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Abstract. For several evaluations of special values and several relations known only
in A,-multiple zeta values or S,-multiple zeta values, we prove that they are uniformly
valid in F,,-multiple zeta values for both the case where 7 = A and F = S. In particu-
lar, the Bowman—Bradley type theorem and sum formulas for S>-multiple zeta values are
proved.

1. Introduction

We call a tuple of positive integers k = (kq, ..., k,) an index. We call wt(k) = k| +
-« «+k, (resp. dep(k) := r) the weight (resp. depth) of k. If the condition k, > 2 is satisfied,
then we state that the index k = (ky, ..., k) is admissible. For an admissible index k =
(k1, ..., k), the multiple zeta value (MZV) ¢ (k) and the multiple zeta-star value (MZSV)
£*(k) are defined by

1 . 1
HOEIEDY ki 5 =) T
O<ny<---<n, nl ce iy 1<n<---<n, nl c Ny

These series are convergent. We set £ (@) = ¢*(@) = 1 for the empty index & (= the empty
tuple).

First we recall the definition of A, -multiple zeta(-star) values (A,-MZ(S)Vs) intro-
duced by Rosen; see [Ro, Se]. For a positive integer n, set

A, = HZ/p"Z/@Z/p"Z,
P p

where p runs over all prime numbers. For an index k = (ky, ..., k), the A,-MZV ¢ A, (k)
and the A,-MZSV Can (k) are defined by

1
é-An (k) = Z ﬁ mod pn B

O<ny<--<ny<p ey »
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. 1
C-An (k) = Z ﬁ mod pn
1<m<<n <p—1 0T »
as elements of A,,. We also set i, (©) = ;“;‘n (@) = 1.
Next we recall the definition of t-adic symmetric multiple zeta values (§-MZVS) in-
troduced by Jarossay [J2]. Let ¢ be an indeterminate. For ¢ € {x, m} and an index k =
(ky, ..., k), set

cak) =Y (=Df e (k)
i=0

r

X Z l_[ </ J ) é‘.(kr‘|’lra‘-‘’ki—i—l‘I'll'-i-l)tltJr]—’_ +lr€Z[[t]]‘

Ligtsens b =0 j=i+1 l]
Here, Z is the Q-subalgebra of R generated by all MZVs and {*(k) € Z (resp. (™ (k) €
Z) is the harmonic (resp. shuffle) regularized MZV. See Subsection 2.1 for details. It is
known that ;“;(k) — ;“g (k) € (¢(2)2)[t] for any index k ([J2, Proposition 3.2.4] and
[OSY, Proposition 2.1]). Thus,
¢5(k) = ¢3(k) mod £(2)
is independent of the choice of the regularization e € {*,m} and defines a well-defined
element of Z[[t] .= (Z/¢(2)2)[[t]l. We call §§(k) the S-MZV. We also define the ¢-adic

symmetric multiple zeta-star value (§-MZSV) §§(k) by
CEkr, k) = > tskiO- - Oky).

[ is either a comma *,’
or a plus ‘+’

See [HMO, Definition 1.1] for another equivalent definition of the S-MZSV. For a positive
integer n, let r,, : Z[[¢+] — Z[[t]/(¢") be the natural projection.

DEFINITION 1.1. For an index k = (ky, ..., k), we define the S, -multiple zeta(-
star) value (S,-MZ(S)V) by
(5,0 = ma((s®). £ M) =m(Ei®) = Y g (a0 Tk).
[ is either a comma *,
or a plus ‘4’

Note that gs, (k) coincides with the usual symmetric multiple zeta value (SMZV)
{s (k) defined by Kaneko and Zagier [KZ].

A,-MZ(S)Vs and S,-MZ(S)Vs are the main objects of this article and together they
are called F,,-MZ(S)Vs; F derives from the first letter of the word “finite”. Similar to the
conjecture [OSY, Conjecture 4.3], it is conjectured that .4,-MZVs and S,,-MZVs satisfy
relations of the same form. Hence, a relation among A,-MZVs or §,-MZVs is always
described collectively as a relation of F,,-MZVs, at least conjecturally. The purpose of this
paper is to confirm that several evaluations of special values and several relations known
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only in A,-MZVs or §,-MZVs are uniformly valid in F,,-MZVs. In some cases, we only
deal withn =1, 2, 3.

The remainder of the paper is structured as follows. In Section 2, we prepare relevant
tools including Zagier’s formula for MZVs, the double shuffle relation for F,-MZVs and
the relation for F,,-MZVs derived from the antipode. In Section 3, we put forward some
explicit evaluations of F,-MZ(S)Vs. In Section 4, we prove the Bowman—Bradley type
theorem for F»-MZ(S)Vs. In Section 5, we prove sum formulas for F,,-MZ(S)Vs with re-
spect to specific n. Some complicated but elementary calculations for binomial coefficients
(= the proof of Proposition A.1) are proved in the Appendix.

Acknowledgment. The authors would like to thank Prof. Kenji Sakugawa for help-
ful discussion concerning Proposition 3.1 and Theorem 3.2. The authors also would like
to thank Hanamichi Kawamura and the anonymous referee for valuable comments on the
manuscript.

2. Preliminaries

In this section, we prepare tools which are used in the following sections.

2.1. Algebraic setup

First we recall the notion of the harmonic algebra introduced in [H1]. Let fl= Q+
e1Q(ep, e1) D H° = Q+e1Q(eq, e1)eq, where Q(eg, e1) is a non-commutative polynomial
algebra in two variables e and e;. For a positive integer k, we set e; = eleg_l. We define
the harmonic product % on Hl bywx*x1=1%xw=w,ewi * e, wr = e (W] * e, wr) +
ek, (e, w1 * w2) + e, 4k, (w1 * w2) (w, wy, wy are words in AL ki, ky € Z-g) with Q-
bilinearity. We also define the shuffle product 1t on Q(eg, e1) by wm 1l = lmw = w,
wiwy m uowy = ui(wy m urwy) + ur(uqywy m wr) (w, wy, wy are words in Q(eop, e1),
uy,uy € {eg, e1}) with Q-bilinearity. Let @ € {x, m}. It is known that ! becomes a
commutative Q-algebra with respect to the multiplication e, which is denoted by .. The
subspace $0 of $H! is closed under o and becomes a QQ-subalgebra of $ l, which is denoted
by 5’)9. We define Muneta’s shuffle product fit on ! ([Mun, §3]) by wiitl = 1fiw = w,
ex, willeg, wy = eg, (wiile, w2) + ek, (e, wiw?) (w, wi, wy are words in 9 ki ko €
Z~() with Q-bilinearity.

Next, we recall the harmonic (resp. shuffle) regularized MZV introduced in [IKZ]. It
is known that j'jl = 5’)9[e1] as a (Q-algebra (see [H1] for ¢ = x and [Re] for ¢ = m).
Therefore, for @ € {x, m}, any a € 551 has a unique expression a = Z?:o a; e eIi, where

1

n € Zso, a; € 5'39 0 <i<n)and eIi ‘= ej o --- @ ¢1. By this expression, we define a
Q-algebra homomorphism reg, : $! = $%[e;] — HY by reg, (Z?:O ai e e;i) = ap. We
set ex = eg, - - - e, for anon-empty index k = (ki1, ..., k,) and ey := 1. Then we define
a Q-linear map Z: $5° — R by Z(ex) := ¢ (k) for any admissible index k. By using this
terminology, we define the harmonic (resp. shuffle) regularized MZV ¢*(k) (resp. ¢™ (k))
by ¢*(k) = (Z oreg,)(ex) (resp. {™ (k) = (Z oreg,;)(ex)) for any index k.

To calculate the shuffle regularized MZV, we use the following fact.
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LEMMA 2.1 (Regularization formula, [IKZ, Proposition 8]). Let w = w’ey be an
element of $° with w' € $'. Then, for a non-negative integer m, we have

reg, (wel") = (=1)" (w' m e")eo.
2.2. Zagier’s formulas for MZVs

We quote some results on MZVs. We use these results to evaluate some S;-MZ(S)Vs
and S>-MZ(S)Vs.

THEOREM 2.2 ([Z, Theorem 1]). For non-negative integers a and b, we have

2 a 3 2 b _2a+b+1 1 r 2}" 1 l 2r 2 £l+b—}’+1 2 1
c({2)4,3, (2" = ;e ) {(2a+2)—( —ﬁ) (2b+1)}<:<{ } )CQ2r),

where {2}* denotes a repetitions 2, . .., 2. In particular, we have
——

2.1 ¢d2)4,3,{21%)
o atbat [ (2042642 1 2a+2b+2
=2(-1) {( 2042 1 yrETEsy 21 £(2a+2b+3) mod ¢ (2).

THEOREM 2.3 ([Z, Proposition 7]). Let m and n be positive integers with n > 2
and k := m + n being odd. Define a positive integer K as k = 2K + 1. Then we have

K—1
k—2s—1 k—2s—1
Lom.my=(~1" Y {( ’ ) + ( ’ )—sn,2s+<—1>mss,o} £28)¢ (k—25).
= m—1 n—1
Here 8y y is Kronecker’s delta, and we understand ¢ (0) = —%. In particular, we have
m+1 1 k m
(2.2) ¢(m,n) =(=1) 314, + (=D ¢ (k) mod ¢ (2).

2.3. Double shuffle relation for 7,,-MZVs
The double shuffle relation (DSR) for F,-MZVs with F € {A, S} established by
Jarossay is a key tool in this paper. We define Q-linear maps Z 4, : H' — A, and

Zs,: H' — Z[11/") by
Za,(ex) = 4, (k), Zs,(ex) =g, (k)
for any index k.

THEOREM 2.4 (DSR for F,,-MZVs, [J2]. cf. [OSY, Theorems 1.3 and 1.9]). For in-
dices k andl = (l1, ...,ly) and a positive integer n, we have the harmonic relation for
Fu-MZVs

(2.3) ZF,(ex xe1) = ZF, (ex) ZF, (1)
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and the shuffle relation for F,-MZVs

N l + l/- _ 1 ,
(24) Zx, (eymey) = (—H™D > [ (J l’] ) Zr, (eke,H/)x;Z(l ),
U=}, ),y =1 J
wty<n—1

Here, we set wt(l') =1 + -+ I, L +1" = (g +1;,.... 11 + 1) and

[ p, = (pmod p"), if F=A,
7= ) ¢ mod 1 if F=S8.
We refer to the case k = & of the shuffle relation as the reversal formula.
We also use the following relation for F,,-MZVs.

PROPOSITION 2.5. Foranindexk = (ki,..., k), n € Z>1 and F € {A, S}, we
have

,
Y (=Dicx i ki)EE Gk ki) = 0.
i=0

Proof. This follows from the harmonic relation and [IKOO, Proposition 6] (Note that

the sign of [IKOO, Proposition 6] is mistaken). The case F = A was first mentioned in
[SS, Corollary 3.16 (42)]. [l

3. Special values

In this section, we explicitly evaluate some JF,-MZ(S)Vs. For positive integers n and
k, set

B .-
pr(p—1)—k+1 " .
=it ™ . ifF=A
¢(k) mod £(2) € Z[[t1/(t") ifF=3.

Here, B is the j-th Seki-Bernoulli number and B ;7 denotes %

PROPOSITION 3.1. Letn and k be positive integers. For 1 <l <n — 1,
n—I

N NP
34,k +Dpl = Z(_l)]< i ) (Bj(p—l)—k—l+1 - p! mod P")p €A,

j=1
holds. In particular,

B,_j_
34+ Dpy = (250 pmod p? ) € Ao
k+1 »

Proof. Let p be a sufficiently large prime number. Then, by using the Kummer-type
congruence proved by Zhi-Hong Sun [Su, Corollary 4.1], we have

Byt (p—1)—k-1+1 ol
k+1—1+ pr-!
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n—l ) pn—l -1 _j pn—l 1\ ~
= (=) Z(—l)/_1< w— ] >< i1 >Bj(p—1)—k—l+1 -pl (mod p").

=1 /
Since X .
n—1 __ 1—7 n—1 __ 1 _l
(—1>"+’—1(” .’)(” . ) = (” . ) (mod p" "),
n—I1—j j—1 Jj
we have the desired formula. O

3.1. Depth 1 case
THEOREM 3.2. For positive integers n and k, we have

k+1—
Cr, (k) = (=1) Z( +l )3f,,(k+z)xjfn.

Proof. The case F = A is a special case of [W, Theorem 1]. Nevertheless, we can
state the direct proof as follows. Let p be a sufficiently large prime number. By Euler’s
formula and Faulhaber’s formula, we have

_ T <<p(p")—k+1>B -
= o k1 2 / o(p")—k—1+1 "D

n—1 n

—k\  Bypr—k—

=_Z<‘/’(P) > w(p)kl+11_pl (mod p),
P l k+1—1+ p"~

where ¢ is Euler’s totient function. By a simple congruence

") —k k+1-1
(") = o () amoa

and the fact that B; vanishes for odd j > 3, we have the desired equality in .4,,. Since the
case F = § is clear by definition, this completes the proof. (]

REMARK 3.3. By combining the case F = A of Theorem 3.2 and Proposition 3.1,

we have

e k41— ~1

=Dt Z( )Z( 1>f< ; )Bj<p_1>_k_l+1 -p' (mod p")

m=1 =1
for a sufficiently large prime p. We can check that this holds for p > n+k+-1. This congru-
ence is a generalization of [Su, Theorem 5.1 (a) and Remark 5.1] and [Tau, Theorem 2.1].
However, the proof is identical to that put forward by Sun.
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3.2. Depth 2 case

Let 7,: Z[[t] — Z[¢] be the truncation map defined by 7, (> )% zit') = Z;‘:_Ol 2t
for a positive integer n. In the following argument, we often identify ¢ én (k) with 7, (¢ é(k)),
where o € {J, x}. Furthermore, we often abbreviate ¢ (k) mod ¢(2) (resp. ¢™ (k) mod
£(2)) to ¢ (k) (resp. £™ (k)) in Z.

THEOREM 3.4. Let ky and ky be positive integers. Assume that k = ki +kj is even.
Then we have

1 k+1 k+1
3.1 §fz(klak2)=§{(—1)k'k2< ,: )—(—1)’%( ,;Z )—k}sfz(kﬂ)xfz,

1 k+1 k+1
(3.2) C}z(kl,k2)=§{(—1)klk2< k )_(_1)k2k1( ks >+k}3;2(k+1)x;2.

Proof. The case F = A was proved by Zhao, see [Zh, Theorem 3.2]. Hereafter, we
consider the case F = S. First, we prove (3.1) for the case k; > 2. By the definition of
CSz (k1, k), we have

is, k1, k2) = &g (k1, k2) + {kat (ko + 1, k1) + k18 (k2, ki + D}

Since k| + k> is even, we have ¢ S (k1, k2) = 0 by definition. Therefore, by using (2.2), we
obtain (3.1) for the case k1 > 2. Next, we prove (3.1) for the case k; = 1 (then k3 is odd).
We have

(3.3) ¢s,(L ko) = {kag™ (k2 + 1, 1) + £ (k2, D)}t

By applying Theorem 2.1 for w = e 1e](§2 and the sum formula for MZVs of depth 2, we
have

B.4) (™(ka+1,1) = —¢(k2,2)— =0 (2, kp)—2¢ (1, ko+1) = = (kp+2)—¢ (1, ko +1).
By (2.2), we have

ky

+1
> $(ka+2), C(k2,2)—§ 2 1}§(k2+2)-

From (3.3), (3.4), (3.5), we obtain (3.1) for the case k; = 1. The formula (3.2) follows
from (3.1), the fact ¢5, (k1. k2) = &g, (k1 k2) + &g, (b1 + ka), and &, (6) = (= DAk (k +
1)t (Theorem 3.2 with F,, = &7). [l

3.3. Depth 3 case
THEOREM 3.5. Let k1, k, k3 be positive integers. Suppose that k = k1 + ky + k3
is odd. Then we have

1 k k
Cr, ko k) = =23, (ko ks) = 5 {(—1)"' (,q) — (=1 (k3)}3f1 k).

Proof. The case F = A was proved by Hoffman and Zhao; see [H2, Theorem 6.2]
or [Zh, Theorem 3.5]. Hereafter, we consider the case F = S. By Proposition 2.5 and the
reversal formula for F1-MZVs, we have

(3.6) 5 (ki ko, ks) = (=D 0z (kK k) = = (ki K, K3).

(3.5 ¢l ka+1) = ! {W _
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From
0 (ki ko, k3) = §p (ki ko, k3) + S, (ki + ko, k3) + S, (ki ko + k3)
and the explicit formula for F7-double zeta values [Kan, (7.2), Example 9.4 (2)], we have

Cr, (ki 4 ko, k3) + ¢z (ki k2 + k3)
(3.7 Cr (ki ko, k3) = — 3

R PPN A _ k+k(k)}
N 2{( 1)3(k1+k2)+( D ki a7

_l ok k ks k
e () oo

The formula for ;}l (k1, k2, k3) is obtained by (3.6) and (3.7). O

3.4. General depth case
THEOREM 3.6. For positive integers r, k and for F € { A, S}, we have

(3.8) tr, (kY = (=1 k37, 0k + Dx g,
(3.9) 5 (KY) = k37, rk + Dx .

Moreover, we have

(3.10) ¢p (k) = (—1)*! [k3f3 (rk+ Dxp+

k(rk + 1 =

{%hak +2) = k> " 3x, Uk + D3F(r— Dk + 1)} xﬂ
=1

and

Gl k) = (—1)’k[k3;3 (rk + Dxr+

r—1
{@:ﬁ}(ﬂhLz) +,2 Y 37Uk + D35 — Dk + 1)})‘3-‘3]

=1
REMARK 3.7. If rkis odd, then 37, (rk + 1) and 37, (lk + 1)37,((r — Dk + 1) are

0, and we have
k(rk +1 k(rk +1
) = D s kv oy g iy = - HEED

These formulas for the case 7 = A were first proved by Zhou and Cai in the last remark of
[ZC] but our proof differs from theirs.

Proof. Since (3.8) and (3.9) follows from (3.10) and (3.11) by taking modulo x%_-S, it

is sufficient to prove (3.10) and (3.11). Note that (— l)rkf)]:2 (rk+Dxr, =37, 0k+Dxr,
holds because if rk is odd, then 3]:2 (rk+Dxr, =0.

350k +2)x%,.
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By Theorem 3.2 and the symmetric sum formula (5.1) proved in Section 5 with k =
({k}"), we have
(3.12)
reg, (k)

= (_1)rk+r—1(r — l)' {rksﬁ(rk + 1))(:]—'; + <rk+ 1

) >3}-3 (rk + 2)x%—3}

(=) N @B — DI#By — D!biba3x (b1 + D37 (b + Dx,

BiUBy=(1,....r}
By, By#2

where b1 = b1 ({k}") and by = by({k}") are defined as in Theorem 5.1. Set [/ := #Bj. Then
weseethat 1 <[ <r —1,#By =r — [, by = lk and b) = (r — [)k. Moreover, the number
of ways of dividing {1, ..., r} into two non-empty subsets By and B, with #B1 = [ is just
(?) Therefore, the summation for the partition in the right-hand side of (3.12) coincides
with

r—1 - 5 5
Z ; =D —=1=D!1(r =Dk"37,0k + D37, ((r — Dk + DxZ,
=1
r—1
= k> 11> 35k + D35,((r — Dk + DxF,.
I=1
Thus we obtain (3.10). The formula (3.11) is obtained in the same manner. O

THEOREM 3.8. For non-negative integers a and b, we have

a a+b+2

(3.13) ¢y, (1) ,2,{1}”>=(—1>"( o )3f,(a+b+2),
2

(3.14) A2, (1)) = (—1>b<“:j’j )3]—'. (@+b+2).

Proof. The case F = A was proved by Hessami-Pilehrood—Hessami-Pilehrood—
Tauraso; see [HHT, Theorem 4.5]. Hereafter, we consider the case 7 = S. By the defini-
tion of Ls, (k) and the fact that £™ ({1}*) = 0 for k > 1, we have

(3.15) ts, (1% 2, (1)) = 2™ (1), 2, (1)) + (=D*TPem (13P, 2, {1}9).

Applying Lemma 2.1 for w = e’f“eo and m = b, and using the duality for MZVs, we have
+b+1

(3.16) zm<{1}“,2,{1}b>=<—1>”(“ ) )z(a+b+2>.

From (3.15) and (3.16), we obtain (3.13). The formula (3.14) follows from (3.13), Proposi-
tion 2.5 and the fact that gs, (1} = Cgl ({1}") = 0 for r > 1. The last fact is well-known
and a special case of Theorem 3.6. O

REMARK 3.9. We can also prove (3.14) using the Hoffman duality ([H2, Theo-
rem 4.6] and [J1, Corollarie 1.12]) and the explicit formula for ¢ 7 (a+1,b+1).
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THEOREM 3.10. For non-negative integers a and b, we have

(=1)*tP2(a — b) (Za +2b+3

(17 (293, @) = )3;. (2a+2b+3),

a+1 242
2b—a) (2a+2b+3
(B18) 03 (243,20 = (a+1a)<a2b+2 )3f.(2a+2b+3).

Proof. The case F = A was proved by Hessami-Pilehrood—Hessami-Pilehrood—
Tauraso; see [HHT, Theorem 4.1]. Hereafter, we consider the case 7 = S. By the defini-
tion of the §|-MZV and the fact that ¢ ({2}") = 0 (mod ¢(2)) for r > 1, we have

rs, (1243, 2)") = ({2}, 3, {2)") — ¢ ((2)", 3, {2}).

Thus we obtain (3.17) by the formula (2.1) and straightforward calculation of binomial
coefficients. The formula (3.18) is obtained by (3.17), Proposition 2.5 and a special case of

Theorem 3.6, that is, the fact that CS] {2} = ;gl {2}Y) =0forr > 1. O
THEOREM 3.11. For non-negative integers a and b, we have
(3.19)
—b 1 2a+2b+1
2091, {2)0) = 4(~ 1)+t 2 1 - 2a+2b + 1),
Cr (121, 1,{2)7) = 4(=1) 2l Jatb %41 37 Qa+2b+1)
(3.20)

4(b — 1 2 2b+1
£ (21,1, )y = 22— ) (1 )( a+2b+

2a+ 1\ 4a+b 2b+1

Proof. The case F = A was proved by Hessami-Pilehrood—Hessami-Pilehrood—
Tauraso; see [HHT, Theorem 4.2]. Hereafter, we consider the case 7 = S. First, we
prove (3.19) for the case @, b > 1. By the definition of the S;-MZV and the duality for
MZVs, we obtain

s, (121, 1,21 = c(21"7, 3,2 — e, 3, 2.

Then we obtain (3.19) by a similar calculation in Theorem 3.10 using (2.1).

Next we prove (3.19) for the case @ > 1 and b = 0. We have

(3:21) {s, ({2} D) =" {2}, D — ¢ (1, {2}9).

Applying Lemma 2.1 for w = (ejep)? and m = 1, we obtain

>3;1 Qa +2b+1).

a—1
FU2Y ) = =2 (2l 1, (2 7).
j=0
Thus, by the duality for MZVs, we have
a—1
(3.22) £, (121 1) = —¢(1,{2)) =2 c({2V, 1,{2)7)
j=0

a—1

= -7 3) —2) 23, 2.

j=0
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By (2.1), we obtain

a—j—1 iy — 9(_1\a 2a _ _i 2a
(323) {273 {2Y) =2(-D {<2j> <1 4a)<2j+1>}§(20+1)

for 0 < j < a — 1. Therefore, from (3.22) and (3.23), we obtain (3.19) for the case a > 1
and b = 0. The case a = 0 and b > 1 of (3.19) follows easily from the reversal formula
and (3.22) with a > 1. This completes the proof of (3.19). The formula (3.20) is obtained
by (3.19), Proposition 2.5 and the fact that ;“Sl 2y = ;“gl {2}y =0forr > 1. ]

REMARK 3.12. Tasaka and Yamamoto proved an analogous formula of Theorem 2.2
for £*({2}%, 1, {2}?); see [TY, Theorem 1.6]. We can also obtain Theorem 3.11 by a sim-
ilar approach using [TY, Theorem 1.6] and Proposition 2.5 instead of Zagier’s formula
(Theorem 2.2).

The following theorem is a refinement of the even weight case in Theorem 3.8.

THEOREM 3.13. Let a and b be non-negative integers. Assume that a + b is even.
Then we have

1 b+3
(3.24) c;2<{1}“,2,{1}">=5{H(—l)“(“ZJ )}3}'2(a+b+3)x}'2,

1 a+b+3
* by __
(3.25) ¢ A2, {11) = 3 {1 + (—1)”< 4t >} drpa+b+3)xr,.
Proof. The case F = A was proved by Hessami-Pilehrood—Hessami-Pilehrood—
Tauraso [HHT, Theorem 4.5]; there is also another proof by Sakugawa and the third author
[SS, Theorem 3.18]. Hereafter, we consider the case F = S. We first prove the formula
(3.24). Setd :==a+b+landk = (ki, ..., kg) = ({1}, 2, {1}"). For 0 < i < d, we set
Pi(t) = (=Dt ey k)
d
ki+1;—1 ,
< > |11 ( Y ) C (ka + s Kt + Lttt

l
lLigtrenlg=0 | j=i+1 J
Lip1++g<1

Note that this expression for the case i = d means P;(t) = ¢™ (k). Then, by the definition
of CSz (k), we have

d
i, (k) =Y Pi(0).
i=0

We prove that for 1 <i <a+ b+ 1, P;(t) = 0in Z[t]. Since ™ ({1}¥) = 0 for a positive
integer k, we obtain Pi(f) = --- = P,(t) = 0. For 0 < j < b, we calculate P, ;11(¢). By
the definition of P;(¢), we have

b—j
Payjri(6) = (=D g™ (0, 2, (1) [ ¢™ @~ + > e @y =", 2, (1P~

i=1
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By (3.16), we have ™ ({1}¢, 2, {1}/) = (—1)1‘(“+j+1)§(a +j+2).Sincef(@a+b+2) =
0in Z, we have P,yp11() = 0in Z[r]. Assume that j < b. In this case, ™ ({1}’=/) =
0 holds. By the shuffle-regularized sum formula [Li, Lemma 3.3] (or [KS, Theorem 1.2]),
and the duality for MZVs, we have

b—j

Yooty 2, (T = =0 e -+ 0.

i=1
Sincea +biseven,a+ j+2# b— j+1 (mod 2) and thus we have P, j+1(t) = 0in Z.

The calculation of Py(¢) remains. State Py(t) = A + Bt with A, B € Z. Then from

(3.16), we have A = ¢™({1}?, 2, {1}*) = 0 in Z. By definition, B is expressed as follows:

B= ) "dnh2.nm2.4n9

FVnzﬁyl

+207 A3+ Y e 2 2, (.
m+n=a—1
m,n>0

For general non-negative integers /, m and n, by the regularization formula (Lemma 2.1),
we have

[+1 1
FmANL 2, 2, (=0t Yy (H i )(HZ” )c({l}f“,z,{l}~‘+’",2>,

r+s=n r
r,s>0
[+1
S(IIERITOESCA VY (’* * >§({1}’+’,2,{1}‘_1,2),
r+s=n r
r,s>0

where ¢ ({1}, 2, {1}~!, 2) means ¢ ({1}, 3). Thus, with the duality for MZVs, we ob-

tain
[+1 1
B= > (D" > <r+r+ )<s+n:+ >§(s~|—m+2,r—|—l—|—2)

I+m=b—1 r+s=a
1,m>0 r,5>0
r+b+1
+2(=D" ) ( )c(s+1,r+b+2>
r
r+s=a
r,s>0
o r+b+1\/s+m+1
+ > (=D Z( . S Cs+m+2,r+b+2).
m+n=a—1 r+s=n
m,n>0 r,s>0

Since a+b4-3 is odd, by using (2.2), we can rewrite B as a rational multiple of the Riemann
zeta value ¢ (a + b + 3). Specifically, we have B = %C ¢(a + b+ 3) with

B i rl+1 (s+m4+1\ o (a+b+3 _ystm
C= > (-1 Z< ’ >< | >( ) {(Hm+2>+( ) }

I+m=b—1 r+s=a
I,m>0 r,s>0
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b+ 1 b+3
+2(-0" 3 <r+r+ )(—DS{(“LT >+(—1>S+1}

r+s=a
r,s>0

1\ r+b+1 s+m+1 _1\s+m+1 a+b+3 _1\stm
o ) (o G St (s R

m+n=a—1 r+s=n
m,n>0 r,s=0

Therefore, it suffices to prove the following:
3.26 C=1+(-1"
(3.26) (=D < bt2
We prove this in the Appendix. From this, we obtain the desired formula for ¢ S, ({134, 2,

.
Next, we prove (3.25). By Proposition 2.5, we have

a+b+3)

5, A1 2, 1)) — g5, (1), 2, (1)) = ) (=1 g6, ({17, 2, (1)), 1))

j=1

b
+ Y (=D e, (P eE (14 2, (1.

i=1
It is sufficient to show that the right-hand side vanishes. If j is odd, then we have ;gz ({1})
= 0 by (3.9). If j is even, then both §§2({1}j) and ;“Sz({l}b, 2, {1}*~7) can be seen as
elements of ¢ Z[¢] by (3.9) and (3.13). Thus the ﬁrsp summation vanishes in Z[[¢]] / (t%).
Similarly, if b — i is even, then we have ;Sz({l}b“_’) = 0 by (3.8). If b — i is odd, then
both ¢, ({1}2+1-1) and £s, (1), 2, {1}=1) can be seen as elements of 7 Z[¢] by (3.8) and
(3.14). Therefore, the second summation also vanishes. O
REMARK 3.14. The proof of the case 7 = A of Theorem 3.13 by Sakugawa and
the third author is based on the ‘A;-duality’ [SS, Remark 3.14 (40)]. If the ‘Sy-duality’ is
established, then we can obtain another proof of the case 7 = & of Theorem 3.13. When
we were writing this paper, a preprint [TT] by Takeyama and Tasaka appeared on arXiv.

Their [TT, Corollary 6.8] contains the S»-duality as a special case.

4. Bowman-Bradley type theorem

Murahara, Onozuka and the third author [MOS] proved the Bowman—Bradley type
theorem for 4,-MZ(S)Vs (= the case F = A of Theorem 4.1). In this section, we prove the
Sa-counterpart of their theorem. By combining these two theorems, we have the following.
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THEOREM 4.1 (Bowman—Bradley type theorem for />-MZ(S)V). For non-negative
integers | and m with (I, m) # (0, 0), we have

D (Y L2 3 21, L (2 1 (2 3, {2)™)
mo+---+mo=m
4.1) mo,...,mo >0

— (=" {(—1)121—2’<l J;’") - 4<2l;m> } 37,40 +2m + Dxz,,

Z O (1210, 1, 2,3, (2072, L, (2)™2, 1, {2201, 3, (2))
mo+--+moy=m

(42) mo,..., my >0
I+
- (—1)121—2’< lm)3;2(41 +2m + Dx,.

This gives a partial lift of the Bowman-Bradley type theorem for F;-MZ(S)V proved
by Saito and Wakabayashi [SW2]. Note that the proof of the 7 = S case in Theorem 4.1
presented here is essentially the same as the proof of the 7 = A case by Murahara,
Onozuka and the third author [MOS]. In contrast, proofs of some sum formulas which
will be given in the next section are different from those in the previous study.

We prepare two lemmas for the proof.

LEMMA 4.2. For non-negative integers | and m with (I, m) # (0, 0), we have
4] +2
Zgz(el;rm I el2) =(-D"2 {1 — 2( ;l m>} @4l +2m+ 1)t

Proof. This lemma is the Sy-counterpart of [MOS, Lemma 2.5] and is proved from
the same argument in [MOS] by using the explicit evaluation of ¢ S {2} ((3.8) with k =
2), (3.17) and (2.4) with F,, = S,. (]

For a positive integer n, define a Q-linear map ngn : 9 — Z[t1/(") by Z:Sn (eg) =
;“gn (k) for any index k.

LEMMA 4.3. For non-negative integers | and m, we have

Zgz((ele3)l m e?)

; k s
= > (—l)”k( ;:n> <u : U) Zs,((e1e3)'1i €3) 25, (¢51") Z5, (e51).

2i+k+u=2l
j+n+v=m

Proof. This follows immediately from [Y, equation (3.1)] and (2.3) with F,, = S».
O

Proof of the 7 = S case in Theorem 4.1. We prove (4.1) by induction on/ > 0. The
case [ = 0 holds by the explicit evaluation of Csz({Z}’) ((3.8) with k = 2). Let[ be a

positive integer and m a non-negative integer. By [MOS, Lemma 2.1], we have

Zs, ((6163)l m e;")
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2l +m — 2k ~ _
=4- ZS2 l+m me2 24/‘ l( —k )Zgz((e1e3)k IHe%H_m 2k).

Hence, by Lemma 4.2 and the 1nduct10n hypothesis, we have

Zs,((ere3)! fit ey)

= (=112 {1 - 2(4l ;2’">} C(4l+2m + Dt

Z“k Z(ZH-m Zk)

N {(_1)’<21—2k<21 +Z“ - k) - 4(212:’")} (41 + 2m + 1)t mod £(2).

We see that this coincides with the desired formula by using [MOS, Lemma 2.6]. We also
obtain (4.2) by the same argument in [MOS] using (4.1), (3.9) with k = 2 and Lemma 4.3.
O

5. Sum formulas

In this section, we prove the JF,-symmetric sum formula (= Theorem 5.1), the F,,-sum
formula over I , for n = 2,3 (= Theorem 5.2), and the Fa-sum formula over Iy ,; (=
Theorem 5.4).

5.1. F,-symmetric sum formula
We first state the JF,-symmetric sum formula.

THEOREM 5.1 (F,-symmetric sum formula). Let n and r be positive integers and
k = (ki, ..., k) an index. Then, we have

G Y tr@n= Y (U TeB)ir biR) - Lx (bih)),

0ed, B={By,...,Bi}
52 Y rk)= Y cBigBik) -ty (bi(k)).
ceS, B=(By,....B}

Here, &, denotes the symmetric group of degree r. For o € &,, set o (k) = (ko(1), ...,
ko). B = {Bi1,..., Bi} runs all partitions of {1,...,r}, that is, B = {By, ..., B}
satisfies that {1,...,r} = |_|f»=1 Bi and Bi # @ (1 < i <[). Moreover, we set c(B) :=
#By — 1)!---#B; — ! and b; (k) = ZjeBi kj.

Proof. Since F,-MZVs satisfy the harmonic relation (2.3), we see that the desired
formulas hold by the same argument as [H2, Theorem 4.1]. O
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5.2. F,-sum formula over I , forn =2,3
Next, we prove the JF,-sum formula over I; , for n = 2, 3. For positive integers n, r
and k with r <k, F € {A, S} and e € {T, x}, set

S.;:n;k,r = Z C.;:n(k)’

kel
where I, denotes the set of all indices k with wt(k) = k and dep(k) =r.

THEOREM 5.2 (F,-sum formula over Iy , forn = 2,3). For positive integers r and
k withr < k, we have

k k
53) S = (—1>f—1<r>3fz(k +DxF,. Sk, = <r>3f2(" + D,

Moreover, we have

k k+1/(k 1
(54) Spi, = (—1>"+’—1[(r)3f3 (k+1>xf3+{i<r)3f3 (k+2>—;-Tk,r}x§s3}

2
and
. k k41 (k 1
(5.5 Sk, = (_1)k[<r>3;3(k + Dxr, + {T<r)3]-'3(k +2)+ =R Tk,r}X%3i|,
where
Tr= Y, > bss, (0)ss, - 35,1+ D3F B2+ 1)

BiuBy=(1,...r}  bi+br=k
B1,By#@  b1=#B1,by>#B>

and the symbol (n),, denotesn(n — 1) ---(n —m 4+ 1).

REMARK 5.3. If k = by + by is odd, since 37, (k 4+ 1) and 3 7, (b1 + )3 7,(b2 +
1) are 0, we have

k+1 k+1

k k
S]:3;k,r = (_I)FT<r>3]:3 (k + 2)x§:3’ S;-—gzk,r = _T(}”)SF3 (k + 2)x.%‘—3’

which were first proved by the third author and Yamamoto [SY, Theorem 2.5] for F = A.

Proof of Theorem 5.2. Since (5.3) is obtained from (5.4) and (5.5) by taking modulo
xzﬁ, it is sufficient to prove (5.4) and (5.5). Note that (—1)"3]:2 (k+Dxr, = 37,k +
1)x 7, holds because if k is odd, then 3 7, (k + D)xr, = 0.
Let us prove (5.4). By Theorem 3.2, we have
k+1

(5.6) Cr, (k) = (=1)F {ksfg (k+ Dxp, + ( ;

>3f3(k+2)x;3}.

Since xl]_-3 with [ > 3 vanishes, by (5.1), we have

SFyk.r :% DD BRFACI)

’ kel ,0e6,

1
== {(—1)"10 — Dlgg, (k)
r kel ,
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ST Y @B — DB — DR (i), (bz(k»}.
BiUBy={1,...,r}
By, By#2

We calculate the right-hand side. Since #1I; , = (lrC :i), by (5.6), we have

—1)r! k k+1 [k
Z ( r) {r () = (—1k+r-1 {(r)3]_-3(k + Dxrg + L(r)SJ-g(k +2)x2F3} .

2
kel »

Furthermore, since #{k = (k1, ..., k) € Ir, | ZieB. ki = b1} = #Ip, #B, - #1p, #p, for
B1, By # @ with By U By ={1,...,r}and by, by withb; +by =k, by > #B1, b > #B>,
we have

oY @B DIEB— DYk (1 (0, (ba (k)

keli, BiuBy={1,...r}
By, By#2

- ) . S @B — DI#B — Dl (b1)ex, (b2)
BiUBy=({l,....r}  bit+by=k  k=(ky,...k;)el}r
B, By#D b1 >#B),by>#B; ZieBl ki=b

=D Y Do bss,0)en, - 37,B1 + D3 B2+ D,
BiUBy={1,...,r} b1+by=k
B,By#92 b1 >#B|,by>#B;
Note that all terms of x 7 with [ > 3 for /3-MZVs vanish. This completes the calculation
for (5.4). The formula (5.5) is obtained by a similar calculation using (5.2). O

5.3. F,-sum formula over /i ,;
In this subsection, we prove the F>-sum formula over I , ;. For positive integers k, r, i

with 1 <i <r <k, let Iy ; denote the set of indices k = (ki, ..., k) with wt(k) = k,
dep(k) = r and k; > 2. For e € {&, x} and a positive integer n, set

]-' ki T Z é‘]: (k).
kel
Saito and Wakabayashi [SW1] (F = A) and Murahara [Mur] (F = §) proved that

(k-1 k—1

SFikori = (1) {(l ) 1) + (—1>’<r B i)}zm k),
(k-1 k—1

S =0 () e () b amwmn

If k is even, then we have S]:] ki = S’*F1 i = = 0by 37, (k) = 0. Thus it is a natural

question what is a lifting of S ]_- i 1O Fo, that is, S.F ris We give the answer in the
following form.

THEOREM 5.4 (Fz-sum formula for I ;). Let k,r,i be positive integers with 1 <
i <r <k and suppose that k is even. Then we have

*

—1bicri by i
sz;k,r,i = (_1)}’ 1% ' sz(k + l))C].‘z, S}-—z;k,r,i = % ’ 3~7:2(k + l))C]-‘z,
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where

k-1 : k k=1 ol
bi.ri = ( . >+(—1)H {(k_r)<i - 1) + (i —~ 1> +(_l)r_l(r—i>}

and

Diri = (k_l>+(—1)"—1 {(k—r)< ¢ .)+(k_?>+(_1)r—1<’_<—1)}.
v r r—i r—i i—1

The case F = A of Theorem 5.4 was proved by the third author and Yamamoto [SY].
In this subsection, we reprove their result and prove the case 7 = S simultaneously by a
different method.

LEMMA 5.5 (Recurrence relations). For positive integers k,r,i with2 < i +1 <
r <k—1, we have
k—r
(r = OSFykri T iSFskri+1 + (k—=1)SFyk -1, = ZZ;Z(Z)sz;k—z,r—l,i,
=1
k—r
(r— i)S;:z;k,r,i + iS;:z;k,r,i+1 — (k- r)S;:z;k,r—lyi = Z sz(l)s;:%k—l’r—l’i'
=1
Proof. Let e € {J, x}. From the same argument in [SW1, Lemma 2.1, Proposition
2.2], we see that the sum of the product

k—r
Yoo GOtk k) =) s DSk g1
(kysooskr—1, D)€L i =1

coincides with the left-hand side of the desired recurrence relation by the harmonic relation
for F»-MZVs. O

COROLLARY 5.6. Ifk is even, then we have
(r =DSFkri T iSFyk i1 + (k=) SFyk -1 =0,
r = D8Fkri + iSFkrivs = k=1)Sru 1, =0
for positive integers k,r,i with2 <i+1<r <k —1.
Proof. 1f [ is odd, then r, () = 0 by Theorem 3.2 or (3.8). If / is even, then {r, 0)

is a multiple of x r by Theorem 3.2 or (3.8) and S}_-z,k_l 1 ; 1s also a multiple of x 7 by
Saito—Wakabayashi and Murahara’s sum formulas. O

Proof of Theorem 5.4. We prove the non-star case by backward inductiononr < k —
1. Since

(k1 Cyk=l=i) o k k=1 k2 K
W““—Q_J+(” hkk+DQ4>+Q—J+(D <k4_)}

=1+04Y”<kjv,



A Note on F,-multiple Zeta Values 69

we have
. i 1 i (k+1
SFykk—1i = G, (1Y 712, {11 1>=§{1+<—1)' 1( ; >}3J-'z(k+1)xfz
by k—1,i
== 3nk+ DA,

by the definition of Sz,.; ,; and (3.24). Hence, the case r = k — 1 is true. To complete the
induction step, by Corollary 5.6, it suffices to prove that

(5.7) (r — Dbk i +ibgriv1 — (k—=r)bpy—1,, =0
holds for 2 < r < k — 1. The left-hand side of (5.7) is

r — i) G_J>+04Y4{@—ﬂ<k'>+<k v+w W‘<k v}}
L\ 7 i—1 1 r—i
() e emn() () s ()
+ )T k= (D) + (T )+ =D .

L\ 7 l l r—i—1
—te=n | (S v amrn (K )+ () v ()]
r—1 i—1 i—1 i—1

by definition. By (r 1) k%(k 1) we have

(5.8) (r—o<k > ( v—wk—m(k_1>=o
r r—l

By (¥) = &=+ (. F ), we have

1

(5.9) r—i)k — r)<i f l) — ik — r)(f) +k—-—r)k—r+ 1)<i f 1) =0.
By (') = 574 (121). we have

(5.10) u—w( ;)—i6;1)+@—rmk D:ﬂx

By (7)) = &5 (K1), we have

r—i \r—i—1

k-1 k—1 k—1
.10 V‘”(wq)_iQ—w—l)_@_”(w4—4>:0

From (5.8), (5.9), (5.10) and (5.11), we obtain (5.7) and we complete the proof of the
formula for Sz,.x ;. In the star case, we should prove

~.

+

* b/: k—1,i
S]-'z;k,k—l,i - 37k +Dxr,

and the recurrence relation
(r = Db i + by i1 — k= 1)bje,_y ; =0
These are proved similarly to the non-star case. (]

REMARK 5.7. We can also prove the star case by connecting Sz, ¢ ; and S}_-z_k iy
directly using Proposition 2.5. This is the method used in [SY].
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Appendix
A. Proof of equality (3.26)

In this appendix, we prove the following proposition.

PROPOSITION A.l. For non-negative integers a and b, we have
a+b+3
C=1+ (-1
s (70
see the proof of Theorem 3.13 for the definition of C.

s

We divide C into six parts. Set

= (=) _qysm r+l+1><s+m+1><a+b+3>
L= (=D Y Y (=D ( . ! )

l+m=b—1r+s=a
[,m>0 rs5>0

H;:(_l)”'H Z Z <r+i+l)<s+’:+l>,

l+m=b—1r+s=a
[,m>0 rs5>0

b+1 b+3
s ()

r+s=a
r,s>0

IV = 2(_1)a+1 Z (r + b + 1>’
r

r+s=a
r,s>0

— 1y vstmpl (T (s+m+ 1\ (a+b+3
Vi= Y =D)" Y (=D < ’ )( ! >(s+m+2)’

m+n=a—1 r+s=n
m,n>0 r,s>0

et r+b+1\/s+m+1
y ot 3 (7))

m+n=a—1 r+s=n
m,n>0 r,s=0

VI:

Note that we easily obtain
b+2
(A1) 1\/:2(—1)““(“r + >
a

By the definition of negative binomial coefficients and the Chu—Vandermonde identity, we
also have

(A.2) 11:(—1)“+1b<“+b+2), VI = (—1)“(““”;1).
a a —

Next, we calculate I, IIT and V. We use the following equality repeatedly:

" INT 1 _ n!
(A-3) g( D <k)x—|—k_x(x~|—1)~-(x+n)'

Here, n is a non-negative integer and x is an indeterminate.




A Note on F,-multiple Zeta Values

LEMMA A.2.
I=0.

Proof. By elementary calculations, we have

b—1 a
o pha+l \s4m a+b—m—s\[(s+m+1 a—l—b+3>
=D ZZ( D ( b—m >< s ><s+m+2

m=0 s=0

_ (_1\a+1 a+b+2> : . S<61)
A4 =D (a—i—l)( e
b—1
szzo(_l) <m+1><a~l—b+1—s—m+s+m+2>'

Applying (A.3) withx = —(a+ b +2 —s) and x =5 + 1, we have

2L (b 1 1
Z(—l) +
m—+ 1 at+b+1—s—m s+m+2

b+1
_Z( 1yn- 1(b+1 1 n 1
m a+b+2—s—m s+m+1

m=0
(A.5) 1 1 b 1 1
-1 +1
+<a+b+2—s+s+l)+( ) a+l—s+s+b+2
(=P a+b+1—s\"" 1 (b+s+2\"!
Ca4+b+2-—5 b+1 s+1\ b+1

1 1 (_1)b+1 (_1)b+1
+ + + .
a+b+2—-—s s+1 a+1—s s+b+2

By substituting (A.5) into (A.4) and then using (A.3) again, we have

b N 5a+b+2)_ B b+1<a+b+l)

G Z(l)( s = (-1 L)

b+2 b+2 b+1

(— 1) Z( Iy (a—i— + ) Z( 1y <a+s+ )_( 1y <a+a+ )
a+1 a+b+ s _
(—1) <+>( 0( 1)()a+b+2_s— 1,

K a+1 a+b+2)

(g (i)

s pfa+b+2
(_)< a+1— (_)< a+1 )

a

©
2

(=D a+1)

)
a+b+2)

o
Q”M
o

(1) (a4 1) a+b~|—2>

=0

a

71
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+b+2)\ & a 1
—e+ @+ (¢ YD) s = (D
=D (a+)< a+1 H)( ") ssp72- Y
Since a + b is even, we have the conclusion.

LEMMA A.3.

b+2
111=2+2(—1)“(“+ + )

a+1
Proof. By (A.3), we have

. +bh+1- +b+3
e B ()

s=0

142\ [ a+l 1 1
= 2= Y a+b+3) (¢ —1)° —
(D7 (atb+ )< a+1 ){g( ) < s >a+b+3—s atb+3

_1ya—1 -1
=2(—1)“_1(a+b—|—3)<a+b+2) {L(wb”) ;}

a+1 a+b+3\ a+1 a+b+3
a+b+2
=2+2(-D* ,
w210
which completes the proof.
LEMMA A 4.
b+2 b+1
V:(—l)“a<a+ + >+(—1)“<0le + >—1.
a+1 a

Proof. Since

a—1 n
a fb+n+1—s\(a+s—n a+b+3
V=D ZZ(_1)< b+1 >< s ><a+s+1—n>

n=0 s=0

a—1
a a+b+2 a
= (1) (a+1)< o >,§)<n)
- s 1 1
Xg(_l) <S><“+S+1—”+b+2—|—n—s>

X”:( 1y n> 1 1 <a+1 -
sla+s+1—n a+1—n\ n ’

s=0

2’“:( (" 1 _(=D" (bn+1\"!
prt s)b+2+n—s b+2+n\ b+1

hold by (A.3), we obtain the desired formula.

and
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Proof of Proposition 3.26. From (A.1), (A.2), Lemmas A.2, A.3, and A.4, we obtain

the desired formula. O
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