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Abstract. In the study of hyperelliptic curve cryptography, presentations of semi-
reduced divisors on a hyperelliptic curve play important roles. In this note, we give an
interpretation for such presentations from viewpoints of Grobner bases. We then apply it to
construct plane curves with infinitely many quasi-toric relations of type (2, n, 2).

Introduction

Let C be a hyperelliptic curve of genus ¢ defined over a field K, char(K) # 2 given
by an affine equation

C:y>= f(x), f(x)=x29+1+clx29+...+czg, ceK(1<i<2g)

where f(x) = 0 has no multiple roots in K, an algebraic closure of K. We denote the point
at infinity by O. In the study of hyperelliptic curve cryptography ([2, 4, 7, 12]), a pair of
two polynomials (u, v) (u, v € K[x]) is used in order to describe semi-reduced divisors on
C (See Section 1 for semi-reduced divisors) and to consider the addition in the Jacobian of
C. Such a pair was first considered in [15] and is called the Mumford representation of a
semi-reduced divisor. For a semi-reduced divisor 0, 0 is given by zeros of the ideal (u, y —
v, y2 — f) generated by u, y — v, y> — f in K [x, y] with multiplicities. In [13], another
description for semi-reduced divisors was given. We call it the Leitenberger representation.

In this article, we give interpretations concerning these two representations from view-
points of Grobner bases (Propositions 2.8 and 2.13). Namely we consider reduced Grobner
bases of (1, y — v, y> — f) with respect to two monomial orders given in Section 2.3.1. We
then give a description for the addition law on Pic’(C) along this line in Section 2.3.4. We
hope that our approach by using Grobner bases may make the addition procedure simple at
least from conceptual viewpoint.

As a geometric application of our observation on the two representations of semi-
reduced divisors, we study plane curves with quasi-toric relations and give a method for
explicit construction of such curves in Proposition 3.1. Here, following [3, Definition 2.13],
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we say that a plane curve B in P? satisfies a quasi-toric relation of type (p, g, r) if there
exist a sextuple (Fi, F2, F3, hi, ha, h3) of non-zero homogeneous polynomials such that

o it satisfies the following relation
hfFl ~|—th2 ~|—th3 =0,
and
e the curve B is given by Fi F> F3 = 0.
Plane curves that satisfy quasi-toric relations of certain types have been studied in [3, 9, 10]
in terms of the embedded topology of plane curves. We apply Proposition 3.1 to the case of

g = 1 and construct new explicit examples of curves satisfying infinitely many quasi-toric
relations of type (2, n,2) n = 3,5, 7 in Section 4.

REMARK 1. (i) Note that the cases of (2,5,2) and (2, 7, 2) were not considered
since such cases are not of elliptic type in the terminology of [3], i.e., of types
(2,3,6),(3,3,3),(2,4,4).

(i1) If a plane curve satisfies a quasi-toric relation of type (2, 3, 6), it satisfies infin-
itely many countable such relations by [3, Theorem 4.7]. On the other hand, our
examples in this article contain a continuous parameter, which makes a difference.

(iii) After the previous version of this article was uploaded in arXiv, Kloosterman
extended our result ([11]). Yet, as he comments in the Introduction in [11], we
hope that our examples are still worthwhile to be published.

In Section 4, we also apply our method to construct weak n-contact curves to a smooth
cubic. For a smooth cubic E, a plane curve D is said to be a weak n-contact curve to E if

the divisor D|g on E defined by D is of the form D|g =n (Z?:l Pi) + s O for some non-

negative integer s. As we have seen in [16], a weak n-contact curve to a cubic satisfying
D|g = nP + 50, i.e.,, D meets at a torsion point of order n and meets at O plays a key
role to construct examples of certain Zariski tuples. In Examples 4.4 and 4.5, we construct
5- (resp. 7-) contact curves to E which intersect at a torsion point of order 5 (resp. 7) on
E and meets at O. Note that these examples are new as we only treat the cases of n =
3,4,6,8in[16]..

This article consists of 4 sections. In Section 1, we introduce semi-reduced divisors on
a hyperelliptic curve and explain their presentations. In Section 2, we give our interpretation
for two different representations of semi-reduced divisors from a viewpoint of Grobner
bases. In Section 3 and 4, we apply our observation in Section 2 to study plane curves with
quasi-toric relations and weak n-contact curves.

1. Semi-reduced divisors on hyperellitpic curves

Let C be a hyperelliptic curve defined over K given by the affine equation in the
Introduction. We give a summary for semi-reduced divisors considered in hyperelliptic
cryptography [4, 7, 12, 14] and our previous article [16]. Our notation here are those in
[16].
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Let 0 be a divisor on C and Supp(d) denotes its supporting set. Let ¢ : (x,y) —
(x, —y) be the hyperelliptic involution on C. For any divisord on C withd =Y, _ompP,
by considering points of the form P + ¢(P) contained in 9, we have a decomposition 0 =
04+ + 0, such that
(i) the divisor 9, is of the form 9 + ¢(d) for some divisor , and
(i) if we write 9y = ) p o m’p P, then m’, satisfies the following conditions:
(@) m', = 1ifm’, > 0and P = ((P), and
(b) m:(P) =0ifm’, > 0and P # ((P).
We here define a semi-reduced divisor on C following to [7].

DEFINITION 1.1. Let 0 be a divisor on a hyperelliptic curve C .

(i) The divisor 0 is said to be affine divisor if Supp(®) C Cysr :=C \ {O}.
(i1) An effective affine divisor 0 is said to be semi-reduced if 9, is empty.
(iii) A semi-reduced divisor ) _; m; P; is said to be h-reduced if ) ; m; < g.

REMARK 1.2. In [7, 14], a h-reduced divisor is simply called a reduced divisor.
Here, in order to avoid confusion for the terminology reduced divisor used in standard
textbooks in algebraic geometry e.g., [8], we use the terminology ‘h-reduced.

Here are some properties for semi-reduced divisors:

LEMMA 1.3. (a) For any divisor d = )_pmpP with Supp(d) # @, there exists
a semi-reduced divisor sr(0) such that (1) 0 — (deg0)O ~ sr(0) — (degsr(0)) O
and (i) [d] > |sr(d)|(= degsr(d)). Here we put degd := > pmp and || :=
Z plmpl.

(b) Let d be any semi-reduced divisor on C with degd > g. Then there exists a unique
h-reduced divisor 1(d) such that 0 — (deg?)O ~ r(d) — (degr(0))O.

(c) With two statements as above, we see that for any element € Div'(C), there
exists a unique h-reduced divisor r(0) such that 0 ~ r(0) — (degr(9))O.

As for proofs, see [7, 14].

2. Representations for semi-reduced divisors

We keep our notation and terminologies as in Section 1. Let (y> — f) C K[x, y] be
the ideal generated by y> — f, where f is the polynomial in the Introduction. The quotient
ring K[x, y]/(y> — f) is said to be the coordinate ring of C and we denote it by K[C]. The
quotient field of K[C] is the rational function field K (C) of C. An element of K [C] is called
a polynomial function, i.e., a rational function with poles only at O. For g € K|x, y], its
class in K[C] gives a polynomial function on C, which we denote by [g].

For our later use, we define a K [x]-submodule Rem(yz) of K[x, v] as follows:

Rem(y?) = {bo(x) + b1 (x)y | bo(x), b1(x) € K[x]}

Since any element in K [C] can be represented by the class of an element in Rem(y?)
uniﬂuely ([14, §2]), we use elements in Rem(y?) as normal forms of polynomial functions
in K[C]. Also we denote the local ring at P by Op(C) and its valuation by ordp.
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2.1. The Mumford representation

In [15], Mumford gave a description of Pic’(C) by two polynomials of one variable,
from which we have a semi-reduced divisor. In the study of hyperelliptic cryptography it is
called the Mumford representation. We explain it briefly.

Letd = Zgzl ¢; Pi(e; > 0) be a semi-reduced divisor on C and put P; = (x;, y;) (i =
1,....r).

LEMMA 2.1. There exist unique polynomials u(x), v(x) € K [x] such that

(@) ux) = [1io (x — x4,

(i1) degv(x) < degu(x), ordp, ([y — v(x)]) > e;, and

(iii) v(x)? — f is divisible by u.
In particular, degu = dego.

For a proof, see [7, Lemma 10.3.5].

DEFINITION 2.2. Let 0 be a non-zero semi-reduced divisor on a hyperelliptic curve
C. The pair of polynomials (1, v) is said to be the Mumford representation of 9. By 0(u, v),
we mean a non-zero semi-reduced divisor with the Mumford representation (u, v). For d =
0, we take u(x) = 1 and v(x) = 0 as its Mumford representation.

Note that if # and v as above exist, we recover 0:
0 = (ged(div([u)), div(Ly — v]))y -
where, for g; € K|x, yv] (i = 1,2) and divisors, div([g;]), of functions [g;](i = 1, 2), we
define

ged(div([g1 D), div([g2]))

= min(ordp([gi]), ordp ([g2]1) P — (Z min (ordp ([g1]), 0rdP([92]))> 0,
P

PeCyst

and (ged(div([g1 D). div([g2])))asr := 2 pec,, Min(ordp (Lg1]), ordp ([921)) P.

As it is shown in [2, 7, 14], one can compute the addition law on PicO(C) in terms
of Mumford representations of two semi-reduced divisors. Also if we are given a semi-
reduced divisor 0(u, v), we have an algorithm to compute the i-reduced divisor r(d(u, v))
as in Lemma 1.3 in terms of u, v.

2.2. The Leitenberger representation
In this subsection, we recall another representation of a non-zero semi-reduced divisor
0 considered in [13], which is based on Jacobi’s interpolation functions. Let 0 = Zle P;
be a non-zero semi-reduced divisor on C. By Lemma 1.3, there exists a unique /-reduced
divisor, r(9), such that
0 — (degd)O ~ r(0) — (degr(9))0 .
Hence we have

0+ r(d) — (degd + degr()) O ~ r(d) + (" r(d) — 2(degr(d)) ~ 0,
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and there exists ¥ € KI[C], unique up to constants, such that
div(y) =0+ *r(0) — (degd + degr(0))0.
Thus we have

LEMMA 2.3. degr(d) = min{r | L(—04(degd+r)0O) # {0}}. Here for a divisor?,
IL(D) denotes vector space consisting of rational functions & such that div(§) 40 is effecitve
and 0.

By choosing b = by + b1y € Rem(yz) such that ¢ = [b], we have

LEMMA 2.4. The effective divisor 0+1*1(0) is semi-reduced if and only if gcd(bg, b1)

=1.

Proof. Suppose that 0 + (*1(9) is not semi-reduced. We then infer that 0 4 (*r(0) is
of the form 01 + P + * P for some effective divisor 9; and P = (xp, yp). As P + (*P —
20 ~ 0,01 — (deg(b + (*1(0)) — 2)O ~ 0. This implies that there exists be Rem(yz)
such that div([b]) = d; — (deg(0 +¢ r(a)) —2)0, and we have div((x — xp)b) = 0 +
1(0) — (deg(® + ¢*r(9))0. As (x — xP)b € Rem(y?), b = c(x — xP)b for some ¢ €
f\{O}. This means x — xp|gcd(bg, b1). Conversely, if gcd(bg, b1) is not constant, the
divisor (ged(div([bo]), div([b1)]))afr is contained in 0 4 ¢*r(). Therefore 0 + (*1() is not
semi-reduced. 0

LEMMA 2.5. Letd = Zle e; P; be a semi-reduced divisor such that 0 + (*1(0)
is semi-reduced. Let u be as in Lemma 2.1 and let b € Rem(y?) as above. Then d =
(ged(div([ul), div([b])))afr.

Proof. Since div([u]) = Y ;_, €;(Pi + *P;) — (2degd) O, div([b]) = 0 + (*1(d) —
(degd + degr(?)) O and Supp(®) N Supp(r(0)) = @, our statement follows.

O

DEFINITION 2.6. Let 0 be a semi-reduced divisor on C and let () be the corre-
sponding reduced divisor. Assume that

(&) 0 + t*1(d) is semi-reduced.
The pair of polynomials (u, b), u € K[x], b € Rem(y?) (up to K\{0}) in Lemma 2.5 is
called the Leitenberger representation of .
REMARK 2.7. (i) If 1(0) = O, the condition & is satisfied as 0 is an affine divisor.
In particular we have div([b]) = 0 — (deg?)O.

(ii) If & is not satisfied, i.e., @ + (*r(d) is not semi-reduced, Jacobi’s interpolation
rational function considered in [13] does not seem to give the desired polynomial
function b as gcd(bg, b1) in Lemma 2.4 is not 1. Here is such an example. Let C
be a hyperelliptic curve over C given by

C:y2=x5—x3+2x2~|—2
Let 09 = 0(up, vo) be a semi-reduced divisor of degree 4 given by
up=x*—x3 — (> —2x —1* =3t -2
v=t(x+1)+2,
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t € C. By the reduction algorithm for semi-reduced divisors we have r(dg) =
(—1,—=2). Putd = (1,2) + 9p. Then we have r(0) = (1, 2) + (—1, —2). Hence
0+ ¢* r(0) is not semi-reduced as 0 + ¢* r(9) contains (1, 2) + (1, —2). In this case,
we have u = (x — 1)ug and

b=x-Dx+t+2—-y).
In particular, d # (ged(div([u]), div([D])))afr.

2.3. Ideals arising from the two representations of semi-reduced divisors and their
bases

~ Letd = ) p ep P be a semi-reduced divisor on C. We define ideals 1 (d) C KI[C] and

1(d) C K|[x, yl.

1(0) :={[g] € KIC] | ordp([g]) = ep, for VP € Supp(d)} ,
1(0):=1{g € K[x, y]1[g] € 1(®)}

Let (u, v) and (u, b) be its Mumford and Leitenberger representation, respectively. By
their definition, we infer that u, y — v, b € 1(0). In Atl}is section, we give characterization
of these polynomials in terms of Grobner bases of /(9) with respect to certain monomials
orders. Let us introduce two monomial orders which we use for our purpose.

2.3.1. Two monomial orders on K [x, y] and K|x, v]
As for general facts on monomial orders and Grobner bases, we refer to [5]. In this
note, we consider two monomial orders > and >, as follows:

e > is the pure lexicographic order with y > x.
e > is a weighted lexicographic order as follows: For a monomial y"x", we put
wdeg(y"x™) = (29 + 1)m + 2n. We say y"1x"! >, y"2x"2 if and only if
(1) wdeg(y™'x") > wdeg(y™2x"?) or
(i) g+ 1)my +2n; = 2g + 1)my 4 2ny andny < ny

The monomial order > is nothing but a weighted reverse lexicographic order for y, x
with weight (2¢g + 1, 2). It coincides with the C,p-order considered in [1] for (a,b) =
29 +1,2).

By LM;(g), LC;(g) and LT; (g), we denote the leading monomial, coefficient and term
of g with respect to >;, respectively. Also we denote the multidegree with respect to >; by
multideg;. Note that if g € K[x] (resp. K[x]), LM;(g), LC;(g) and LT;(g) (i = 1,2) are
the leading monomial, coefficient and term of g, respectively in K|[x] (resp. K[x]).

In [1], a description on the ideal class group for C,j, curves was given via Grobner
bases. This article can be considered as a hyperelliptic curve version of [1]. In the following
two subsections, we will give descriptions for the divisor class group via Grobner bases of
1(d).

2.3.2. The Mumford representation and the reduced Grobner basis of I’(\D/) with
respect to >
Let us start the following proposition:
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PROPOSITION 2.8.  Let (u,v) be the Mumford representation of 0. Then 1?5) =
(u, y —v)and v2 — f € (u) in K[x]. In particular, {u, y — v} is the reduced Grébner basis
of 1 () with respect to >1.

Proof.  Since (u, v) is the Mumford representation of , by definition, we have u, y —
v e l®) and u|(v? — f). In particular, (u,y —v) € I(0) and {y — v, u} is the reduced
Grobner basis of (u, y — v) by computing the S-polynomial of u and y — v with respect to
>1. We now show that /(?) € (4, y — v). Choose any g € 1(0), we apply [5, Chapter 2,
Theorem 3 (Division Algorithm)] to our case: g and F = (y — v, u) with respect to >1.
Then we have

g=q1(y =v) +qou+r, reK[x],degr <deguifr #0,q1,9 € K[x,y].
Asr e I(0),
ordp,([r]) > ep, (VP = (xp;, yp;) € Supp(d)),
and r(xp,) = Ofor P, = (xp,,0) € Supp(a) Since K[x] can be regarded as a subset of
K[C], we infer that u|r, i.e., r = 0. Hence I(O) (u,y —v).
O

REMARK 2.9.  Our proof of Proposition 2.8 implies that any element g € K [x]N
I(D) is divisible by u, i.e., K[x] N I(d) = (u). For v; € K[x] such that y — v; € I(D)
(y—v)—(y—v1) =v—uv; € (u). Hence if degv; < degu, v; = v.

REMARK 2.10. If 0 is a semi-reducd divisor defined over K, the two polynomials
of its Mumford representation can be chosen from K [x] by [7, Lemma 10.3.10].

2.3.3. The Leitenberger representation and the reduced Grobner basis of If(\DJ) with
respect to >,

We next consider an interpretation for the Leitenberger representation. To this pur-
pose, we use the monomial order >;. We first remark that for b = by + b1y € Rem(yz) we
have wdeg(LT2 (b)) =— ordp ([p]). In fact, as multideg, () =max{(0, deg by), (1, deg b1)},
we have wdeg(LT2 (b)) = max{2degbo, 2g + 1 + degb1}. On the other hand, ordp ([/]) =
—max{2degbho,2g + 1 + deg b1} (see [14, Definition 3.3], for example).

LEMMA 2.11.  Let 0 be a semi-reduced divisor and t(0) denotes the unique reduced
divisor as in Section 1. Put w, = min{wdeg(LM2(g)) | g € I(O) [g] # O}. Then

degd + degr(®) = w,
holds.

Proof. Our proof consists of 2 steps.
Step 1. We show that wgeg := min{multideg,(g) | g € @ (@), [g] # 0} is attained by

some elements in / (D) N Rem(yz). In particular,
w, = min{fwdeg(LM2(b)) | b € I’(\D/) N Rem(yz), [b] # O} .
Choose g € 1?5) arbitrary. Note that g can be expressed uniquely as follows:
9=a9y> = f) +bg. qg € K[x.y], by = bo g+ b1 gy € Rem(y*) N I (D) .
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As multideg, (¢4 =)= multideg, (g4)+ (2, 0) and multideg, (b4) =max{(0, deg by 4),
(1, degby,¢)}, by [5, Lemma 8, Ch.2, §2],

multideg, (¢) = max{multideg, (¢4 (y2 — f)), multideg, (by)}
> multideg, (by) .

Hence wgeg is attained by some element b in 1?5) N Rem(y?) with [b] # 0.
Step 2. Choose bmin := bo,min + b1,miny such that waeg = multideg, bmin. AS bmin €
1),
div([bmin]) = 0 + 0" — (degd + degd’) O
for some effective divisor 9" and w, = (degd + degd’). Choose be Rem(y?) such that
div([bmin]) = 0 + (" r(0) — (degd + degr(0))O .

By Lemmas 2.3, w, = deg 0 + degr(0) and we have [l;] = [cbmin] for some ¢ € K* by the
uniqueness of such rational functions up to constant. Hence our statement follows. (]

Choose by = by + b1y € Rem(yz) N I?ﬁ) as in Lemma 2.11 with LCy(bp) Z,\l; Note
that by is unique and ordg ([bo]) = —w,. Let G, be the reduced Grobner basis of 7 (9) with
respect to >5. By our proof of Lemma 2.11, we infer that g, € Rem(y?) for any g, € G,
with [g,] # 0.

LEMMA 2.12. The polynomial by is a member of Gy such that multideg, is minimum
in the set {g € Go | [g] # 0}.

Proof. Choose g, € G so that multideg, is minimum in {g € G> | [¢g] # 0}. By our
choice of by, multideg, (b) < multideg,(g,). On the other hand, LT>(bp) is divisible by
LT, (g) for some ¢ € G» with [g] # 0 as by € Rem(y?) N 1(?). Hence multideg, (bp) >
multideg, (g,) and this implies multideg, (by) = multideg,(g,). Since by, g, € Rem(y?)
and both leading coefficients of by and g, is 1, if by # g,, then we have by — g, € 1?5),
[bo — go] # 0 and multideg, (by — g,) < multideg(by). This contradicts to our choice of
by. Hence by = g, € G>. O

Let 0 be a semi-reduced divisor satisfying &. Let (#, v) be the Mumford representation
of 0 and let by be as above. Then (u, by) is the Leitenberger representation of 0 and we
have the following proposition:

PROPOSITION 2.13. The ideal I’(\OJ) coincides with (u, by, y* — f). In particular,
1(®) = ([ul, [ba])

Proof. Putby = bo+b1y. As 0 satisfies &, gcd(bg, b1) = 1. If ged(u, b,L), # 1, there
exists P = (xp, yp) € C such that u(xp) = 0 and b1(xp) = 0. As by € 1(D), we infer
that by(xp, yp) = 0 or by (xp, —yp) = 0, i.e., bo(xp) = 0 also holds. This contradicts
to ged(bg, b1) = 1. Hence gcd(u, b1) = 1. By choosing hy, hy € K[x] such that hju +
hoby = 1, we have

hiuy + hoby =y + habg .
Take vy so that —v; = hobg(modu). Asy—v,y—v] € I?ﬁ), we infer that vi —v € f(\a/) N
K|[x]. By Remark 2.9, v; — v is divisible by «, which implies v = v;. Hence (u, y —v) C
(u, by, y* — f) and our statement follows from Proposition 2.8. ]
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REMARK 2.14. If the semi-reduced divisore 0 as above is defined over K, u,y —
v € K[x,y] by Remark 2.10. Hence we infer that b, € K[x, y] since computation to
obtain G, can be done in K [x, y].

2.3.4. Remark on the addition on Pic’(C)

Let us recall that that both of the Mumford and Leitenberger representations have
been used in order to compute the ‘addition’ on PicO(C), explicitly, in [7, 12, 13, 14]. In
this subsection we give a remark about the addition from our viewpoint.

Suppose that two h-reduced divisors 01 and 0, are given. The addition on PicO(C)
consists of two steps:

e Step 1. To find a semi-reduced divisor 03 such that 91 + 02 — deg(0; + 02)O ~
03 — deg(03)0.
e Step 2. To find r(03).

We first consider the Step 1. Assume that 91 4 0, can be rewritten of the form 0, +0+
(*0, where 9, is a non-zero semi-reduced divisor and 0 is an effective divisor. Then we can
take 0, as 03. Let (13, v3) be the Mumford representation of 93. Write 0= Zj ejPj, Pj =
(xp;, yp;) and putu, = [];(x —xp;)/. Then we see that div([u,]) = 0+ 1*0 —2(degd) O
holds. Under these notation, we have

PROPOSITION 2.15. Assume that 03 # 0. Both u,uz and u,(y — v3) are contained
in the reduced Grobner basis of 1 (01 + 072) with respect to >1.

Proof. If 0 = 0, we can take 1 as u,. Hence our statement follows from Proposi-

tion 2.8. Now we assume 0 # 0. Put I3 = I(D/l—\/—l—Dz). Since K[C] is a Dedekind domain,
we have 7 (0 + 1*0) = ([u,]) and
I1(0; +02) =1(03)1 (0, + [*00) = ([uol[usl, [uolly — v3l).

Hence Iz = (uousz, u,(y — v3), y2 — f). Since 93,0 # 0, for any element ¢ in I3,
div([g])att — O — ¢*0 is effective, where div([e])att := Y pcc,, Ordp ([o]) P for e € K[C].
Therefore no polynomial of the form y — b, b € K[x], is contained in I3. As y> — f €
I3, by [5, Chapter 5, §3], the reduced Grobner basis G(13) of I3 is of the form {g1, 92, g3}
such that LT (g1) = x™!,LT1(¢) = x"2y,LT1(g3) = y2. We first show that g1 = u,u3,
ie., 3N K[x] = (uous). As g1 € Iz and div([ g1 Dafr — div([u,][u3])afr is effective, g1 =
uouz g, +h(y> — f) for some g, € Rem(y?), h € K[x, yl. Since g; € K[x], we infer that
g € K[x]and h = 0. On the other hand, as u,u3 € I3 N K[x], x" divides LT} (uou3).
Hence we have LT (g1) = LT (u,u3) and g1 = u,u3. We next consider ¢». As ¢»p € I3,
@ —uogy € (y* — f) for some g5 € Rem(y?) \ K[x]. This means that y* divides LT} (¢> —
Uogy). As o € Rem(y?), we infer that ¢ = Uuogy. This implies LTy (uo(y — v3)) =
xdegto y divides LT (¢g2) = x™y. On the other hand, since u,(y — v3) € I3, x"y divides
LT (uo(y — v3)). This implies that LT (u,(y — v3)) = LT1(¢2) and we have u,(y — v3) —
¢ € I3 N K[x]. Hence we have u,(y — v3) = ¢ + rg; forsomer € K[x]. As g1, ¢» €
G(I3) and deg vz < degus, we infer that degrg; < deg gy if r # 0. Thus we have r = 0
and ¢» = u,(y — v3). O

By our proof of Proposition 2.15, we have the following corollary.
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COROLLARY 2.16. Ifwelet f = f, mod uyus, then {u,uz, u,(y — v3), y2 — fo}
is the reduced Grobner basis of 1 (01 + 02) with respect to >1.

Now the Step 1 can be summarized in the following way:

By Proposition 2.15, if 91 and 0, are given by the Mumford representations (u1, v1)
and (u2, v2), respectively, the Mumford representation of 03 can be obtained in the follow-
ing way:

(i) Compute the reduced Grobner basis G of (ujuz, u1(y — v2), u2(y — vy1), (y —
v)(y — 1), y2 — f) with respect to >1.
(i) If G consists of two elements, it means 03 = 0 or G = {u3, y — v3} where the pair
{us, v3} is the Mumford representation of 03.
(iii) If G consists of three elements, we put G = {g1, ¢2, g3} such that g; € K|[x], g 18
of the form bo(x) + b1 (x)y € Rem(y?) and g3 = y> + .. .. By Proposition 2.15,
the Mumford representation of 03 is (g1 /b1, —bo/b1).

As for the Step 2, it can be summarized as follows:

PROPOSITION 2.17.  Suppose that 03 satisfies & and let (u, by,) be its Leitenberger
representation as in Proposition 2.13. The Leitenberger representation of t(03) is given by
(u1, boy) where uy € K|[x] is a monic polynomial obtained as follows: uy := u’'/LCy(u’),
where by, = by + b1y and u’ := (b(% - b%f)/u.

Proof. By the definition of the Leitenberger representation, our statement is straight-
forward. (]

REMARK 2.18. One of the remaining questions may be how our approach is effi-
cient from computational point of view. It may be interesting, but we do not go on this
direction further as our main interest in this article is to study curves with quasi-toric rela-
tions.

3. Plane curves with quasi-toric relations of type (2, n, 2)

Let us start with explaining how we apply our previous consideration to obtain curves
with quasi-toric relation of type (2, n, 2). Let C be a hyperelliptic curve of genus ¢ defined
over K as in the Introduction. Let 0, be a non-zero semi-reduced divisor defined over K
such that (i) k(0, — (deg0,)0) # 0,1 <k < n and (ii) n(0, — (degd,)0) ~ 0, 1i.e.,0, —
(deg?,) O gives rise to a torsion element of order n in Pic®(C). Assume that 9, is given by

—

a Mumford representation (u,, v,). Then we have 1(0,) = ([u,], [y — vo]) and I (nd,) =
1(0,)" = (u” uﬁ‘l(y — ), ..., (y — v,)", y> — f). We compute the reduced Grobner

0°

—_~—

basis G, of 1(nd,) with respect to >,. Let g, be an element of G5 \ { y2 — £} with minimum
multidegree. By Remark 2.7, our proof of Lemma 2.12 and Remark 2.14, g, € Rem(y%) N
K[x, y] and div([g,]) = n(d, — (degd,)0). Hence we can choose g, as b,p,. Now put
bpo, = bo + biy. We have [buo,*buo,] = [b§ — b1y*] = [bg — b f1 = [r(uy)"], r €
K\{0} as div([bno,t*bna,]) = ndy +nt*d, —2n(degd,) O = div([(u,)"]). In particular, as
0, is defined over K, we have b5, € K[x, y]. Hence b% — b%f, u, € K[x]and

(*) b3 —DbIf =r(u,)", r e K\{0}



Representations of Divisors on Hyperelliptic Curves and Plane Curves with Quasi-toric Relations 21

holds in K[x].

Now assume that K = C(¢) and a, b, ¢ € C[¢]. In this case, f(x) € C[t, x] and we
have a plane curve B3, in P? given by the affine equation f(x) = 0. Then we have the
following:

PROPOSITION 3.1. Under the above setting, put B = B, + Lo, where Lo denotes
the line at infinity. If r € C\{0} and uns,, byo, are also in Clt, x], then either B, or B
satisfies a quasi-toric relation of type (2, n, 2).

Proof. By homogenizing (x), our statement is straightforward. (]

Based on this approach, we construct examples of plane curves satisfying quasi-toric
relations of type (2, n, 2) with continuous parameter in Section 4.

4. Examples for the case of g = 1

In this section, we consider the case of ¢ = 1 and apply our results on Leitenberger
representations in Section 2 to study explicit construction of plane curves. In this case, C is
an elliptic curve and we denote it by

E:yl=f(x)=x+ax’>+bx+c, a,b,cekK 0=][0,1,0].

Let T = (xr,yr) be a torsion point of order n and assume that 7 € E(K). By the
definition of the addition law on E, r(nT) = O. Let [[_1j7 be a line given by y = r(x —
x7) —yr, r € K\{0}. Put{[_1)7 N E = {[-1]T, Py, P} and d7 := P; + P,. Then dr is
a semi-reduced divisor defined over K of degree 2 whose Mumford representation is given
by
f) = frx —xp) — yr)?
Uor = s Vop =7r(x —x7) —yr.
X —XT

Asn(d0r —20) ~n(T —0) ~ 0,1(nd7) = 0. Hence & is satisfied for nd7 by Remark 2.7.
Now we apply our consideration in Section 3 to some explicit cases.

REMARK 4.1. (i) In the case of K = C, by applying our argument in Section 3 to
nT, we see that the curve given by b,7 = 0 is an n-contact curve to E.

(i) By [6, Theorem 5.1], our method by using the cases of genus 1 works for n <
12(s# 11). In particular, if n is odd prime, n = 3, 5, 7 are all possible cases.

REMARK 4.2. In the examples below, K = C(¢) and we consider families of semi-

reduced divisors d(r) given by the Mumford representations (u(r), v(r)), where u(r), v(r)

€ K[r, x] and the value of r is chosen from C so that 0(r) is a semi-reduced divisors on
E. Let

I(r) = )" u@)"" (v —v(). ... (v —v(r)" y* = f(0)) C K()lx, y].
We first compute the reduced Grobner basis, Go(r) of I(r) with respect to >. Choose
g(r) € Go(r). As g(r) € I1(r), g(r) has an expression

(%) g(r) = ho(r)u(r)" 4+ b (Hu@)" " (y — v(r))
o ha () =)+ ha1 () = F(X)),
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where h;(r) € K(r)[x, y] Assume that (>x<) can be well-defined for a fixed value r, € C.
Then, as I(r,) = I(nb(r,,)) g(ry) € I(nb(ro)) If [g(rp)] # 0 and wdeg(LMz(g(r,,)) is
the minimum value w,, then we see ¢(ry,) = Gno(,) € Go(I (na(r,,))) by Lemmas 2.11

and 2.12, where G> (I (n0(r,))) is the reduced Grobner basis of 7(n0(r,)) with respect to
>7. In particular, if 9(r,) — (degd(r,)) O is a torsion of order n, then r(nd(r,)) = 0 and
w, = ndegd(r,). Hence if wdeg(LM2(g(r,))) = ndego(r,), 9(ro) = Gno(r,)- The above
observation does not necessarily mean that G, (r) is a comprehensive Grobner basis as we
only check one element of G,(r) and need to choose r so that (x) is defined (see [17] for
comprehensive Grobner bases). As for more general treatment for G>(0(r,)), we refer to
[5, Section 3, Exercise 7, Ch. 6]. Note that by Remark 2.9, for an element of the form y —
v, a similar argument holds between the reduced Grobner basis, G (r), with respect to >

and that of I(;O\(_;;)) with respect to >1, G (I(;O\(_;;))).

4.1. Explicit examples
We consider examples for n = 3,5, 7. Our computation and argument are based on
Remark 4.2. We use Maple for our computation.

EXAMPLE 4.3. Let E3 be an elliptic curve defined over C(¢) given by y>= f3, f3(x)
=3+ x+02T:=(0,1isa point on E3 of order 3. Note that the tangent line at T is
a weak 3-contact curve to E.

Plane curves with quasi-toric relation of type (2, 3, 2). Let /[[_jj7 be a line through
[—1]7. We may assume that /[_jj7 is given by y = rx — ¢ (r € C\{0}). Put [[_;;7 N
Es = {[-1]T, Py, P} and 07 := P1 + P>, P; = (x;, y;). The Mumford representation of
07 is (4o, Vo, ), Where

Udy :x2+(l—r2)x+2t(l+r), Vo, =Fx —t.

Now we apply our argument in Section 3 to I/(E/D) Then we have b3p, = by + b1y
where

bo=x>+ (2+3r +3r)x* + (1 +3r +3r* + 71> +1 —3tr)x
14 3r1 + 372 + 3+ 202
bi=x(=1-3r)—1-3r =3r* — ¥ 421,
and
— D3P+ A0 = @2+ A= rHx +2(0 -0,

By Proposition 3.1, we make use of the above equality to find curves satisfying in-
finitely many quasi-toric relations of type (2, 3,2) with a continuous parameter r. By
homogenizing both hand side [T, X, Z],t =T/Z,x = X/Z, we have

(Z°bo(T/Z. X/ 2))* + (Z(b\(T/Z. X/ Z)*(Z(X* + (X + T)*Z))
=X’+(0=rHXZ+20-rT2Z)>.

Since we can choose r from a suitable Zariski open set of C, B given by Z(X3 + (X +
T)?Z) = 0 satisfies infinitely many quasi-toric relations of type (2, 3, 2) such that F} =
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,FB=—1,F3=ZX3+(X+T)’2Z),h1 = Z3bo(T)Z, X/Z), hy = X*+ (1 —r)XZ+
20— r)TZ, and hs = Z(b((T)Z, X] Z).

EXAMPLE 4.4. Let E5 be the elliptic curve over C(¢) given by

1 1 1
Es:y>= fs(t,x) = x>+ Z(ﬂ +4t — Hx? + SHE=Dx 4 2 = 2.

t—1
PutT := |:0, T:| T is a point on E5 of order 5.

Weak 5-contact curves. Since I/(_S\T/) = (x5, x4(y — %), x3(y — %)2, xz(y — %)3,
x(y— %)4, (y— %)5, y2 — f5), we have the reduced Grobner basis Go (1 (5T)) of 1(5T)
with respect to >; and bsr is as follows:

Qz(l/(g/T)) = {91, 9. 93},

where

201 = (=t = 2)x> 4+ 2xy+ (=2t + Dx +2y+1—1,

n=y"—f.

23 =20 —2x3 +rx +2x%2 41 -2y —1.
Since multideg,(g1) = (1,1), wdeg(LM2(g1)) = 5 and multideg,(¢g3) = (4,0),
wdeg(LM»2(g3)) = 8, we have bst = ¢g1. Hence bst := by + b1y, by := (—t — 2)x2 +
(=2t + Dx + 1 —1t,by :=2x + 2 and we have

by — b3 fs = —4x°.

For a general t € C, the curve D57 given by bs7 = 0 is a weak 5-contact curve to E5 such
that D57 |gs = 5T + O.

Plane curves with quasi-toric relations of type (2, 5, 2). We choose any semi-reduced
divisor 07 of degree 2 such that vy, in the Mumford representation (4o, vo;) is of the
formr(x — x7) — yr, r € C\{0}. We infer that up, and vy, satisfy

U%T—f:_(x_-xT)ubrv
u —xz—(rz—1t2—t+l)x+rt—r+t2—t v —Vx—l(l—l)
or — 4 2 27 or = 2 ’

Now we apply our argument to 16\07). QQ(I/(;J)) contains a polynomial ¢ = x° +
lower terms and [g] # 0. As deg 507 = 10, we choose g as bsp, and put 64bsy, = by +
b1y where

bo = 32 — 1281 + 32r°t + 80r*t> + 80r3r® + 40r%¢* + 107> — 80r*r — 801312
— 407263 — 10r1* — 12887 + 321 — 327 — 17 4 64x° +1°
+ (640r* + 160rt + 481> 4 320r 4 1927 — 128)x*
+ (320r* + 32071 4 3201212 + 80r1> + 121* + 640> + 1280121 + 480r1% 4 961°
— 640r° + 16012 — 160r — 3681 + 160)x> + (3271 + 80r*t> 4 80r31> 4 40r21*
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+ 107> 4 1° 4 64r° + 3201t + 4807312 + 320r%8% 4 100r1* + 1215 + 320731
+ 800r21% + 24071 + 561* — 320r° — 1120/t — 400r1% + 8¢ + 320r% 4 320r¢
— 20812 — 160r + 2087 — 64)x* + (64r°t + 160r*t> + 160r°> + 80r21* + 20r1°
+ 21 — 3275 4+ 80r*t + 2407312 + 200r%1% 4 70rt* + 987 — 160r* — 32013
— 240r%t% — 240r1> + 61* 4 480r1> — 161> — 480rt — 481> + 160r + 801 — 32)x
+ 19242,
by = (=320r — 321 — 64)x> + (—640r> — 320r%t — 160rt> — 16> — 640r> — 640rt
— 9617 + 320r + 321)x% 4+ (—64r> — 160r* — 160r31> — 80r%t> — 20rt* — 21°
— 320r* — 640r31 — 480r%t> — 160r1> — 201* — 320rt> — 3213 + 640rt + 12812
—320r — 160t + 64)x — 64r> — 160r*t — 1603 1> — 80721 — 20rt* — 267 + 641°
— 1921 + 1921 — 64,
and
by — b3 fs = —4(4ua,)’ .
By homogenizing both hand side [T, X, Z],t = T/Z,x = X/Z, we have
(Z%0(T/Z. X/ Z))* + (Z°b1(T/ Z, X/ 2)*(Z* f5(T ) Z, X/ Z))
= 4Z(—4XZ*r? +4TZ% — 42 + T%X
+2T*Z +4ATXZ —2TZ> +4X*Z —4XZ%).
Since we can choose r from a suitable Zariski open set of C, B given by —4Z°(f5(T/Z,
X/Z)) = 0 satsifies infinitely many quasi-toric relations of type (2, 5, 2) such that
hi=Z8%(T/Z,X)Z),
hy = —4XZ?r? + 4T Z%r —AZ% + T?X +2T?Z + ATXZ — 2T 7> + 4X?Z —4X 77,
hy=2Z\(T/Z,X)Z),
Fi=1, FB=-4Z, F=Z7f(T/Z,X/7).

EXAMPLE 4.5. Let E7 be the elliptic curve over C(¢) given by

1 1 1
E7:y>= fi(t,x) = x3+Z(t4—6t3+3t2+2t+1)x2+E(IS—2t4+t2)x+1(t6—2t5+t4).

t3 2

PutT := |:O, :| T is a point on Es of order 7.

Weak 7-contact curves. Since I/(_7\T/) = (x7, xy — #),xS(y — #){x‘*(y —
3_.2 3_.2 3_.2 3_.2 3_.2
BP0 = N 20 = ) 2 (v = B0 (0 = 597, v — f), have the

reduced Grobner basis gg(l/(_7\T/)) of I/(_7\T/) with respect to >, and byr is as follows:

@(1777» = {91, 9. 93},
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where
a=y-f.
200 = (1% + 31 4 3)x3 + 2x%y + (=303 + 42 + 3t + Dx? + (41 +2)yx
+ (=3 420 + 26%)x + 2917 — 1 + 14,
293 = 2x° + (=41 — 2)x* + (61> + 81 + 2)x° + (—1° — 31* + 8% + 121% + 61 + 1)x?
+ Q1% 4120 4101 4+ 2)yx + (=21% = 76° + 46* + 863 + 21%)x
+ Q6+ 260y — 1] =210 4287 + 14,

Since multideg,(g2) = (2, 1), wdeg(LM2(g2)) = 7 and multideg,(¢g3) = (5,0),
wdeg(LM>(¢3)) = 10, we have byr = ¢». Hence by := bo + b1y, by := (—t2 +
3t +3)x3 + (=363 + 42 4+ 3t + Da? + (=3t + 203 426 x — 5 +14, by =202+ (41 +
2)x + 2% and we have

by —bifr = —4x".
For a general ¢t € C, the curve D77 given by b77 = 0 is a weak 7-contact curve to E7 such
that D77|g, = 7T + 20.

Plane curves with quasi-toric relations of type (2, 7, 2). We first choose any semi-re-
duced divisor 07 of degree 2 such that vy, in the Mumford representation (uy,, Vo, ) is of
the form r(x — x7) — yr, r € C\{0}. We infer that u,, and vy, satisfy

f—v%r = (x —x7) U, ,
1 3 3 1 1 £ 2
2 2 4 3 2 3 2 4
=X = (==t =t — ot — ) x =t — =T+ —,
top =X = 4 2 4 2 4)x " " 2 2

13 12
varzrx—it +§[ .

Now we apply our argument to I/(7/0) Q2(177\0_;)) contains a polynomial ¢ = x’ +
lower terms and [¢g] # 0. As deg707 = 14, we choose g as b7y, and put 256b75, =
bo + b1y. Then we have
by — bifr = —4(~dua,)’.

We here omit explicit forms of by and b; as they are too long. By homogenizing both hand
side [T, X, Z),t =T/Z,x = X/Z, we have

(ZPbo(T/Z, X)2))* + (Z'°bI(T/ Z, X 2)*(Z2° 1(T/ Z, X Z))

=473 (—AXZH? 4 AT3 Z%r — AT Z3r 4275 + T*X —4T*Z — 6T3XZ + 3T?X 72

27273 421X Z° +4X% 73 + xZ%) .
Since we can choose r from a suitable Zariski open set of C, B given by —4Z° f,(T/Z,
X/Z) = 0 satisfies infinitely many quasi-toric relations of type (2, 7, 2) such that

hi=2"bo(T/Z,.X/2),

hy = —4XZ%? +4T3Z%r —4AT?Z3% +2T° + T*X —4T*Z — 6T°XZ 4+ 3T*X 2*

427273 4+ 2TX 73 +4X*7° + X 7%,
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hy=2Z"b\(T/Z,X/2),
Fi=1, F=-472°, F=2°/(T/Z.X/Z).

5. An explicit example for the case of g =2

In this section, we will give an example of a plane curve satisfying infinitely many
quasi-toric relations of type (2, 3, 2) based on a hyperelliptic curve of genus 2 over C(t).
Again our computation are argument based on Remark 4.2. Let us consider the hyperelliptic
curve C of genus 2 given by C : y> = f(z, x), where

fe.0)=—@—x =23 + @ = = 1)

=3x +3(% — Dx* — 2 + 612 + Dx” + 3(—t* + 1) +3t%x + 210 + 267 1.
In order to make the equation simple, we set the coefficient of x> in f(¢, x) is 3 and it
produced no effect on our result for the existence of quasi-toric relations. Consider the

h-reduced divisor 0,, given by

Up=x>—x—1%, Vo= = —D(modu,) =1 +H)x —13+1>—1.

By our our definition of C, 9, — 20 gives rise to a torsion of order 3 in Pic? (C). In fact, by
our argument as before, we see that 7(30,) = ([y — 3= - D), ie., 30, —20) =
div([y — (x> — > — 1)]). Now for r € C, put

V] ::r(xz—x—tz)—vo,

1 2
ul:z——f Yo
3 u,
3, 32 =r? 5 (228422 4124 2r = 1)
=x"+ x4+ X
3 3
4
- — = Dt + = 2r+ Dt* — —r — =
3 3(r—i—) +3(r+r+) 3r 3

Let 91 be the divisor given by the Mumford representation (u#1, v1). By Remark 2.7, the

divisor 30 satisfies & for general » as 1(301) = 0. Now we apply our argument to / (301).
We see that a polynomial such that g = (x? + lower terms)y + lower terms and [g] # 0 is

contained in Go(/(301)). As deg3d; = 9, we can choose g as b3p,. Then we have 3b3p, =
bo + b1y where

bo = (—=9r — Nx* + (=9:2r — r> — 912 — 912 — 9r)x3
+ (66°r — 612 4+ 362 + 912 + 3r% 4+ 121 4 6)x°
+ (=38 + 6t + 36712 + 9t + 367 r 4+ 61282 4+ 1202 + 312 + 31 + 3r)x
+3t% — 3855 + 3642 + 1373 = 38 + 61 + 36372
+ 3t 4+ 363 458 = 3% + 3 =32 + 312 +3r + 3,
by =3x2 4+ B> +3r2 4+ 9r + 6)x + (=262 + 3tr + r3 + 32 + 3r2 +3r — 1).
and b} — b2 f = —(Bu1)>. Puthy = Z%y(T/Z,X/Z), hy = Z*u\(T/Z,X/2Z), h3 =
Z3b\(T)Z,X)Z), F) =1, F, = 1 and F3 = Z%f(T/Z, X/Z). Then the curve B, given
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by F> = 0 satisfies infinitely many quasi-toric relations as we can choose r from a suitable
Zariski open set of C.
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