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Abstract. Let / be an odd prime. We will construct a tower of connected regular
Ramanujan graph of degree [ + 1 from modular curves. This supplies an example of a col-
lection of (I 4 1)-regular graphs whose non-zero eigenvalues of the Laplacian are contained
in the interval [(+/I — 1)%, (+/I + 1)?]. We also show graph (or Thara) zeta functions satisfy
a certain reciprocity law.
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1. Introduction

Let p be a prime satisfying p = 1 (mod 12) and let us fix an odd prime / different from
p. In[25] we have constructed a connected regular Ramanujan graph Gg) (1) of degree /+1
non-bipartite. The number of vertices Gg)(l) is (p — 1)/12 and the Euler characteristic is
(p—DA-=D
24 '

The graph G;,l)(l) is regarded as a graph of level one. In this paper we will construct a
connected non-bipartite regular Ramanujan graph of degree / 4- 1 of a higher level.

X(GY ) =

In the following let p be a prime such that p = 1 (mod 12) and / an odd prime different
from p. Let NV, ; be the set of square free positive integers such that every member N is
prime to /p. Then to each N of V), ;, a connected non-bipartite (! + 1)-regular Ramanujan
graph Gg)(N ) of which the number of vertices is V(N) := M will be assigned.
Let 20(GY(N)) < A(GY(N) < -+ < Ayan—1(GY(N)) denote eigenvalues of the
Laplacian of G\ (N). Since G (N) is connected 19(G') (N)) = 0 and A1 (G (N)) is
positive. A relationship between the adjacency matrix and the Laplacian (cf. (2)) shows
that

) P (GP(N)) = (1 +1) — 2 (GV(N))

23
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is an eigenvalue of the adjacency matrix.

THEOREM 1.1. (1) Fori > 1.
WI—1? < m(GD(N) < WI+ 12 YN €Ny
(2) Let M and N be elements of N, satisfying M|N. Then Gg)(N) is a covering of
Gg)(M) of degree o1 (N /M) and
P (GP(N)) = p'(GY (M), 1(GPIN) < 1(GY(M)).
Here o1 is the Euler function defined by

o1(n) = Zd.

d|n

Our tower of Ramanujan graphs {G;,l) (N)}nen,, has an interesting geometric property. In
order to explain further we recall the (discrete) Cheeger constant. In general let G be a
connected d-regular graph of n vertices. The Cheeger constant 42(G) of G is defined by

as
h(G) = min{||T|| LS CV(G), 0<]|S| < %},

where V (G) denotes the set of vertices and

3S = {{u,v) e GE(G) : ueS, ve V(G)\S).

Here GE(G) is the set of geometric edges (i.e. the set of unoriented edges, see §2) and

| - | denotes the cardinality. Then the smallest non-zero eigenvalue 11 (G) of the Laplacian
satisfies ([2] [26])

= h(G) = v2d11(G)

and the next corollary is an immediate consequence of Theorem 1.1.

ri(G)
2

COROLLARY 1.1. (A gap theorem)

WI-1)>

= h(GW(N)) < V20 + DT+ 1)
forany N € N,y ;.
In general the graph zeta function (or the Thara zeta function) Z(G) () is defined for a finite
connected graph G. Although a priori Z(G)(¢) is a power series of ¢, the Thara formula

tells us that it is a rational function (see Fact 2.1). We will show that the zeta functions of
our graphs satisfy a reciprocity law.

THEOREM 1.2. (A reciprocity law) Let p and q be distinct primes satisfying p =
g = 1 (mod 12) and [ an odd prime different from p and q. Then

Z(Gp @)W _ ZG ()
ZGYanw?  zGPana?

In particular
ZGP @) = ZGP(p)(1) mod Q).
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Here is an application of Theorem 1.1 to modular forms. As before let p be a prime
satisfying p = 1 (mod 12) and N a square free positive integer prime to p. Then the spaces
of cusp forms S (I'g(pN)) and one of p-new forms S>(I'o(pN)) pn/n of level pN (see §4,
especially (21)) have decompositions
$2(To(pN)) = @uCfa,  S20T0(pN)) pn/n = B4 C Sy,

where f, and f are normalized Hecke eigenforms of character & and x (cf. Theorem 4.1
and (22)). Using the result due to Alon-Boppana ([1] [2]) we will show the following.

THEOREM 1.3. Let p be a prime satisfying p = 1(mod12) and | an odd prime
different from p. Let {r;}72, be a set of mutually distinct primes not dividing Ip. Set

k

Ni =T1;_, ri and then

Jim Max{ai(f,) : S2(Co(pNi) /v = 85 Cfy} = 2V,
where a;( fy) denotes the [-th Fourier coefficient of fy. In particular

Jim Max{a(fa) = S2To(pNi) = @aC o) = 21

Acknowledgment. The author is very much obliged to the referee who points out
mistakes and gives kind comments.

2. Basic facts of the zeta function of a graph

A (finite) graph G consists of a finite set of vertices V (G) and a finite set of oriented
edges E(G), which satisfy the following property: there are end point maps,

dop, 01:E(G)— V(G),
and an orientation resersal,
J: E(G) — E(G), J?=identity,

such that 9; o J = 91—; (i = 0, 1). The quotient E(G)/J is called the set of geometric
edges and is denoted by G E(G). We regard an element of ¢ € GE(G) as an unoriented
edge and if its end-points are # and v we write e = {u, v}. For x € V(G) we set

Eij(x) ={ec E(G)|dj(e) =x}, j=0,1.

Thus JE;(x) = E1—;j(x). Intuitively Eo(x) (resp. E1(x)) is the set of edges departing
from (resp. arriving at) x. The degree of x, d(x), is defined by

d(x) = [Eo(x)| + [E1(x)].

E(G) is naturally divided into two classes, loops and passes. An edge e € E(G) is called a
loop if dp(e) = 91 (e) (i.e. the two ends points of e coincide) and is called a pass otherwise.
Let p(x) be the number of passes starting from x. On the other hand /(x) denotes the half of
the number of loops at x, that is /(x) is the number of geometric loops. Note that, because
of the involution J, if we replace "departing" by "arriving" these number does not change.
By definition, it is clear that

d(x) =2l(x) + p(x).
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We set g (x) := d(x)— 1. Let Cp(G) be the free Z-module generated by V (G) with vertices
as the natural basis. We define endomorphisms Q and A of Cy(G) by

0x) =qx)x, xeV(G),
and
Ax)y= > dile). xeV(G),
e€E(G),dp(e)=x
respectively. Note that because of the involution J,
A= Y doe).
e€E(G),01(e)=x
The operator A will be called the adjacency operator. We sometimes identify it with the
representing matrix with respect to the basis {x}xcv (). Thus the yx-entry A, of A is the
number of edges departing from x and arriving at y. The orientation reversing involution J
implies
Axy = Ayx.
Note that A,y = 2[(x) and p(x) = Zy#x Ayy. Ifd(x) =k forall x € V(G), G is called
k-regular.

Connecting distinct vertices x and y by geometric A, ,-edges and drawing %Axx-loops
at x, the adjacency matrix A determines an unoriented 1-dimensional simplicial complex.
We call it the geometric realization of G, and denote it by G again. We say that G is
connected if the geometric realization is. The Euler characteristic x (G) is equal to |V (G)|—
|GE(G)|, hence if G is connected, the fundamental group is a free group of rank 1 —
[V(G)| + |GE(G)|. For a later purpose, we summarize the relationship between a graph
and its adjacency matrix.

PROPOSITION 2.1. Let A = (a;j)1<i, j<m be an m x m-matrix satisfying the follow-
ing conditions.

(1) The entries {a;j};j are non-negative integers and satisfy
ajj = daji, Viandj.
(2) aj; is even for every i.

Then there is a unique graph G whose adjacency matrix is A. Moreover, G is k-regular if
and only if one of the following equivalent condition satisfied :

(a) .
Za,’j =k, Vj
i=1

(b)

m
Za,’j =k, Vi
j=1
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In the following, a graph G is always assumed to be connected. A path of length m is a
sequence ¢ = (e, - -+ , ep) of edges such that dp(e;) = d1(ej—1) forall 1 < i < m and the
path is reduced if e; # J(ej—1) forall 1 < i < m. The path is closed if dp(e1) = 91(em),
and the closed path has no tail if e,, # J(e1). A closed path of length one is nothing but a
loop. Two closed paths are equivalent if one is obtained from the other by a cyclic shift of
the edges. Let €(G) be the set of equivalence classes of reduced and tail-less closed paths
of G. Since the length depends only on the equivalence class, the length function descends
to the map;

[:¢€(G)— N, I(c]) =),
where [c] is the class determined by c. We define a reduced and tail-less closed path C
to be primitive if it is not obtained by going r (> 2) times some another closed path. Let
B(G) be the subset of €(G) consisting of the classes of primitive closed paths (which are
reduced and tail-less by definition). The graph zeta function ( or Thara zeta function) of G

is defined to be |

zo =[] —m
[c]leB(G)

Although this is an infinite product, it is a rational function.

FACT 2.1 ([4], [11], [12], [16], [24]).

(1 — t2)x(G)

et[1 — At + 0121

FACT 2.2 ([25]). Let G be a k-regular graph with m vertices. Then the Euler char-
acteristic x (G) is

Z6)®) =4

m2 — k)
—

REMARK 2.1. Note that the Euler characteristic does not depend on the number of
loops.

Let E,-(G) C E(G) be a section of the natural projection E(G) — G E(G). In other word
we choose an orientation on geometric edges and make the geometric realization into an
oriented one dimensional simplicial complex. Let C1(G) be the free Z-module generated
by E,»(G). Then the boundary map

d:C1(G) = Cpo(G)
is naturally defined. Let 8" be the dual of 8 and the Laplacian A of G is defined to be
A = 99". Itis known (and easy to check) that ([27], [11]),
) A=1—-A+0Q.

Now let G be a connected k-regular graph. Since 0 is an eigenvalue of A with multiplicity
one, (2) shows that k is an eigenvalue of A with multiplicity one. Because of semi-positivity
of A we find that

x(G) =

|A| < k for any eigenvalue A of A

and that —k is an eigenvalue of A if and only if G is bipartite ([27], Chapter 3). Here
G 1is called bipartite if the set of vertices V(G) can be divided into disjoint subset V() and
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V1 such that every edge connects points in Vj and V1, namely there is no edge whose end
points are simultaneously contained in V; (i = 0, 1).

DEFINITION 2.1. Let G be a k-regular graph. We say that it is Ramanujan, if all
eigenvalues A of A with |L| # k satisfy

A < 24k — 1.
See [15], [16], [19] and [28] for detailed expositions of Ramanujan graphs.

A map f from a graph G’ to G is defined to be a pair f = (fy, fg) of maps
fv:V(G) — V(G), fe:E(G)— E(G)
satisfying
0 fE = fvoi, i=0,1.
Suppose that G and G’ are connected. If there is a positive integer d such that | f,, )| =

Ifb?l(e)l = d forany v € V(G) and e € E(G), f is mentioned as a covering map of
degree d.

3. A construction of a Ramanujan graph

Although there are several ways to construct a Ramanujan graph (eg. [17] [18]), we
adopt the construction due to Pizer([20]), which is most suited to our program. Let p be
a prime, and B the quaternion algebra over Q ramified at two places p and co. Let R be
a fixed maximal order in B and {I1, --- , I,,} be the set of left R-ideals representing the
distinct ideal classes. We choose 11 = R and say n the class number of B. For 1| <i <n,
R; denotes the right order of I;, and let w; be the order of RiX /{=£1}. The product

(3) W= ﬁwi
i=1

is independent of the choice of R and is equal to the exact denominator of pl—_zl ([8] p.117)
and Eichler’s mass formula states that

iz wj 12
Let I be an algebraic closure of IF,. There are n distinctisomorphism classes {E1, - - -, E,}
of supersingular elliptic curves over IF such that End(E;) >~ R;.
Now we assume that p — 1 is divisible 12. Then pl—_zl is an integerand W = [/, w; = 1,
namely w; = 1 for all i. Hence by Eichler’s mass formula

p—1

4 =—
“) n B
We fix an odd prime [ different from p and let \V},,; denote the set of square free

positive integers prime to Ip. For N € N, ;, an enhanced supersingular elliptic curve of
level N is defined to be a pair E = (E, Cy) of a supersingular elliptic curve E and its
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cyclic subgroup Cy of order N. A homomorphism ¢ from E = (E, Cy) to E' = (E’, C})
is defined by a homomorphism ¢ : E — E’ satisfying

$(Cn) = Cy.
Let X be the set of isomorphism classes of enhanced supersingular elliptic curve of level
N defined over . Then the cardinality v(N) of Xy is

(p — Doi1(N)
5) VN =, ) =) d.
d|N
Here o1 () counts the number of cyclic subgroups of E of order N. Let Hom(E;, E;)(/)
denote the set of homomorphisms from E; to E; of degree /. We define the Brandt matrix
Bl(,[) (N) is defined to be a v(N) x v(N)-matrix whose (i, j)-entry is

1
(6) bij = §|Hom(Ej, E)D].
The following result is proved in [25] Proposition 3.1.

PROPOSITION 3.1. Let N € Ny ;. Then the Brandt matrix B,(,’)(N) =(bij)1<i, j<v(N)
satisfies the following.
(1) Every entry is a non-negative integer and B;,l) (N) is symmetric;
b; = b ji-
(2) The diagonal entires {b;;}; are even for all i.

(3) Foranyi =1,---,v(N),
n
Y bij=1+1.
j=1

By Proposition 2.1 there is a regular graph Gg) (N) of degree [ + 1 whose adjacency matrix
is B1(7[) (N). In Theorem 5.1 we will show that it is a connected non-bipartite Ramanujan
graph.

REMARK 3.1. We compare our construction of a Ramanujan graph with another
one (eg. [12][16][17][28]). Let Z be the center of B* and set D = B*/Z. Let! be a prime
different from p. Since B is unramified at [, D(Q;)/D(Z;) = PGL,(Qy)/PGL>(Z;) which
is the (I + 1)-regular tree with the action of the Hecke operator 7; as adjacency operator.
Let K be an open subgroup of ] g#l,00 D(Zg) and let

Ik = DQ N DER)D@Q)K.
Then

G (K) = T \D(@Q)/D(Zr)
is an (/ 4 1)-regular Ramanujan graph (possibly with multiple edges). For example let us
take N € N ; and we choose K = [, o, Kq to be

[‘Cl 3} a,b,c,d €Zy, c=0(mod q), if ql|N

a maximal compact subgroup of D(Qy) if q1IN,

Ky =



30 K. SuGciyama

b
d

Ko(N) denote the defined compact subgroup. Then GE,[) (Ko(N)) is G;,l)(N ) under our

notation. Hashimoto shows that Gg)(IC) has no multiple edge if p = 1(mod 12), which
coincides with Proposition 3.1 (cf. (7.14) of [9]). More precisely, in (7.14) of [9], he has
shown that Gg)(l) is a quotient of the regular tree of degree [ + 1 by a torsion free group.
He also proved that the class number of the function field of the modular curve Xo(p)r,

over [F; equals (g + 1)« (Gg)(l)). Here g is the genus of Xo(p)r, and K(Gg)(l)) denotes
the complexity of Gg)( 1).

THEOREM 3.1. Let M and N be elements of N, such that M is a divisor of N.
Then there is a covering map

where [ i fl i| € PGLy(Zy) is the equivalent class of < i € GLa(Zy). We let

mnm  GON) — GY(M)
of degree o1 (N /M)

Proof. Although this is clear from Remark 3.1 since Ko (N) is a subgroup of Ko(M)
with index o1(N /M), we will show another geometric (and elementary) proof. Since N is
square free M and N /M are coprime. Thus a cyclic subgroup Cy is written by

Cu =Cu®Cn/m
and we define
vy 2 VIGP(N) = V(G (M), (anm)v(E, Cy & Cnym) = (E, C).
Since the number of cyclic subgroups of E of order N/M is o1(N/M), |7t]§/1M(v)| =
o1(N/M) forany v € V(G (M)). By definition an edge of G\ (N) from E = (E, Cy &
Cnm)toE = (E',C), & C;V/M) is a homomorphism f from E to E’ satisfying
F(Cu)=Cly FCnpm) =Ch-
Forget the homomorphism of cyclic subgroups of order N/M and we have
Hom(E, E')(1)/{£1} — Hom(wn/m (E), 7ty m (EN) (1) /{£1},
which defines a map of the set of edges
(nm)E © EGV(N) > E(GY (M)
satisfying
0io(mn/m)E = (Tn/M)v 00, i =0,1.

One finds that this map has degree o1 (N /M). In fact let g be an element of Hom(rry s (E),
an/m(EN) (D). Thus g is a homomorphism from E to E’ of degree / satisfying

9(Cu) = Cly.

Let Cn/m be a cyclic subgroup of E of order N/M and we set C;V/M = g(Cnym)- Then
we have a homomorphism of enhanced supersingular elliptic curve of level N

9:(E,Cu ®Cnym) — (E',Cyy & Cy )
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which defines an edge of G;,l)(N ). The number of cyclic subgroups of order N/M (i.e.
choices of Cy/pr) is 01(N /M) and the claim has been proved. O

4. A spectral decomposition of the character group

In this section we will establish a geometric version of Jacquet-Langlands correspon-
dence (Theorem 4.2) and its real version (Theorem 4.3).

For a positive integer N, let S2(I'g(N)) denote the space of cusp forms of weight 2 for
the Hecke congruence subgroup

To(N) = {( ‘C’ Z ) €SLy(Z): ¢ =0(modN)).

Let Yo(N) be the modular curve which parametrizes isomorphism classes of a pair E =
(E, Cy) of an elliptic curve E and its cyclic subgroup Cy of order N. It is a smooth curve
defined over Q and the set of C-valued points is the quotient of the upper half plane by
I'o(N). Let Xo(NN) be the compactification of Yo(N). Itis a smooth projective curve defined
over Q and has the canonical model over Z which has been studied by [7] and [13] in detail.
The space of cusp forms S»(I'g(V)) is naturally identified with the space of holomorphic 1-
forms H%(Xo(N), Q) and in particular with the cotangent space Coto(Jo(N)) at the origin
of the Jacobian variety Jo(N) of Xo(N).

For a prime p with (p, N) = 1, Xo(N) is furnished with the p-th Hecke operator
defined by

) T,(E,Cy) := ) (E/C,(Cy+C)/C),

c
where C runs through all cyclic subgroup schemes of E of order p. If p is a prime divisor
of N, an operator U), is defined by

®) Up(E,Cn) = Y _(E/C,(Cy +C)/C)

C#D
where D is the cyclic subgroup of Cy of order p. By the functoriality, Hecke oper-
ators act on Jo(N) and Coto(Jo(N)) = S2(I'9g(N)) and the resulting action coincides
with the usual one on $>(I'g(NV)) (see [23]). We define the Hecke algebra as To(N) :=
ZI{Tp}(p,N)=1, {Up}pin}], which is a commutative subring of End(Jo(N)). The effects of
Tpand Upon f =Y 02 ang" € SH(T'o(N)) are

©) flUy =Y apq"
n=1
and
(10) FITy = (apn + panp)q".

n=1
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Here a,,/, = 0if n/p is not an integer.

DEFINITION 4.1. For a positive integer M, we define a subalgebra To(N)™) of
To(N) to be the omitting of Hecke operators from Ty(N) whose indices are prime divisors
of M, that is

To(N)M = ZI{Tp} p.Nmy=1, {Up} pIN, (p,s)=1}-
We call an algebraic homomorphism from To(N)™) to C as a character. If the image is
contained in R it is referred as real.

Let M be a positive integer and f an element of S>(I'g(M)). For a positive integer d
we set
D) = f(dz) € $1TodM).

DEFINITION 4.2. Let N be a square free positive integer and let M be a divisor of
N. For adivisor d of N/M we define

$ToM)D = {fD(2)| f € $1(To(M)} C S2(To(N)).
The space of old forms of level N is defined to be
S ToONoa = Y. Y. SHTo(M)D C S(To(N))
M|N,M#N d|(N/M)
and the orthogonal complement of S>(I'o(N)).iq for the Petersson product is called by the
space of new forms and denoted by S2(I'o(N))new -

Let N be a square free positive integer and let g be a prime not dividing N. Since the
action of 7, on $2(I'g(V)) is self-adjoint for the Petersson product and since S>(I'o (V) o14
is stable by T, S2(To(N))yew is stable by To(N)™N). This implies that S>(To(N))new
admits a spectral decomposition by Ty (N YN We will show that S»(Io(N)) has an irre-
ducible decomposition of multiplicity one by the action of the full Hecke algebra To(N)
(Theorem 4.1), which plays a key role in our story. Although this fact should be fairly
well-known, we will show a proof since we could not find appropriate references. In prov-
ing the theorem, a key fact is the following, which is mentioned as multiplicity one ([3]

[14]).

FACT 4.1. Let N be a positive integer (which may not be square free) and f =
Z;O:I anq™ an element of S>(I'g(N)). Suppose that a, = 0 for all n with (n, ) = 1, where
t is a fixed positive integer. Then f € S2(I'o(N))oia-

This fact yields an irreducible decomposition as a Ty (N )-module
$2(To(N)new = GaS2(T'0(N))new (@)

by real characters such that every irreducible component has dimension one. Here
S$2(To(N))new (o) denotes the isotypic component of o

S$2To(NDnew (@) = {f € S2(Do(N)new | fIT = a(T)f, VT € To(N)},

which is spanned by the normalized Hecke eigenform. Moreover since N is square free
ay = £1forg | N ([10] Lemma 3.2). By the definition of the space of new forms we have

(11) S2(To(N)) = ®umin (@ajv/mn S2(To(M)) D).
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Fix a divisor M of N and let us consider the subspace

Su = ®ajv/m S2(Lo(M)D),.

Let N/M =1 -- -1, be the prime decomposition. Then there is an isomorphism as vector
spaces

(12) Sm = SH(To(M))E2]

new *

We will explicitly describe this isomorphism.

PROPOSITION 4.1. Let N be a square free positive integer and M a divisor of N.
Let f € $(T0(M))new be a normalized Hecke eigenform. Then for € = (¢, -+ , €p,)
(€, = L) there is a normalized Hecke eigenform fc of level N satisfying the following
conditions.

(1) If q is a prime not dividing N/ M
aq(fe) = aq(f)-

(2) “
ai, (fe) :alii
where
C\{l_:_:ali(f);_\/A_i7 Oll?:ali(f)z_\/A_is Ai=all(f)2_4li(<o)~

(*)
[

Moreover the 2™ complex numbers {« SR al(:)} are mutually different.

Proof. In general let p be a prime and F a square free positive integer prime to p.
We have two degeneracy maps o, B, : Xo(pF) — Xo(F) defined by

ap(E,Cp, ®Crp) =(E,Cr), PBp(E,C,®CF)=(E/Cp,(Cr®CF)/Cp),
which induces linear maps
(13) ay, Byt S2(To(F)) — $2(To(pF))
whose effects on f =Y 72 | anq" € S2(Io(F)) are

o0 o0

(14) ar(f)=f=) anq". Byf)=fP =Y anq"
n=1 n=1

LetT be T, (rtpF)orU;(l | F). Then T commutes with ap and B, and

oy + B

$2(To(F)) @ $2(Fo(F)) ——— Sa2(lo(pF))

(15) (T. T)l Tl

a; + /5;
$2(To(F)) & $2(To(F)) ——— S2(To(pF)).
Using (14) and (15) we will inductively construct f. by the number of prime divisors m.
We set M, = Mly---1,(im > 1) and My = M. Suppose that we have constructed a
desired normalized Hecke eigenform f. € S2(I'o(M;,—1)) of character x.. For a prime r
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different from I,,,, we let T be T, or U, according to r + M, or r | My,_;, respectively.
Then (15) implies

C{* /S*
S2(To(Mn—1)) ® $3To(Mu_1)) ~2 1% §5 (Co(Myn)
(16) (T, T)l Tl
ot + B
2 (T0(Mm—1)) ® S>To(Mu—1)) —=% 5 (To(Myn)).
Hence
al*m (fOlT = C(Zn (felT) = XE(T)O(E; (fe)
and

Bl (FOIT = B} (eI T) = xe(T)B] (fo).
Define a character
X To(Mp) ' — €

by

xImM(T) = xe(T),
and oz,*m (fe) and ,3;':” (fe) are To(M,,) ) -eigenforms of the same character Xg(l’”). Let us
investigate the action of Uj,,. By (9), (10) and (14)

< af (folU, ) _ ( a,, (fo)  —ln ) < o (fe) )
Bi (folUi, 1 0 Br (fo) )
Use the assumption (1) and the characteristic polynomial of U, is

(1) =12 — ay, (f)t +ln =17 — ay,, ()t + L.

Since f is a normalized Ty (M )-eigenform which is new, the discriminant A,, = ay,, (f )2 —
41, is negative ([S]). Therefore the eigenvalue of Uj,, are mutually distinct and contained
in C \ R. Set

+ _ a,(f)+VAn - a,(f) = VAn
(17) o =00 o =
" 2 " 2
and let f.* and f be the corresponding normalized cusp form of level M,, satisfying

o, =t fF 710, = f7
Extend Xe(l"’) to a character Xj and x. of To(M,,) = ']I‘O(Mm)(lm)[Ulm] by
xS W) =ab, xS WUL,) =« .

Then f" and f; are To(M,,)-eigenforms whose characters are x and x., respectively.
Observe that oe,: and oe,;l are different from each of {oz;i“, altf M<i<m—1, where

+ ali(f)+VAi — ali(f)_\/Ai
o =, o =,
i 2 i 2
In fact if a;rn = al‘:’ (1 <i <m — 1), comparing their real and imaginary part we conclude
a,, (f) =a,(f), Am=A;

A =a;(f)* —4l;.
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which implies [,,, = [;. Thus we have constructed normalized 2™ Hecke eigenforms of level
M,, from f whose characters are mutually different. O

Proposition 4.1 yields a spectral decomposition of multiplicity one
(18) Su = @pCrp
where fg is the normalized Hecke eigenform of character 8. Let M’ be a divisor of N
different from M and we consider the decomposition (18) for M’,
The following lemma shows that every character 8 in (18) is different from each of B’ in
(19).

LEMMA 4.1. Let f € S2(To(Nf)new (resp. g € S2(To(Ng))new) be a normalized
Hecke eigenform. If there is a positive integer t such that

ai(f) = ai(g)
Sor any prime l with 1 { t, then f = g.

Proof. Let K ¢ (resp. Kg4) be the number field generated by Fourier coefficients of f
and (resp. g) over Q and let K be the minimal extension of Q that contains K r and K.
We fix a prime [ satisfying / { Ny N, and that completely splits in K. Corresponding to f
and g, there are absolutely irreducible representations

pri: Gal(@/Q) — GL2(Q),  pgu : Gal(Q/Q) — GL2(Q)
of the conductor Ny and N respectively which satisfy

det(t — pri(Froby)) =1* —a,(f)t +q, (q,INs) =1
and

det(t — pg.i(Froby)) = t* —ag()t +q, (q,INy) = 1.
([6] Theorem 3.1). Here Frob, is the Frobenius at a prime g. Let S be a finite set of
primes. Since a semi-simple representation p; : Gal(Q/Q) — GL»(Q)) is determined by
values Trp;(Frob,) on the primes g ¢ S at which p; is unramified ([6] Proposition 2.6

(3)), the assumption implies that ps; = pg; and in particular Ny = N4. Now we deduce
that f = ¢ from Fact 4.1. O

REMARK 4.1. Here is an another way to see that any g in (18) is different from
each of 8" in (19). If necessary changing M and M’, let r be a prime divisor of M’ not
dividing M. By the construction ’(U,) € R and B(U,) € C\ R and therefore 8 and B’ are
different.

For a character o of To(N), let S2(I'o(N))(«) denote the isotypic component of «,
$2(To(N) () ={f € Sa(Co(N) | fFIT =a(T) f, VT € To(N)}.

THEOREM 4.1. (Strong multiplicity one) Let N be a square free positive integer.
Then there is an isomorphism as To(N)-modules

$2(T'o(N)) = BaS2(I'o(N)) ()
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such that every irreducible component has dimension one and is spanned by the normalized
Hecke eigenform fy. The index o in the decomposition runs through the set of closed points
Spec(To(N))(C) and there is an isomorphism

@ : To(N) ® C =~ I1 C
aeSpec(To(N))(C)
such that the composition with the projection 1wy to the a-factor is o :
Tg 0 ® =a.

Proof. The previous argument and (11) show that S>(I'g(N))(«) is a C-linear space
generated by a normalized Hecke eigenform f, and we have an irreducible decomposition
of multiplicity one

(20) $2(To(N)) = BaS2(To(N)) ().

The linear isomorphism

o
Homc(To(N), €©) = $1(To(N).  p > Y o(Tw)g"
m=1
implies that {«} in the right hand side of (20) is the set of closed points Spec(To(N))(C) and
{ fa}aeSpec(To(v))(C) 18 a basis of S2(Ig(N)). Now the desired decomposition of To(N) @C
is obvious. 1

Let p be any prime (not necessary p = 1(mod 12)) and N a square free positive integer
prime to p. We define the space of p-new forms S»(I'o(pN))pn/n to be the orthogonal
complement of a; ($2(To(N))) + ,8; ($2(To(N))) in S2(T'o(pN)) for the Petersson inner
product. Then (11) and (14) imply

@ $2(To(PN) pv/N = @y ajvymy S2(To(pPMLD),
and by Theorem 4.1 we have a decomposition of T (/N )-module of multiplicity one
(22) $2(Co(pN)) pn/nv = @5 Cfy.

Here f, is a normalized Hecke eigenform whose character is x. Let To(pN),n/n be
the restriction of To(N) to this space. Then the set of characters in (22) coincides with
Spec(To(pN)pn/n)(C) and there is an isomorphism

(23) ® : To(pN)pn/n @ C = I C
x €Spec(To(pN) pn/n)(C)
such that the composition with the projection 7, to x-factoris x :
Ty o®=y.
Using [21] we will clarify a relationship between S (I'o(pN)) pn/n and the Ramanujan
graph Gg) (N).

By the functoriality «, and ), induce a homomorphism
24) ob, B Jo(N) = Jo(pN)
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and we define a subvariety
Jo(PN) p—otd = oty Jo(M) + B, Jo(N) C Jo(pN)
which is called as p-old subvariety. We define p-new subvariety to be the quotient
Jo(pN)pn/n = Jo(pN)/Jo(PN) p—ola-

Now we consider the actions of Hecke operators. Let 7 be 7, (r  pN) or U; (I | N). Then
T commutes with ), and 8, and

al*) X ﬂ;
Jo(N) x Jo(N) —— Jo(pN)
(25) (T, T)l Tl

@ X By
Jo(N) x Jo(N) ——> Jo(pN).

and Jo(pN)p—o1a is To(pN)P)-stable. By [21] Remark 3.9 Jo(pN) ,—oiq is also pre-
served by U, and it is To(pN) = ’]I‘O(pN)(P)[Up]-stable. Therefore Jo(pN)pn/n admits
the action of To(pN) and the image of To(pN) in End(Jo(pN)pn/n) is temporary de-
noted by T’. Having identified the holomorphic cotangent space of Jo(pN),n/n at the
origin with $>(T'o(pN)) pn/n let us consider the representation of End(Jo(pN)pn/n) On
S2(To(pN)) pn/N - Then the image of T" in End(S2(To(pN)) pnyn) is To(pN) pnyn. Since
representation of End(Jo(pN)pn/n) on S2(Do(pN)) pnyn faithful, T and To(pN) pn /N
are isomorphic and we identify them.

It is known that the Néron model of Jo(pN)pn/n over SpecZ has purely toric reduc-
tion 7" at p. Let us describe its character group. Xo(pN)r, has two irreducible components
Zr and Zy, which are isomorphic to Xo(N )]F,,' Over Zp (resp. Zy) the parametrized
cyclic group Cp, of order p is the kernel of the Frobenius F (resp. the Verschiebung
V). ZF and Zy transversally intersect at enhanced supersingular points of level N, that
sy ={Ef,--- ,Eyv)}. Set

Xy = &) ZE;
and we adopt {Ey, --- , E, ()} as a base. We define the action of Hecke operators on Xy
by (7) and (8) and let T denote a commutative subring of Endz (X ) generated by Hecke
operators. Let us consider the boundary map of the dual graph of Xo(pN)F,,,

0: XN > ZZr ®ZLZE, OE;) =Zp—Zy.
Being X 5\(,)) the kernel of 9, we have the exact sequence of Hecke modules
(26) 0—>X§3)—>XN—8>ZG—>O, e=Zr—Zy.
For brevity let us write E; by [i]. Then
a([il)=e, 1<Vi<n

and

n n
Xy = ailillai € Z, Y a; = 0}.
i=1 i=1
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The the restriction To of T to X 5\(,)) has the following description. By [21] Proposition 3.1,
X 5\(,)) is the character group of the connected component of the torus 7. By the Néron
property, 7 admits the action of To(pN),n/N(= T') and the induced action on XE\(,))
is To. Therefore Ty is the image of To(pN)pn/n in EndZ(XZ(\(,))). Since the action of
To(pN)pnN/N ON XE\(,)) is faithful ([21] Theorem 3.10), Ty and To(pN),n/n are isomor-

phic and they will be identified from now on. The following theorem is a geometric version
of Jacquet-Langlands correspondence.

THEOREM 4.2. Let N be a square free positive integer. There is an isomorphism as
To(pN)pn/N-modules

Xz(\(/)) ® C >~ $2(Co(pN))pN/N -

Proof. As we have mentioned before, the action of To(pN)pn/n On Xz(\(/)) is faithful
([21] Theorem 3.10). Since the characters {x} in (22) are mutually different and by (23)
we see every irreducible component of (22) should appear as irreducible factor of X 5\(,)) ®C.
Thus S>(T'o(pN)) pn/n is contained in XI(\(/)) ®C. On the other hand the rank of XF\(,)) is equal
to dim7 = dimJy(pN),n,/n. Since the holomorphic cotangent space of Jo(pN),n/n at
the origin is S2(To(pN)) pn/N

dimX )’ ® C = dimSy(To(pN)) py/n -
and the claim is proved. (]
Let us state a real version of Theorem 4.2. Since the character of a normalized Hecke-
eigen newform is real, using (15) and (20), Theorem 4.2 yields an decomposition as a
To(pN)pn/Ny ® R-module
0
XV @R=a,V(),

where

V)= e XV @R|TW) =y(T)v VT € To(pN) 2}

V)= N =V 0APIN) N NI

Here y is the real character of To(pN );I;\I/\?N which is the restriction of the character of the

normalized Hecke eigen newform f, whose level N, satisfies

N, = pM, M]|N.
Lemma 4.1 shows that {y} are mutually different. Let N/M = [;---l, be the prime
decomposition. We write

@7 To(pN)pn/n ® R = (To(pN)j\ ) ® R) @& RIU, -, U]
and V(y)isaR[U,,, -, Uy, ]-module. As we have seen in the proof of Proposition 4.1,

the characteristic polynomial of Uy, is P, (Uy,) = U,%—ali (fy)U;+l; anddimg V (y) = 2™.
Therefore

V(y) ~ R[U[l, cee, U[m]/l,
where / is an ideal of R[Uj,, --- , Uy, ] generated by the polynomials { P, (Uj,)}i=1,...,m-

Viewing R f}, as a To(pN );AI/\,//AI/[\,) ® R-module, we write it by R fV(N/ M) Using (27) we see

V) = RN @ RIU, -+, Uy, I/
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as To(pN)pn/v ® R-modules. Thus we have proved a real version of Theorem 4.1 and
Theorem 4.2.

THEOREM 4.3. (Weak multiplicity one) There is an irreducible decomposition
XV oR=a,V(y)

as a To(pN) pn/n ® R-module. Here {y} runs through the real characters of normalized
Hecke eigen newforms { f, },, such that the level Ny, of f, satisfies Ny, = pM where M is
adivisorof N. Let N/M =l - - - 1, be the prime decomposition. Then a To(pN) pn/n QR-
module V (y) is defined to be

V() xRN @ RIU,, -+, Uy, 1/ D).
Here the action of To(pN)pn/N @ R is defined via (27) and I is an ideal generated by
polynomials { P, (Uy;)}i=1,... m where
Py(Uy) = UL — ai,(f,)Uy, + ;.

Moreover the characters {y} are mutually different.

Let [ be an odd prime different from p. Remember that N € N}, ; is the set of square
free positive integers prime to /p.

THEOREM 4.4. (Monotonicity) For N € N let pll (N) be the largest eigenvalue
of the Hecke operator Tj ofXj(\(,)) Q® R. Then for M, N € N, such that M|N,

pL(N) > pl (M)

Proof. Theorem 4.2 (or Theorem 4.3) shows that, under the decomposition (22),
pll (N) is the maximum of /-th coefficients of Hecke eigenform {f,},. By (21) we find
S>(To(pM)) ppyym is contained in S (I'o(pN)) pn/n and the claim is obtained. ]

5. Properties of the graphs

Let p be a prime satisfying p = 1(mod 12) and / be an odd prime different from p.
Let us take N € N .1 For brevity we write E; = (E;, Cy) and let I'; be the set of cyclic
subgroups of E; of order /. The bijective correspondence

Hom(E;, E;)(I)/£1 =Ty, f+ Kerf.

shows that the Brandt matrix B;,”(N ) is the representation matrix of 7;. Since Bl(,l) (N) is
symmetric, the eigenvalues are all real. It is easy to check that e = Zr — Zy (cf. (26))
satisfies
Ti(e) = (I + De
and since 0 in (26) commutes with 7;, [ 4+ 1 is an eigenvalue of B;,”(N ). Let 8 be a
corresponding eigenvector. Using the Eichler-Shimura relation and the Weil conjecture,
Theorem 4.2 (or Theorem 4.3) implies that the modulus of other eigenvalues are less than
or equal to 2+// and
Xy R = (XY @ R)SRS,
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where @ denotes an orthogonal direct sum. Moreoverif N € N, p.1» Theorem 4.3 and this
decomposition yield a spectral decomposition of Xy ® R in terms of eigenspaces of 7;.
Theorem 4.2 implies that

(28)  det[l1 — B (N)t +11*] = (1 — t)(1 — In)det[1 — Tyt + 1£*[S2(To(pN)) pv/n 1.

THEOREM 5.1. Forany N € N, G;,l)(N) is a connected regular Ramanujan
graph of degree | + 1 not bipartite.

Proof. By construction Gg)(N ) is a regular graph of degree [ + 1. Let us investigate
the eigenvalues of the adjacency matrix Bg) (N). As we have seen, / + 1 is an eigenvalue of

B1(7[) (N) and the modulus of other eigenvalues are less than or equal to 2+/1. Thus G;,l) (N)
is a Ramanujan graph. By the equation (1) (see also (2)), 0 is an eigenvalue of the Laplacian
with multiplicity one and we see that Gg) (N) is connected. In general a connected finite
regular graph of degree d is bipartite if and only if £d are eigenvalues of the adjacency
matrix ([27]). Therefore G;,l)(N ) is not bipartite. 1

Now Theorem 1.1 is a direct consequence of the equation (1) (see also (2)), Theorem 4.4
and Theorem 5.1.

Proof of Theorem 1.2. Set N = ¢ and we use the decomposition (21). Since
S>(To(p)) @ is isomorphic to S»(Fo(p)) as a To(pg) P4 -module, we see

$2(T0(pa)) pgjq = S2(T0(pG))new ® S2(To(p))®*
as To(pg)P?-modules and
det(1— By ()t +11%) _ det(1 =Tyt +11% | S2(To(pg))new) _ det(1— B (p)r +11)
det(1—BY (e +12)2 (1—1)(1—11) ~ det(1—BY (1)1 + 112)?
by (28). On the other hand Fact 2.2 implies,

—D@g—-1Ha -1
(G0 ign — 2260y = L= DOZD (G0 — 24601

and the claim follows from Fact 2.1. O

Proof of Theorem 1.3. Let us recall the decomposition (22)
$2(To(pN)) pn/n = By Cfy,

where f, is a normalized Hecke eigenform. Then the second largest eigenvalue ,o[l (N)
of B;,”(N ) is the maximum of {a;(fy )}, by Theorem 4.2 and satisfies pll (N) < 241 by
Theorem 5.1. Let {ri}?i | be the set of primes and Ny = ]_[f?:1 ri. Then by Theorem 4.4,
pll (Ny) is monotone increasing for k. In general let {G;}; be an infinite family of connected
d-regular graphs satisfying

lim |V(G;)| = oo.

1—> 00
Then it is known that

liminf p! (G;) > 2v/d — 1
1—>00
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by Alon and Boppana ([1][2][28]). We will use this fact. Since {Gg)(Nk)}k is an infinite
family of connected regular Ramanujan graphs of degree / + 1 with

(p— DIT_ (0 +7r)

: ) 1 _
i V@O = i T = o
we see
lim p} (Ny) =21,
k—o00
and

k1—1>n;o Max{a;(fy) : S2(To(pNi) pni /N, = By Cfy} = 2v1.

Since S>(I'o(pNk)) pn, /N, 18 a subspace of Sy (I'g(pNi)), the remaining claim immediately
follows from this result and the decomposition in Theorem 4.1. (]

The proof implies the following corollary.

COROLLARY 5.1. Let p be a prime satisfying p = 1(mod 12) and | an odd prime
with | # p. Then for any set of mutually distinct primes {r;}7°, which are different from
[ and p, there is a sequence of normalized Hecke eigenforms { f;}i of weight 2 such that
fi € Sa(To(pry -+ 1)) new and

lim a;(f;) = 2v/1.
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