Weil polynomials of the 8 curves by a method described in
Remark 4.1.4. At [20], the source code for computing the Weil polynomials and its log file
are named trigonal_g5g9_WeilPoly.txt and log_trigonal_g5g9_
WeilPoly. txt respectively at [20], and the time it took to execute the code is about 40
seconds. As a result, we have the following corollary:

COROLLARY 5.2.3.  The Weil polynomials of the eight Fo-isomorphism classes (1)—
(8) given in the proof of Theorem 5.2.2 are as follows:

(1): (£ 4+ 3)*(t® + 817 + 44r* + 14913 4 3961% + 6481 + 729);

(2): (1245t 49)(t8+15t7 + 11265454917 +19271* +494113 +9072:% +10935¢4-6561);

(3): 11942012 +19618 4124717 +57141°41966717 +51426:* +10100713 + 14288412 +
1312207 + 59049;

4) and (8): (> + 2t +9)(t* + 913 + 371> + 811 + 81)%;

(5): 11942072 +200¢8 4129917 +60307° 42084315 +54270¢* + 1052193 + 14580012 +
1312207 + 59049;

(6): (1 +3)2(t> 4+ 5t + 9)(¢% + 915 + 49¢* 4 17713 + 44112 + 729¢ + 729);
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(7): 119420 +19418 + 121017 +54331° + 185391 +488971* 49801013 + 141426¢% +
131220 4 59049.

Note that, in general, any two curves over a finite field which are isomorphic to each
other have the same Weil polynomials.

6. Conclusions and future works

We proposed algorithms to find/enumerate superelliptic curves C over [F, such that
|C(F4r)| attains the gonality-point bound. Here is the computational result (see also Table
2 and Example 4.2.2) for the hyperelliptic case with ¢ = p obtained by executing our
algorithms:

g\p" |3 |5|7]9|11]13

2 ©l0|e|e|oe |6 |xifp >13
3 |eo|le|le|e|o|e | xifp >33
4 @] ? | ?|xifp >06l
5 ©|lo|lo|@®]| o | ?|xifp">97

Table 3. Hyperlliptic curve C/F), with |C(F ,r)| attaining the gonality-point bound.
X : non-existence; o:existence; ©: the enumeration is done.

As for trigonal curves, for g < 4 the existence/non-existence of trigonal curves over [
attaining the gonality-point bound is known. When g = 3, the condition that the gonality-
point bound is less than or equal to the Thara bound is equivalent to that the gonality is at
most 2, whence there is no trigonal curve attaining the gonality-point bound. When g = 4,
we can read the existence of trigonal curves attaining the gonality-point bound for small
q" from manYPoint site [8], for example it exists for g" = 3,4, 5,7, 9. In this paper, we
give an algorithm for ¢ = 5 and executed it on Magma for (¢, r) = (3, 1), (3, 2) to obtain
the totality of trigonal genus-5 curves attaining the gonality-point bound for those (g, r).
Moreover we determine the isomorphism classes of them with their Weil polynomials.

g\q" 2 3 4 51718191113
3 X X X X | X | x| x| x| x
4 X o o o|lo|x|o| x| x
5 x [3] ] o | o[4] o

Table 4. Existence of trigonal curve attaining the gonality-point bound

As future works, we would like to study the following:

(i) The distribution of the number (considered as a function in ¢, see also Fig. 1 for
g = 2, 3) of superelliptic curves of C : yN = f(x) (of the form (3.1) withay = 1)
over I, with deg f = d such that |C(IF,r)| attains the gonality-point bound, for a
fixed (N, d,r).

(ii) The existence/enumeration of genus-5 trigonal curves over F, attaining the
gonality-point bound for larger ¢q.
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