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Abstract. For these two decades, the Arakawa-Kaneko zeta function has been stud-
ied actively. Recently Kaneko and Tsumura constructed its variants from the viewpoint
of poly-Bernoulli numbers. In this paper, we generalize their zeta functions of Arakawa-
Kaneko type to those with indices in which positive and nonpositive integers are mixed.
We show that values of these functions at positive integers can be expressed in terms of the
multiple Hurwitz zeta star values.

1. Introduction

The Arakawa-Kaneko zeta function is defined by

1 o0 Li 1 —e!
Eki ko, oo ke s) = —— / pot B =€) g0 ()
I'Gs) Jo el — 1
for k1, ko, ...,k € Z=1 in [1]. This zeta function has been studied and generalized by a
lot of authors (see, for example, [3, 4, 7, 8, 9, 10, 12, 14, 15, 16, 17]). It should be noted
that §(—k1, —ka, ..., —kr; 8) (k1, ...,k € Z>0) has not been defined yet.

As variants of (1), Kaneko and Tsumura [13] defined the following 1 and E functions
by

1 00 Li 1—-¢
nki ko, ... ke s) = / 1 ki ko, ..., kr(t e )dt R(s) > 0) )
I'(s) Jo l—e
forkl,kz, .. .,kr (S Zzl,

o Lick, —ky,....—k, (1 — €")
1—ef

1 o
n(—ky, —ky, ..., —ks;8) = ﬁ/o t dr  N(s) >0) 3)

for ki, ka, ...,k € Z>g, and

E(—ky, =k, ..., —ky;5) = L /00 ! Uty ot (1 =€)
r'es) Jo et —1
forky, ka, ..., kr € Z>o with (k1, k2, ..., k) #(0,...,0).
It is also noted that we cannot define E(/q, ka, ..., kr;s) by replacing {—k;} by {k;}
in (4) for (k;) € Z_ .
We emphasize that indices of these zeta functions consist of all positive integers or all
nonpositive integers.

dt  (N@s) >0 4)
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In this paper, we aim to consider the cases of these zeta functions with indices in which
positive and nonpositive integers are mixed. To explain our results in some detail, we give
two overviews of necessary background. First, we recall the multiple zeta values (MZVs,
for short) given by

1
¢pr,p2,-opn) = Z i P P (5)
’/)/l1 m2 DRI mn
O<my<my<---<my

and the multiple zeta star values (MZSVs, for short) are given by

1
$*(p1ap2s - Pn) = — (6)

n Z mP'm 52 . Pn

cem
O<mi<mp<--<my 1 "

for p1, p2, ..., pn € Z>1 with p, > 2. Further, the multiple Hurwitz zeta star values are
given by

$X(p1, P2y Prs a1, @, L, Q)

1
= E 7
(my +oa)Pr(my 4+ az)P2 - (my + o) Pr @

0<mi<mp<---<my
for p1, p2, ..., pn € Z>1 with p, > 2 and a1, @2, ..., 0, > 0. Let {&}" = (o, ..., ). In
e

n
particular, we have ¢*(p1, ..., pn; {1}") = *(p1, -+, Pn)-
Secondly, we recall multi-poly-Bernoulli numbers. Imatomi, Kaneko and Takeda de-
fined

Lit dyoke (1= €7 o k)
S =28, o ®)
n=0
Lit bk (1 =€) O oy ko
220Dt :
n=

forky, ko, ..., k. € Z in [11], where

. b4
Ltk @ = D, g (RI<D) (10)
O<my<mp<---<m, "1 772 r
is the multiple polylogarithm. In particular, we have B,(,l) = (—1)"C,§1) and these are

“ordinary” Bernoulli numbers. Kaneko and Tsumura defined another type of multi-poly-
Bernoulli numbers by

1—1}}:1(1 e Z;=J- x\;)lj—l

r—1 . P
;)(—D( a ) Z L+ -+l —a)

I, =1

xlml...x
- T g, an

""" mq!l---m;!

my,...,my>0

fors € Cin [13]. The case of r = 1 gives %,&’f’ = B,g{) for k € Z.
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We see that (1), (2), (3) and (4) can be analytically continued as entire functions. The
values of these functions at nonpositive integers are given by

E(ky, k... ks —m) = (1) C K1k k) (12)
ki, ko, ... ks —m) = BTk (13)
n(—ki, =k, ..., —k;; —m) = BF k) (14)
E(—ki, —ka, ..., —kps —m) = ClF0 TRk (15)

for m € Zxo. Arakawa-Kaneko [1] and Kaneko-Tsumura [13] constructed relations for
the values of & and n with MZVs and MZSVs. For example, the following relations are
important. For m € Zxo, r, k € Z>1, they proved

Y N kmy =) (“kj’>c<a1+1,...,ak_1+1,ak+r+1>, (16)

ay+-+ag=m
VajZO

_ . +r\ .
n(y L kmt ) = ()Y <akr r); @+1,.. a1+ ag+r+1).

ar+--+ag=m
Vaj >0

A7)
Further, Kaneko and Tsumura obtained the following result which is a kind of the duality
formula. For ki, ..., k. € Z>0, we have

n(—ki. —ka. ... —kpi5) =B, (s€C). (18)
Therefore, for m € Z~(, we obtain
Bn(1—k1,—k2 ,,,,, —kr) — %l(q_rl':z) ..... i (19)

(see [13, Theorem 4.7]).

Using these results, we define the special types of n, & and E functions (see § 2-4). We
explicitly give the relations for the values of these functions with MZVs, MZSVs and the
multiple Hurwitz zeta star values (see Theorems 2.2, 2.4, 2.6, 3.2, 4.2).

2. 1 function

In this section, we consider n function, whose indices consist of positive integers and
nonpositive integers.

2.1. n(k, —n;s)
DEFINITION 2.1. Fork € Z>1, n € Z=o and s € C with 9i(s) > 0, define
Lig, —n(l —e )
k, — ! dr . 20
k) = i [t Y
The integral on the right-hand side converges absolutely in the domain R(s) > 0, as
is seen from Lamma 2.1 and Remark 2.2.
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LEMMA 2.1. Fork € Z>1 and n € Z>o with k > n, we have

P" @ P" ()
1-2 1-2)

).
+oo 4+ (10_7Z)2L1k—n+1(2) +

where Pi(n) (z) is the polynomial defined by

Lig,—n(z) =z ! Lig—1(z) +---

.
le_n(z)} ,
1—z

i j+l

P () = <l. j_ 1) > Z(—l)l(i 7;2) (=14 1DF

j=01=0
for0<i<n-—1
Proof of Lemma 2.1. We can derive

Lik @ = Y Zl—k(H-m)”

I,m=1

n n o z
=3 () & G
j=0
n
n . .
= ( .)Ll—n+j (2)Lig—;j(2) .
= J
Further, we know the formula

. gn—j (2) .
Li,1j(2) = m (j=n,
where &; (z) is the Eulerian polynomial given by
i—1 j+1 .
N i+ 1Y . iiej
&) = ;‘”;:(—1) ( ; >(J ~ 1+ D'z
J: =

(see [3, (1.2), (1.3)], [5D). Setting Pl-(")(z) = (i_ﬁl)&ﬁ(z)%, we can prove this lemma.

EXAMPLE 2.1. By Definition 2.1 and Lemma 2.1, we can derive n(1, 0; s) =

and
12,0, 1) =—¢(2),
n(2,0;2) = —¢(2) —2¢(3),

2 - = : 1(2)
niz, =15 __E_EC 5

n(3,0; 1) = =2£(03),

1

NG~ =-5¢2)-10).

1)

(22)

O

-,
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THEOREM 2.1. The function n(k, —n; s) can be analytically continued as an entire
function, and the values at nonpositive integers are given by

n(k, —n; —m) = B&™  (m € Zo). (23)
Proof. Let C be the standard contour, namely the path consisting of the positive real

axis from oo to ¢, a counterclockwise circle C, around the origin of radius &, and the
positive real axis from ¢ to co. Let

: it
H (k, —n;s)—/ ts—lwdt

1 —ef
2ms _ l)/ 1L1k —n (1 — )dl +/ -1 Lik,_n(l - et)dt .
1 —ef X 1 —e!
We can confirm
Lix(1—e)=00" @ — o0, (24)

from [13, (16)] if k > 1, and from Lip(1 — ¢’) = e™" — 1 if k = 0. It follows from
Lemma 2.1 and (24) that H (k, —n; s) is entire, because the integrand has no singularity
on C and the contour integral is absolutely convergent for all s € C. When we suppose

N(s) > 0, we can see
/ po—t Lk =n (1 = et)dt 0.

1 —ef e—0

Hence
n(k, —n;s) = ml‘](h —n;s),

which can be analytically continued to C, and is entire. In fact n(k, —n; s) is holomorphic
for N(s) > 0, hence has no singularity at any positive integer. Note that
1 (=D)™m!
(exmis — DI(s) s—>-m  2mi

(m € Zz()) .

Setting s = —m € Z<o, we have n(k, —n; —m) = B,(,,k’_"). This completes the proof. [
Concerning the values at positive integer arguments, we prove the following theorem.
THEOREM 2.2. Form € Z>o,k € Z>1 and n € Z=o with k > n, we have

nk, —n;m+ 1)
n—1n—I—1

_Z > A(")(a +1) !
k ( l—j—i—l)“H’"H

[=0 j=0 ajy1+-+ax=m
Va; >0

Xt @+ 1, a + a2 {n—1— j+ 170
Yo @+ D@+ a + Lag+2), (25)

Ay 1+ +ag=m
Va;>0
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where Al("/) is the rational number defined by

n—l—j—1b+1
m _ (" v n—Il+1\/n—-I01-b—-1 B nel
A,,j_(l) > Y= < J ; b—d+1D"". (26)
b=0 d=0
REMARK 2.1. We denote the right-hand side of n(k, —n; m + 1) of (25) by —S; —
S>. If n =0, wedefine S; =0.If n =k — 1, we define S =m + 1.

In order to prove the theorem, we give the following integral expression, which can be
similarly proved as [13, Lemma 2.7].

LEMMA 2.2. Forajyi1,ai42,...,ak—1,ak € Z=1 andn € N, we have

ajt1 ak 1 ag+1
X / / Xpp1 o Xp—1 Xk
[Tne ,+1r(am+1)

eXk—11Xk X2tk 1

g v AL e en(x1+1+._.+x1()dx1+1 edxy
ar+ 1 -
=m§ (@aa+ Las+ 1, apmr + 1 a4+ 2; (n} =170

Proof of Theorem 2.2. By setting Pl.(") (z) = Z A,(l")l 1 /(1 —z)/ in Lemma 2.1, we
obtain (26). Consider the integral
n 1n— l 1

I(k B AP B et et

1
X—————
e(n_l_1+l)uk

Un+2 s—1 ev,,_H evk—l
F(s)/ / / e”+l_1 “euk,]_l

dv,,+1 -dvy .

dupyy - -dug

We can transform this formula as follows by using the differential equation in [13, (17)]
and Lij (x) = —log(1 — x).

n—1ln—I—1

) Uk U2 Ll](l — eul+l)eul+l
1(k, —n; A(")/ us~ 1f U du
F( ) Z /X_: 0 0 !

eui+1 — 1
U2 Ug—1 1

e e

eul+2 — 1 etk—1 — | en—=l—j+Duy I+2 k
S‘ 1 Un42 Lll(l _ evn+l)evn+l d
" Un+1

F(s) elvn+l — 1

Un+2 ”k 1

Xevn+z e R dvn+2 dug
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1 1_
— —1 " n— (n)/ b—lle (1 — et )duk
- (n=l—j+Du
F(S) [=0 / =0 e k
-1 00 Liv_ (1 — o
il UE—IM i
F(S) eVk
P e
1(1—6 ) ] e
BO) Z/ e(n ot Hk—1(1 = e")duy
—1 ) | 1
- iy
T Jo U e (T e
=-—n(k, —n;s).
On the other hand, we make the change of variables u 1 = X, uj42 = Xp—1+Xg, ..., U =
X1+ oo+ xp and Vag1 = Yk, Ung2 = Yk—1 + Yk oo oy Uk = Yat1 + -+ + Yk Then, it

follows from Lemma 2.2 that for m € Zxo,

n—1n—I—1
: (n) * m!
1(k,—n,m+1)—F . Z Ay . Z —
(D =0 j=0 0 g+ tap=m ai+1 Ak
Ya; >0
aj+1 Ak
XXy X Yk
e’k eXi2 Xk 1 ) ]
e - X coodx
etk — 1 ettt _ | =t Dt k

/ / Z Lyan-%—l . 'yakyk
F(m+l) Anir! - ag) " k

Ayt ++ag=m
Va; >0

eYk eYn+2 Yk 1

X dvrot---d
ek — 1 eVntat Yk — ] eYnt1tt i Yn+1 Yk

DD S S TERIE

[’] ...
=0 j=0 aj41+-+ar=m Fai+1+1) lax + 1)

Va; >0
> > +1
aj+1 ag—1 Ak
X./ X1 =1 Xk
0 0
ek X1 TNk 1

X e - dx e dx
ek — 1 eXipat e — 1 en—l—j+1D) (g +-xp) 1+1 k

+ ) !

g1+ ag=m F(an—i-l +1---T'(ak + 1)

Ya; >0
* +1
Ap+1 Aak—1 _ ag
X/ / Yt 7 Yem1 Yk
0 0
ek eYn+2 Yk 1

ek — 1 eynt2t Yk — | eVttt Yk Yn+1 Yk
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n—1n—I—1

_Z Yoo A @+ !

—J 1
I=0 j=0 ait1++ag=m (n—1—j+ DHan
Ya;>0

Xt a2+ 1, a1+ Lag +2; {n— 1 — j+ 1)k
+ ) @+ D@2+ g+ a2 (1)

Ay 1++ag=m
Ya;>0
(]

REMARK 2.2. If k < n, we can obtain similar formulas by using the same method.

For example, we have

k—2k—I—1
1
. _ (k)
nk,—kim+D==> > Y A+ Ry B e
=0 j=0 aj41++ar=m

Va;>0

XC (A1 ap1 + 1ag + 2 k=1 — j + 1)1

—k(m + Do + oy 1
ifk =n withk # 1, and
k—2 k-1 1
k+1)
nk,—k—Lim+D==3% Y A @+ . —
=0 j=0ay1++ar=m k—1- ]t )

Va;>0

xz*(az+1,.. car_1+ 1, a; +2; {k—l—j+2}k—’—1>

—(m + l)3 +2(k+1)k+(m+ 1)2 +3(k+1)k
1 1
—(k+3) <3m+1 + 2m+1)
ifk=n—1withk # 1. If k <n —2 with k # 1, we can derive
k=2 n—1—1 ) ]
- _ /(n
nk D = ZZ Z At )( —1— j+ DHantl
=0 j=0 ajqi+-+ax=m

Va;>0
XC (142, -y g1 + L ag +2; {n — 1 — j+ 1}*17h

—k
_anA/(n) . m+1
= T —k— 2

—k—1
" A/(n) 1 1

- Z k.j (n— ; o ’
=0

—]—i—l)m"'l (n—k—j+2)m+1

where the rational numbers {A’ (")} can be determined similar to { A(")} and will be used in
Theorem 4.2, but their explicit expressions are omitted here.
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EXAMPLE 2.2. Ifk =3 andn = 0 in Theorem 2.2, we have
NG, om+H== Y (a+Di*a+1,a3+2).

ay+az+az=m
Ya; >0

Setting m = 0, we obtain n(3,0; 1) = —¢*(1, 2), which implies ¢*(1,2) = 2¢(3) by
Example 2.1.

EXAMPLE 2.3. Ifk =2andn =1 in Theorem 2.2, we have

“ 1
N2 —lim+1)==> (a+ 1)W;*(a2+2; 2)—(m+1).

a2:O
Setting m = 0, we obtain n(2, —1; 1) = —%;(2) — % This result corresponds to Exam-
ple 2.1.
EXAMPLE 2.4. We have A(()f()) = 1. Hence, if k = 3 and n = 1 in Theorem 2.2, we
have
1
16, —Lim+ == 3 (@+ Dt @+1a+2 2P

aj+az+az=m
- ) (@t Ditas+2).
ar+az=m
Setting m =0, we obtain (3, —1;1) = —%;*(1, 2:{2}%)—¢(2), which implies ¢*(1, 2; (2}
= —¢(2) + 2¢(3) by Example 2.1.

2.2. n(—n,k;s)
DEFINITION 2.2. Fork € Z>1,n € Z>o and s € C with Ni(s) > 0, define

1 [ Liga(l—eh
o ki) == [ L @7)

The integral on the right-hand side converges absolutely in the domain R (s) > 0, as

is seen from the following lemma.

LEMMA 2.3. Fork € Z>1 andn € Zxo, we have

n+1
Lini(2) =Y D{"Lix(2). (28)
=0

Here, Dl(n) is the rational number defined by

_ om0 (1 =0)
(n) _ n+1
D" = L (" g 020 (29)
nt 1 i n—Il+1

forl e Zwith0 <l <n+1.
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Proof. Formy >2,n € Z=pand!l € Z with0 <[ < n + 1, we can show
my—1
> mi = Dg" + D{Vma + DYm3 + -+ DY) mi !
mip=1

as follows. By Faulhaber’s formula (see [6]), we have

mz—l 1
Y m" = —— (Bup1(m2) — Buy1(1))
o n+1

I | .
B o
j=0

n—+1
1 n+1 N n+1 )
= > o= f“( ; )Bn_j+1m§—8n+1
j=0
1 n+1 B n+1 )
= V(D B = Bt ) £ - J“( j )Bn—j+1mé
j=1
1 n+1 . n+1 )
= ) —r—itl Bp_iim) §
1 n,O+Z( ) ( j > n—j+11M75

j=1

where B, (x) = > }_o(—=D¥(}) Bx* ™" is the nth Bernoulli polynomial for n > 0. By the
definition of Dl("), we can show

) mnzmz
Lic()= ;nk
1<mi<my 2
Ny pm, L p o Pt
= > (Do + Dma+ DYm3 + -+ D) mh
m2:2 m2
n+1 n+1
= Z D" Lix_1(z) — z Z b, (30)
1=0 1=0
where
n+1 1
(n) _ 1) — 1) =
Y D" = ——(Byr1(1) = Byy1 (1) =0
= n+1
forn > 0 and n = 0. Hence we obtain the proof. (]

EXAMPLE 2.5. By Definition 2.2 and Lemma 2.3, we can derive
n0,1;s) = —s¢(s+ 1)+ 1,

1 1 1 1
n(=1,3;5) = —Z(s2 +54+2)0(s+2) — E;(s, 2) + ESC(I, s+ 1)+ Esg(s +1),
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Gl Lo
e T

Setting s = 1, we have

n0, ;1) =—-¢@2)+ 1,
1
n(=1,3;1)=-:3)+ 5((2),

1
“IL,I;H)=—.
n( ) 2

THEOREM 2.3. The function n(—n, k; s) can be analytically continued as an entire
function, and the values at nonpositive integers are given by

n(—n,k; —m) = BY,"P  (m € Z=0). 31)

Proof. Similar to Theorem 2.1, we can obtain the proof. O

THEOREM 2.4. Form € Z=, k € Z>1 andn € Z=o withk > n + 1, we have

n+1
n—nksm+1)=3"D" 3 (@ + DS @+ L ako + La+2),
=0 ay+---+ag—j=m
VajZO
(32)
and with k < n + 1, we have
k—1
n(=n,k;m+1)= ZD,(H) Z (a1 + DX ar+ 1, .. a1+ 1, a1 +2)
=0 ay+--+ag—j=m
VajZO
n+1
+Y D"BYL). (33)
1=k
Proof. By Lemma 2.3, we can see that
1 ©  Li_, k(1 —ef
ﬂ(—n,k;m~|—1)=7'/ g okl —€) n.k( e)dt
Fm+1) Jy 1 —ef
1 /00 o Y DML (1 — a2y
T Tm+1) ) 1—ef
n+1
=> "D ipi(m +1).
=0
In the case k > n + 1, using (17), we obtain
n+1
nnkim+D=3"D" 3 (@ + DE @+ a4 L ake +2).
=0 aj+--+ag—j=m

VajZO
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On the other hand, in the case k < n + 1, using (17), (18) and (19), we derive

k—1 n+1
n(—nkim+1) =3 Dy m+1)+ Y DM iy (m +1)
=0 1=k

= ZDI(") Z (ak—1 + D¢ @+ 1,. ., ak—j—1 + 1, ax—; + 2)

ay+-+ag—j=m

VajZO
n+1
(n) g (m+1)
+ZD B
where %(W,’(i}) = B(",iill). O

REMARK 2.3. In Theorem 2.4, we denote the right-hand side of (32) by Z"‘H
Ifn =k — 1, we define S,1 = S, = D\

EXAMPLE 2.6. We have D(()O) = —1 and D{O) = 1. Hence, if n =0and k = 1 in
Theorem 2.4, we have

1
nO.m+1=3"D" Y (@ + DM@+ 1 an + Lase +2)

=0 ay+--+aj—j=m
VajZO
=—¢t(m+2)+1.

In particular (0, 1; 1) = —¢(2) + 1, which corresponds to the result in Example 2.5.
23. n(l,...,1,—n;5s)
In this section, we construct the formula similar to (16) and (17).
DEFINITION 2.3. Forr € Z=1,n € Zso and s € C with 9i(s) > 0, define
5= 1
(1 —é")dr. 34
ML =) = F(s)/ it (1 =) (34)
l

The integral on the right-hand side converges absolutely in the domain 9i(s) > 0, as
is seen from the following lemma.

LEMMA 2.4. Forr € Z=1 andn € Z=o withr > n + 1, we have

. 0" 0
L11,.;.],1,—n(z)=z Tt _1 )nHLll,,:l,l(z)Jri( )nHLL:;(z){—
L ove (ZHMLI ol s
TS Gl (1= gyt L
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where Ql(n) (z) is the polynomial defined by

. i k4l n+ D[k (n—k+1\
0= 3 (- 1){ L }H( 1 >zk+“ (36)

k=i =0

k
forl <i <n+1,and [ :| is the Stirling number of the first kind and {Z} is that of the

m
second kind.
In order to prove the lemma, we show the following.

LEMMA 2.5. Forr, k € Z=1 withr > k + 1, we have

d\* o1 Tk
<d_z) L1® =2 5 )k[ }L“ 1):

r—

d . () 1 ()

—I] = Il

/ 1., 1(Z 1= 1 L1Z
r rl

For k > 1, we assume the case of k holds and consider the case of k + 1 by using the

1
relational expression [n * :| = [ " :| +n |:n:| By induction hypothesis, we have
m m—1 m

d\*' d 1 k
(&) veao=E | S am])tee

r—m

1 k
T (1= kH k[JLlw(Z)
r—1
k . . )
+,,,Z:2 <k[””} " [m - 1D Lin. 1@+ [,JLH 1(2)

r—m r—k—1

1 k+1
ZZW[ m }Lll ..... 1(2) .

dz

r—1 r

d n+l
Liy,.1,-n(2) = (Z—> Liy,..1(2)
N N
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n+1 k
1 d
=E " Z* —> Liy,. 1(2).
=1 k dZ N——

By using Lemma 2.5, we derive

L ()_"“ n+1] 1 o o
L _Z{ k }Z (1—z>kl.ZM Ll

k=1

r—1 - r—i

z n+1n+1 . e n+ 1)k
=(1—Z)n+IZZZ (1—-2) { X }[JLI&;,J(Z)-

i=1 k=i

Therefore we can see that (35) holds and Ql@ (z) is the polynomial written as

n+1
0% (2) = gzk—l(l ke {” —Iic_ 1}["}

l

n+1n—k+1
n+1)[k]/mn—k+1 _
-2y o)

k=i [=0
O
EXAMPLE 2.7. By Definition 2.3 and Lemma 2.4, we can derive
] (s + 1)s s
ﬂ(l,la—l,S)ZW—W‘FS-
Setting s = 1, we have
(1,1,-1; 1) = !
T’ ’ k) E) - 8 .
THEOREM 2.5. The function n(1,...,1, —n;s) can be analytically continued as
an entire function, and the values at nonpositive integers are given by
r—1
n(l, ..., 1, —n; —m) = B0 (e Z2g) . (37)
——
r—1
Proof. Similar to Theorem 2.1, we can obtain this theorem. O

THEOREM 2.6. Form € Z>, 1 € Z>1 and n € Z>o withr > n + 1, we have

N mAr—1 1
n(l,...,l,—n;m+l)=zz< . )(—1)’_’E(") (38)

Lj — j4 ymFr—i+1
I=1 j=0 (n=j+1D

r—1

where E l(nj) is the rational number defined by

M , NIk /m—k+1\/M—1
sy = 3 e IO SN e

M=j+1 k=l J
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Proof. Suppose r > n + 1. By setting an)(z) = Z] -0 E(")(l —z)/ in Lemma 2.4,

we obtain
n+1
(n) M— k+j n+1}|:k:|<n—k+l><M—l)
wy= 5 ey D,

M=j+1 k=i
We can transform (34).
Z‘S 1
77( —n;s) = F(s)/ 1—n(1—€)dt
1 n+1 n )
— (n)/ le—l(n—j-i-l)Lil ’’’’’ 1(1 _ et)dt
F(s) ——
r—I
n+l n 1 1
r —1 - (n)
EY —Ts+r—-)———.
F(S);;O( Lj ( ) ( )(n_J_I_l)S'FI”—l

Setting s = m + 1, we have
n+l n

1
1,...,1,—n;m+l—— lrl m4r—1 .
W(H’l-/ ) [XI:JZO( ) I)V( ) ( —J + 1)m+r—l+1
r_
n+l n
=3 (" et 1 .
gt Lj (n—j+ [ym+r—I+1
This completes the proof. O

REMARK 2.4. Ifr <n 41, we can show a certain formula by using same method.

EXAMPLE 2.8. We have E{\| = 1, E{| = 0, Ej\) = 1, E}/] = —1. Hence, if r =
3 and n = 1 in Theorem 2.6, we have

—1+3 - 1
) o i L

=1 j=0

_mAmD 1
- 2 om+3

(+D2H+m+L

In particular n(1, 1, —1; 1) = %, which corresponds to the result in Example 2.7.
3. & function

In this section, we consider & function, whose indices consist of positive integers and
nonpositive integers. We can give the following definition by Lemma 2.3.



16 T. Hoshi

DEFINITION 3.1. Fork € Zs1,n € Z=o withk > n+ 1 and s € C with Ji(s) > 0,

define - .
1 L (I —e™)
—n,k;s) = —— P Ty 40
E(—n, ks 5) m)/o - (40)

EXAMPLE 3.1. By Definition 3.1 and Lemma 2.3, we can derive
£(0,2;5) =—0(5,2) —¢(s+2)+s¢(l,s + 1) +52(s + 1),
1 1 1 1
§(—1,3;5) = —55(8,2) - EC(S +2)+ ESZ(I,S +1+ ESC(S +1).
Setting s = 1, we have
§(0,2;1)=—-¢(3) +¢(2),
1 1
§(-1,3,1)= —55(3) + 55(2)-

THEOREM 3.1. When k > n + 1, the function £(—n, k; s) can be analytically con-
tinued as an entire function, and the values at nonpositive integers are given

§(=n k;—m) = (=D"Cy™0 (m € Zo). (41)
Proof. Similar to Theorem 2.1, we can obtain this theorem. O

THEOREM 3.2. Form € Z>o, k € Z>1 andn € Z=o with k > n+ 1, we have

n+1
Eenkm+)=3"D" 3 (@ DE@+ 1 a4 1 ar +2).
=0 ay+--+ag—j=m
VajZO
(42)
Proof. We see
1 o Li_, (1 —e!
5(—n,k;s)=—/ A ni(l = e )dt
TGs) Jo e — 1
1 00 1 n+1 -
=—— [ #1'—Y DMLy (1 —eNdr
F(S)./o e’—lg ;L1 =)
n+1
=> "DMek —15). (43)
1=0
For s = m + 1, we obtain
n+1
EC-nkim+1) =Y DVEUk —lim+1).
1=0

Hence, using (16), we can prove this theorem. O
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EXAMPLE 3.2. We have D(O) —1 and D%O) = 1. Hence,if n =0and k = 2 in
Theorem 3.2, we have

£§0,2,m+1)=— Z (a2 +Di(ar+1,a+2) + (m+ 1)¢(m +2).

aj+a=m
In particular £(0, 2; 1) = —¢(1,2) + ¢(2), we implies ¢ (1, 2) = ¢(3) by Example 3.1.
EXAMPLE 3.3. We have D(()l) =0, D{l) = —%, Dél) = % Hence, if n = 1 and
k = 3 in Theorem 3.2, we have
1 1
§(—1,3;m+ l)=—§ Z (a2 + D¢(ar+ 1,a2+2) + §(m+ D¢(m +2).
aj+ay=m
In particular £(—1, 3; 1) = —%{(1, 2)—1—%;“(2), we implies (1, 2) = ¢(3) by Example 3.1.

REMARK 3.1. Fork € Z>1 and n € Zxo, §(k, —n; s) seems to be unable to be
defined by the same method as stated in the previous section. In fact, for example, if & = 1
and n = 0, we see that

£(1,0;8) = L/mf‘—lu (1—eNdt = L/OO
YT T : T

which is not convergent for any s € C. If k = n = 1, we see that

(L —1is) = —— / e Ly (1 — o) + e'Lio(1 — e~
ro Jo

1 o 1 t t
= 7 e + ' — 1)dt
[ (s) ./o

which is also not convergent for s € C. For the definition of &(k, —n; s), it might be
necessary to use another technique (see, for example, [15]). When k <n + 1, §(—n, k; )
might be also unable to be defined.

4. & function
In this section, we consider & function, whose indices consist of positive integers and
nonpositive integers.

REMARK 4.1. Fork € Z=1andn € Z>y, E(—n, k; s) might be unable to be defined.
We can consider in the same way as Remark 3.1.

On the other hand, we can give the following definition by Lemma 2.1.
DEFINITION 4.1. Fork € Z>1 andn € Z>o withk < n and s € C with N(s) > 0,
define (1 )
~ Lig —n(1 —e
k, — ! dt . 44
B, i) = = / AR (44)

REMARK 4.2. The definition ofé(k, —n; s) (k>n)is also unclear (see Remark 3.1).
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EXAMPLE 4.1. By Definition 4.1 and Lemma 2.1, we can derive E(l, —2;8) =

—sz_f + s —3,and

E(1,-2;1) =1,
2, -3 1) =1,
£EB, -4 1) =—1.

THEOREM 4.1. When k < n, the function g(k, —n; §) can be analytically continued
as an entire function. And the values at nonpositive integers are given by

E(k, —n; —m) = Ci ™ (m € L) (45)
Proof. Similar to Theorem 2.1, we can obtain the proof. O

THEOREM 4.2. Form € Z>o,k € Z>1 and n € Z=o with k < n, we have
k=2 n—I—-1

~ J(n 1
Eho—mm+ ==Y % A()("k“)w

=0 j=0 ajy+1+-+ar=m
VajZO

XCapsa + 1, ar—1 + 1, ap 4+ 25 (n— 1 — jI7h

_nX_:A/(n) _ m+1
k=L — ke — j 4 Dymt2

n—k—1 y 1 1
- A - , (46
=0 "”{m—k—j)m“ (n—k—j+1>m+l} o

where A’ [(n]) is a certain integer.
Proof. When k < n, we have
/(n) ( ) /(”) (
Lig,n(2) =z {WLM(Z) + (1 By ———Lix—1(z) +-
/(n) 7(1)

¢ I @ .

++ WLII(Z) + %LIO(Z)] ) 47

where P’ }") (z) is a certain polynomial of coefficients of integers. (When k > n, we have
Lemma 2.1.) By setting P’g”)(z) = Z A/in)l (= 2)7, we have P/(")(l e =
Z WA €. Consider the integral

~ k=2 n—i—1 .
e r()Z 2 A/(n)/ fooe
=0
eti+1

X du -du
e+l — 1 etk—1 — 1 e(n—l—J)uk e k
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7(n) S
+2Ak—1yj(n_k_j+1)s+l

n—k—
7(n) 1 1
+ZA’”{(n— e Earih

We can transform this formula as follows.

~ k 2n— l 1 uj42 ]_‘1 1 _ euH»l eu1+1
Tk —n: )= ——— A [ ( e
F( ) ji o
e“l+2
X ez — 1 Cetil — | e("—l—J)uk dujyz -~ dug

1 A >
+F(S)JZO k=L fo euk(n —k— ]+1)d

n -1 ( ) 50 1
1(n -
) A /0 euk(n —k— /+1)d
n —l— 1A/(n) ugj

o0
S 1— _ Up
T Z/ gy Lig_s(1 — e")duy

0
k 1(n) u
1 o s — Pn [— 1(1 —¢ k) u
=t 120:/0 uj iy Lk (1= e"duy
=—E(k,—n:s)
We make the change of variables u;y1 = X, uj4+2 = Xp—1 + Xk, ..., Ug = Xj+1 + -+ - + Xk
Then, it follows from Lemma 2.2 that for m € Z~,
k=2 n—I—1
T, —n;m + 1 A’(")/ / Xt 4 o )™ x
( )= F( — Z /X_j (X1 )"
ek eXI+2 Xk

dxjy1---dxg

X PN
ek — 1 ettt — e(n—l—J)(X1+1+---+Xk)

n—k m+ 1
/(n)
+ZAk_1’j(n—k—j+l)m+2

n—k—1 1 1
A/(n) _

M PR (e L ey

k—2n—I—1 1

1(n)
> A
120 10 am+tax=m a1+ 1) - -Tlax + 1)
Ya;>0
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aj1 P ar+1
/ / Xpp1 o K- Xk

erl+2 xg 1

X exk _ 1 . ex1+2+"'+xk 1 e("_[—j)(xl+|+m+xk) dx[-‘,—] .. .d_xk

n—

7(n) m+1

+ZA" Litn —k — j + Dyn+2

—k—1
_I_n /(n) 1 _ 1

j=0 Kilm—k—jymtt (n—k— j+ Dmtl
k—2n—I—1

SYS e
(n—1— o+l

xCapga + 1, ar—1 + 1 ap 4+ 25 (n — 1 — jI7h

n—k m+ 1
/(n)
+ZAk_1’j(n—k—j+l)m+2

n—k—1 1 1
A - :
’ /X_;) Sl o=k =T =k =+ 1y

REMARK 4.3. Using the Eulerian polynomial &;(z), we obtain

P )——(n>€n_m(z) O<m<k—1),
m

Pi@= Z( enms 8.

Further A’(") can be explicitly written. However, this is complicated.

EXAMPLE 4.2. We have A'(’y = 2, A’} = —1 and A’’) = 3. Hence, by Theo-
rem4.2,ifk=1andn =2,

m+1

~ 1
(1 =2im+ ) =—27 + (m+ >—3< W)

Setting m = 0, we obtain £(1,—2; 1) = —1. This result corresponds to Example 4.1.

EXAMPLE 4.3. We have A’(4) =24, AW = _36, A’(4) =14, 4D = 1, 4% =
0,1 0,3 1,0
24,4 = =244 =44 = 12,4F) = —6.and Afg}g) = 5. Hence, by Theo-
rem4.2, 1fk—Sandn—4

EG. —4im+D=— > 24a+1)

ay+az+az=m

C*(az + 1, a3 +2; {4))

4+1
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+ Y 36(az+ D¢ (ar+1,a3+2: (31

aj+az+azy=m
- Y 4@+ 1>2a M@+ 1,42+ 25 {2))
ay+az+az=m

+ D @+ DM@+ laz+2:{1P)

aj+axt+az=m

3+1

- ) M@+ Dy +1; (a3 +2:3)
ar+az=m
1
+ Y 2t D@ +2;2)
ar+az=m
> Aaz+ Dtz +2:1)
az+az=m
m + 1

Setting m =0, we obtain & (3, —4; 1) =—62*(1, 2; {4})+12¢*(1, 2; {3})=7¢*(1, 2; {2%)
+62*(1,2; {1}2)—84“*(2; 3)+12¢2%(2; 2)—4¢*(2; 1)+%, which implies —6¢*(1, 2; {4}2)+
12¢%(1,2; {32) = 7¢*(1, 2; {219 + 6¢*(1, 2; {1}%) — 80 *(2; 3) + 120%(2; 2) —4¢*(2; 1) =
—% by Example 4.1.

REMARK 4.4. More generally it seems possible to construct n(ky ..., k.;s) for
ki,....k, € Z,and &(ky ..., ky;s)and E(ky ..., kq;5) for ki, ..., k. € Z under certain
conditions in a similar manner. However, these procedures will be remarkably complicated.
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