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Abstract. In this paper, we prove that Shintani double zeta functions possess a group
of functional equations isomorphic to the dihedral group D15 of order 12.

1. Introduction and Main result

Shintani introduced double Dirichlet series whose coefficients are the numbers of dis-
tinct solutions to quadratic congruence equations in [1]. Such Dirichlet series are com-
monly referred to as the Shintani double zeta functions, and they play an important role for
the study of asymptotic behaviors of class numbers of integral binary quadratic forms. He
proved that his double zeta functions are meromorphically continued to C?, and they have
two kinds of functional equations. These functional equations were derived from the func-
tional equation of Eisenstein series and the theory of prehomogeneous vector spaces. In
addition, these functional equations generate a non-cyclic group of order 4. In later years,
various researchers gave different proofs for functional equations. It was suggested by Dia-
mantis and Goldfeld in [5] that there are the other functional equations in terms of multiple
Dirichlet series. After that, Kim, Tsuzuki and Wakatsuki in [3] explicitly determined two
functional equations, which are satisfied by the generalized Shintani double zeta functions,
and it is conjectured that they generate a group isomorphic to the dihedral group Dj; of
order 12. In this paper, we prove this conjecture is correct.

Let us explain some notations to define the Shintani double zeta functions. Suppose
that S is a finite set of places of Q such that co € S. Let Q, denote the completion of Q
at a place v, and set Qs := [],cg Qu. For x = (xy)ves € Qg, we set |x|s 1= [[,cqlxl
with | |, being the valuation of Q,. We denote by A the adele ring of Q. For each character
X = Quxv on QXRo\AX, let L5(s, x) = [T,¢s LpGs, xp), where Ly(s, xp) = (1 —
)(p(p)p_s)_l if x, is unramified, and L, (s, xp) := 1 if x, is ramified. We set Z5(s) ==
L5(s, 1) that equals to the Riemann zeta function without the S-factors. We set N (fi) =

[1p¢s #(Zp/7x,) where fy, is the conductor of x,. We denote by Q5 /(Q5)? the set of real
characters of (@?. For any finite set S such that co € S, any real character wg on Q; and

Date: November 11, 2021.



2 C. HIRAMOTO

s = (s1,52) € C?, Kim-Tsuzuki-Wakatsuki[3] defined E5(s, ws) by

L5(s2, x)
LS(2s1 + 52, X) N(f$)*

1) B ey =500 +20-1)
X

with x moving over all real characters y = ®, xy of Q*R.¢\A* such that ®,esxy = ws.
The series (1) is absolutely convergent for Re(s;) > 1 and Re(sz) > 1. They showed the
series (1) is meromorphically continued to C2. By the explicit formula [3, Theorem 4.3],
the original Shintani double zeta functions are expressed by linear combinations of these
series E5(s, wg) with rational functions of p*1, p*2. Therefore E5(s, ws) is viewed as a
natural generalization of the Shintani double zeta functions. By the functional equation of

LS (s, x), they found the first functional equation
1
2 (s, ws) =Ts(1 =52, 05) EX(s1 + 52 = 5, 1 =52, 5),

where T's(s, xs) := [[,es Tv (s, xv),
3)
r . -t s 1 if xoo is trivial,
Coo (s, Xoo) = cos(sm/2)" sin(sm/2) " 2Qn)"*T'(s)), t:= ]
0 if xoo = sgn,
“)
1 A= x,(pp~ /(0 = x,(p)p~*) if x, is unramified,
Tp(s. Xp) = N(fy,) 72 x ! ! RS
1 is xp is ramified .
Moreover, from the theory of prehomogeneous vector spaces, they got the second functional
equation

~ 3 3
6 Ew)= Y Gslsr.g =5 =5 x5 05) B 1.5 = 51— 52, X9)
XSGQW)Z

under the condition § D {oo, 2}, where Gg(g, xs, ws) = [l,es Gv(g, Xv, Wy) and
(6)
|2|—1/2 1
v ~ ~
e (82, xo) Pu(st + 52 = o, @) Z a(—n) xpwu(n) .
#(Qy /(Qy)?) 2 s
n€Qy /(Qy)
In Section 2, we explain the local gamma factor y, (s, x,) and the Weil constant «(n).
The following theorem is our main result.

Gv(ia Xv, ©Wy) 1=

THEOREM 1. Assume that S contains oo and 2. Then, the functional equations (2)
and (5) generate a group isomorphic to Di».

In Section 3, we will give an exact definition for the product of functional equations,
and restate Theorem 1 more precisely.
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In [2], Blomer defined double Dirichlet series Z(s, ¥, ¥') by

L3(s1, pap) ¥'(d)
dSz ’

Zs. YY) =5 +20-2) Y
d>0, odd
where v, ' are real Dirichlet characters on Z/87Z and py(a) := (%) with the Legendre
symbol. He proved that Z(s, v, ¥') has two functional equations and these generate a
group isomorphic to Dyy. It was proved in [3, Appendix A.3] that Z(s,y,¥) and ES (s,ws)
are linear combinations of each other when S = {oo, 2}. Let us describe their relations. Set

Toot = {£1,42}, Tp:={l, 3, 5 7}.

For each square-free integer n, we define a real character w, s = ®Qyes wp,y ON (@§ by
wny (1) = (u,n), where (, ), denotes the Hilbert symbol over Q. For each j € Tw 1,
we also define a real Dirichlet character ¥; on Z/8Z by ¥(a) := wj2(a) (a € T2). Then,
we have

1
(7 25(s, wxp,s) = 1 Z Vib) Z(s, Vj, Y—1yo-nr2) -

J€T1

Therefore, his study gives a proof of Theorem 1 in the special case S = {oo, 2}.

Acknowledgments. The author would like to thank his supervisor Satoshi Wakat-
suki in Kanazawa university for suggesting this problem and encouraging him, and Miyu
Suzuki for her kind advice. The author would also like to thank the referee for his many
suggestions and corrections.

2. Preliminaries

In this section, we explain the gamma factors of (5) and (6). Let v be a place of Q,
that is, v = 0o or v is a prime number p. We write ¥, for the additive character of Q,
defined by

exp(2mix) ifQ, =R,
exp(—2wi[x]y) ifQy =Q,,

where [x], := Z:N a,»pi with p-adic expansion Q, 3 x = Z?izv aipi (a; €{0,1,---,
p—=1D.
Let dxo, denote the ordinary Lebesgue measure on R and dx, denote the Haar measure
on Q, normalized by pr dx, = 1. We denote by d*x, a Haar measure on Q; defined as
— dreo — —1y—1dx -
d*xeo = l;‘lm andd*x, = (1 —p~") ﬁ. Then one has fZ§ d*x, = 1.

For ¢, € C°(Qy) and a real character x, on QQ, we define the local Tate integral by

Y, (x) =

Co(Pu, S, Xv) = [@x v (x) |x|f)Xv(x)dXx~
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This integral is absolutely convergent for Re(s) > 0, and meromorphically continued to
the whole s-plane. We also have the local functional equation

Co(Dus 5, X0) = P (s, x0) Co(dus 1 — 5, x0)

where
bu(y) = /@ Yo, (xy) pp(x)dx, y € Q,

is the Fourier transform of ¢,,. The local gamma factor y, (s, x,) is given explicitly as

oo(s, sgn) = i 727 T(3£8) PA=H8)  for xoo = sgn® (5 = Oor 1),
g 2 2

(I = xp(p) ps_l)/(l — xp(p) p~F) if x, is unramified,

~ s, — . . .
yp( XP) { gXpN(pr)S lf XP 1S ramlﬁed N

where gy, is the Gauss sum for x;, defined by

9 =NG)™ D @ (.
u€Zp [(+fyp)
Here, an integer pr is defined by fxp = prp Z, and N(fxp) — pfo' Note that g)z(p _
Xp(—l)N(pr)_l.
For any a € Q, there exists a constant oy, (@) which satisfies

2
/ $o(0) Yig, (ax) dx = atyq, (@) 122l / $o() g, (‘i—) dx
@ Q a

for any ¢, € C°(Q,). It is called the Weil constant. By the definition, oy, (@) depends
only on the square class a((@fj)z of a € Q. It holds that we have the relations

Ay, (a)al/,(@v (b) B
Ay, (1)“1//@v (ab)
with the Hilbert symbol (, ), on QJ, see [4, p.3 §1] for its detail. For v = oo, ¢(x) =

—TTX

e~ satisfies </3 = ¢. Hence by using ay;, (1) = ayy (271, we have

/e_”(l_i)xzdx:am(l)/e_”(1+i)x2dx.
R R

On the other hand, for v = p, let ¢ be the characteristic function of Z,. Then dA) = ¢ holds,

SO we obtain 5
—1/2 y
=12 ——|d
alﬁ@p (a) | a|p /%p WQp <4a> y

for any a € Z,. Hence, it can be explicitly calculated as

Ay, (—a) = ayq, (@), (a,b), foranya,be Q

oy (a) = exp(% a) forany a € {£1},
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and forany a € Z;,

1 (p>2),

ayg, (@) = e /4 (p=2, a=1(mod4Zy)),
Tt (p=2, a=—1(mod4Zy)),

(%) (p>2, p=1(mod4Zy)),
ayq, (pa) = { - (%)i (p>2, p=23(mod4Zy)),

Vg, (a/8) (p=2).

3. The product of functional equations

In this section, we give a rigorous definition of the product of functional equations,
and restate Theorem 1 in a precise way. Fix a finite set S of places of Q and suppose that S
contains oo and 2. Set

Av=QF/@FR A= Arx Al
F = {(@2()aea | ¢ : C* > C) x (Ma(C) x C?).
A product on § is defined by

(B, 0 )@, x)eas (A, B)) (Do 1) ()@ x)ens (A's B)) =

> b0 ¢, (sA+ B) (AA’, BA'+ B
xeh (@.x)eA
Then, § is a monoid, and the unit 15 is given by ((¢0,1(s))x.ea» (12, (0, 0))), where ¢o (0, %)
= 1if x = o, ¢o,(w,x) = 0 otherwise, and I; denotes the unit matrix of degree 2. Two
elements F,, and F; in § are defined as

i 1
F, = <(Hs(§, X5 @) (@, x)€N s G —Ol> ’ (_5’ 1)) ’
i _ 3
Fp = <(Js(£,x,w))(w,X>€A’ ((1) —}> ’ (0’ 5)) ’

Fs(1 =52, 0) if x =o,

where

I:I k] ) ’ =
s((s1,92), X, @) {0 otherwise,

- - 3
Js((s1,82), x, w) := Gs((s1, 77— 52), X, @) .
Now, we consider a submonoid & of § generated by F,; and Fr, that is,
6 = <F0'5 FT> .
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For each F = ((¢,.(s))).ea, (A, B)) € §, the equation
ES(s, ) = ) wn® E A+ B, x) (0€A)
XEA]
is called the functional equation F.
LEMMA 2. ES(s, ) satisfies the functional equation F for any F € .

Proof. The functional equations F, and F; are equivalent to (2) and (5) respectively.
In addition, if &5 (s, w) satisfies the functional equations F1 and F>, where Fi, F> € &, it
can be easily proved that the functional equation Fi F; is also satisfied. O

By this lemma, we can identify the element F'(e &) with the functional equation F'.
The dihedral group Dp» of order 12 is generated by two elements o and t, which satisfy
02 = 1% = (10)® = 1. Therefore, Theorem 1 is precisely restated as follows:

THEOREM 3. A mapping n : D12 — & is defined by n(c) = F, and n(t) = Fr.
Then, n is well-defined and a group isomorphism.

We will give a proof of Theorem 3 in the next section.

4. Proof of Theorem 3

Let pj = toro,and p = (01, 02, ..., Pm). Define an element (M, s(s), (Ap, By))
in & by
(Mp.5(5), (Ap, Bp)) := Fp Fp, -+ Fp, .
To simplify the description, (p1, p2, ..., pm) 1S written as p1p2 - - - pm, so for example
Mo 7.0.7).5(s) is written as M, 2 g(s).
It is easy to prove Fy Fy = FFr = 13, (A(ra)j’ B(ra)j) # (2,(0,0) (j = 1,
2,...,5),and (A(w)ﬁ, B(w)o) = (I2, (0, 0)). Hence, it is sufficient to prove

M(gf)ﬁ,s(i) = (¢0,).(8))reA
in order to obtain Theorem 3.
First, we explain that the proof is reduced to computations over Q, for each v € S.
Take a place v of Q, and set
Al,v = @5/(@5)% Ay = Al,v XAl,v~

In the previous section, we supposed {oco, 2} C S, but we can formally define M, s(s) even
if S consists of a single place v. Hence, we have

Mz o (s) = (Hy((51,52), Xvs @0)) @y 1) A, »

- Iy(1 =52, wy) if xy = wy,

Hy((s1, 82), Yo @0) =14 ° ’ Lo

0 otherwise,
~ 3

Ma,v(i) = (Gy((s1, 5 — 51— 52), Xv, wu))(wv,xU)EAv s

and for any p = p1--- pm (p; € {0, T}), My »(s) is inductively obtained from the product
on § (S = {v}). Take an order on Aj, (resp. Aj), then we can identify M, ,(s) (resp.
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M, s(s)) with a square matrix of degree #A 1, (resp. #A1). Hence, for p = p1--- pu,
P =pi-p (pj p} € {1, o}), we have the relations

(8) Mo v(8) = Mp o (S)Mp v(sAp + By) ,

©) My s(s) = Mp s(s)Mp s(sAp + Bp)

by the product of matrices.

LEMMA 4. Weset M, (s):= (qﬁfv (g))A cpJoranyv € Sandany p = pip2 -+ pm
(pj € {0, t}). Then, we have

(10) My s(s) = (1‘[ ¢y @)
ves A=0w)ves EA=]T 5 Av

Proof. We prove this assertion by an induction form > 1. Whenm = 1, we get p =
o or 7, so (10) obviously holds. Suppose that the assertion holds for p and p’. Hence, if
we set

M) = (91, )
then we get by (9)

D My = (60 0)

M EAyY vEAyY

Mpp’,S(i) = Z l_[ ¢fmeu)(£) ¢va;X{))(£Ap + Bp)

Qv xvEA] VES (Rvwy, ®vx,)EA

= l—[ Z ¢fmeu)(£) ¢va;X{))(£Ap +Bp)

veS \xweA Ly (®ywy, ®UX13)EA

Hence, (10) for pp’ is proved by (8). Thus, the assertion follows from the induction on m.
O

From this lemma, we have only to calculate M, ,,(s) foreach v € S.

Next we set an order for the set Q; /(Q; )2 (= A1.y). For each place v € S, we choose
the following order on Q; /(Q )2

Q%/(@Q%)*: 1< —1,

(1) QF/(@)*: 1<3<5<7<2<6<10< 14,

Q[X,/(Q[X,)2 : 1 <u < p =< pu, (pisanodd prime number, u € Z[X,\(Z;)z),
where the notation < means the order relation. Now, we define a real character on Q; by
x5, (ay) = {ay, 8y)y with the Hilbert symbol. Then, the bijection

Q@ 58> xs, € QF /@)

gives an order on Q; /(Q;)2.
We consider the three cases

Hv=o00, (H)v=2, (@(i)v=p((>2)
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and use the order specified above. The case S = {oo, 2} was already solved by Blomer, but
we give an alternative proof by our method, since it gives decompositions of his matrices
of functional equations into two smaller matrices. Case (i) and (ii). In these cases, we
consider matrices My 14,y (s) and M4, (s). From (8) we have

Martr,v(i) = (Fu(l — 52, a)v)év(sl + 52 — %7 I —s1, v, 0)Ty(s1, Xv)) s

Wy, Xv

Mrtr,v(i) = (éu(SI, % — 51— 52, Xv, wy) Iy (s1 4+ 52 — %7 Xv))

Wy, Xv

By (3),(4),(6) and direct calculations, we have

rdzh  rdgh

Sl S]
Mtrra,oo(i) = % (} _ll) s Mra,oo(SZ, s1) = %ﬂsl_% FT(‘%) _EE_—;ﬂ) s
ry e
1 1 1 1 1 1 1
-1 1 -1 -1 1 -1 1
1 1 1 -1 -1 -1 -1
-1 1 -1 1 -1 1 -1

-1 -1 1 1 -1 -1 1 ’
1 -1 -1 -1 -1 1 1
-1 -1 1 -1 1 I -1

1

1

1

1 1
MUTU,2(£)=§ 1
1

1

1 1 -1 -1 1 1 -1 -1

Moozt =5 (3 32)
where
by b1 b1 b by b b b
By = by —by by —b Bjy — —by by —by Db
b3 b3 by b3 |’ —b3y —b3 —bz —b3|’
by —by by —by by —by by —bp
1 —27% 1. 1+275
b= =T b=
1 -1 -1 1 1 -1 -1 1
By = 827" i _11 :} _11 . By =827 :} _11 } _11
1 1 -1 -1 1 1 -1 -1

Note that all the entries of M4 ,(s) are constants. Therefore, we obtain the matrices
M +6,(00,2)(8) and M4 (00,2} (52, S1) by combining the above matrices according to Lemma
4. On the other hand, the relation (7) gives a regular matrix A such that 212} (s) = H Z(s)
if we let £(°2}(s) be the column vector (E{OO*Z}(Q, a)))w with an order composed (11) and
oo < 2, and also Z(s) be the column vector (Z(s, ¥, ¥'))(y,y) With a certain order of
(Y, ¥'). Then, H "My 10, (00,21 (8)H and H ™' Mo, (00,2)(8)M14, (00,2} (52, s1) H are equal
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to the gamma matrices of Blomer’s functional equations. And now by direct calculations,
we have

1
M(ra)(’,oo(ﬁ) = 3 b, M(w)ﬁ’z(g) =81.

Hence, we obtain an alternative proof for S = {oo, 2}. Case (iii). By the definition of
L'p(s, xp) from (2), G, (s, xp, wp) from (5) and the Weil constant, we have

1 1 1 1
1 1 1 —1 -1
Moo, p(s) = E 1 -1 (‘71) <__1) s

o -G) ()

. 1 - p—sz 1+ p_s2 - +l —s +l
Mayp(i)zdlag(l_p_l_i_szs1+p_1+szsp 2 zvp 272 .

1100
We further use the regular matrix U := <(1) _01 (1) (1) > for a simplification of the calculation.
00 1-—1

Then we can see that

101 0
1 001 0
U~ M(r‘[a,p(i) U= 01 0 0 ’
—1
00 0 ()
U™ Moy & U = 1 5, ¥
1—p7! —p 4 pltR 0 0
—prhp 1! 0 0
0 0 Pl = pn) 0 ’
0 0 0 pEtI(l - pE

1

U™ Mo, p ()Mo, p(s1 -+ 52 — % 1—-s)U = mx

1— p—l 0 1— p—l _ p—52 + p—1+:2 0
_p*SZ +p71+32 0 1— p71 _ p*Sz + p71+x2 0
0 pfxfr%(l _ p72+2x2) 0 0

0 0 0 (%1) p*32+%(1 _ p2H2my

Finally, by using these matrices we find that
U™ Mo p(8) Moro,p(s1 + 52— 5, 1 =52) U
x U™ "My (1 — 52,51 + 52 — %) My, p(s1, % — 51 —s) U
X U_lMU,P(% =851 =82, ) Moo, p(1 — 52,1 —s1) U
x U™ "My p(1 = 51,1 = $2) Mozo,p(3 — 51 — 52,50 U

X U™ "Me (52,3 — 51 — $2) Moz, p(1 — 51,51 + 52— U
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X U™ Mo, p(s1+ 52 — 5, 1 = 51) Moo, p(s2,51) U

becomes the unit matrix. Hence, this means U _1M(n,)6’ » U = I4, which completes the
proof. (]
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