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Abstract. For a cuspidal Hecke eigenform F for Sp,(Z) and a Dirichlet character
x let L(s, F, x, St) be the standard L-function of F twisted by x. In [3], Bocherer showed
the boundedness of denominators of the algebraic part of L(m, F, x, St) at a critical point
m when y varies. In this paper, we give a refined version of his result. We also prove a
similar result for the products of Hecke L-functions of primitive forms for SL>(Z).

1. Introduction

Let '™ = Sp,(Z) be the Siegel modular group of genus n. For a cuspidal Hecke
eigenform F for I'™ and a Dirichlet character x let L(s, F, x, St) be the standard L-
function of F twisted by x. In [3], Bocherer showed the boundedness of denominators of
the algebraic part of L(m, F, x, St) at a critical point m when x varies (cf. Remark 2.5).
To prove this, Bocherer used congruence of Fourier coefficients of modular forms. In this
paper, we give a refined version of the above result without using congruence. We state
our main results more precisely. Let M (I"™) be the space of modular forms of weight k
for '™ and S (I"™) its subspace consisting of cusp forms. We suppose that k > n +
1. Let Fq,..., F, be a basis of the space M (I"") consisting of Hecke eigenforms such
that F; = F. Let L, ; be the composite field of Q(F), - -+, Q(F.—1) and Q(F,). Let L‘E’F
be the ideal of L, x generated by all [[{_, (Ar(Ti—1) — Ar;(Ti—1))’s (T1,...,To—1 € L))
and put Er = @’F NQ(F), where L}, is the Hecke algebra for the Hecke pair (GSp; (Q) N
M>,(Z), F(”)). Then, by Theorem 2.2, E’F is a non-zero ideal, and therefore EEF is a non-
zero ideal of Q(F). Let J(I, F, x) be a certain fractional ideal of Q(F, x) associated with
the value L(/, F, x, St) as defined in Section 2, where Q(F, x) is the field generated over
the Hecke field Q(F) of F by all the values of x. Then we prove that we have
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30 H. KATSURADA

for any positive integer m < k — n and primitive character x mod N satisfying a certain
condition, where C, ; is a positive integer depending only on k and n. (For a precise
statement, see Theorem 2.3). By this we easily see the following result (cf. Corollary 2.4):

Let Pr be the set of prime ideals p of Q(F) such that
ordp (No(r, /() (3m, F, x))) <0

for some positive integer m < k —n and primitive character x with conductor not divisible
by y satisfying the above condition. Then Pr is a finite set. Moreover, there exists a positive
integer r = ry  depending only on n and k such that we have

ordq(I(m, F, x)) = —r[Q(F, x) : Q(F)]

for any prime ideal q of Q(F, x) lying above a prime ideal in Pr and positive integer
m < k —n and primitive character x with conductor not divisible by q satisfying the above
condition.

We have also similar results for the products of Hecke L functions of primitive forms
for SLy(7Z).

The author thanks Siegfried Bocherer, Shih-Yu Chen, Tobias Keller, Takashi Ichikawa,
and Masataka Chida for valuable discussions. He also thanks the referee for many useful
comments.

Notation We denote by Z-.¢ and Zx¢ the set of positive integers and the set of non-
negative integers, respectively.

For a commutative ring R, let M,,,, (R) denote the set of m x n matrices with entries
in R, and especially write M, (R) = M,,(R). We often identify an element a of R and the
matrix (a) of size 1 whose component is a. If m or n is 0, we understand an element of
M, (R) is the empty matrix and denote it by . Let G L, (R) be the group consisting of all
invertible elements of M, (R), and Sym, (R) the set of symmetric matrices of size n with
entries in R. Let K be a field of characteristic 0, and R its subring. We say that an element
A of Sym,, (R) is non-degenerate if the determinant det A of A is non-zero. For a subset
S of Sym,, (R), we denote by S™ the subset of S consisting of non-degenerate matrices.
For a subset S of Sym, (R) we denote by S>¢ (resp. S-o) the subset of S consisiting of
semi-positive definite (resp. positive definite) matrices. We say that an element A = (a;;)
of Sym,,(K) is half-integral if a;; (i =1, ...,n) and 2a;; (1 <i # j < n) belongto R. We
denote by H, (R) the set of half-integral matrices of size n over R. We note that H,,(R) =
Sym,, (R) if R contains the inverse of 2. For an (m, n) matrix X and an (m, m) matrix A,
we write A[X] = "X AX, where ' X denotes the transpose of X. Let G be a subgroup of
GL,(R). Then we say that two elements B and B’ in Sym,,(R) are G-equivalent if there
is an element ¢ of G such that B" = B[g]. For two square matrices X and Y we write
X1Y = )0( g . We often write x LY instead of (x)_LY if (x) is a matrix of size 1. We
denote by 1,, the unit matrix of size m and by O,, , the zero matrix of type (m,n). We
sometimes abbreviate Oy, , as O if there is no fear of confusion.
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Let b be a subset of K. We then denote by (b) g the R-sub-module of K generated by
b. For a non-zero integer M, we put

RIM™ ={aM™ |a € R, s € 7=}

Let K be an algebraic number filed, and © = Ok the ring of integers in K. For a prime
ideal p of O, we denote by Oy the localization of O at p in K. Let 2 be a fractional
ideal in K. If 2 = pDB with a fractional ideal B of K such that O,)B = O(,) we write
ordp () = e. We make the convention that ord, (1) = oo if % = {0}. We simply write
ordy (¢) = ordy((c)) for ¢ € K. We sometimes say that p divides c if ordy(c) > 0. For an
ideal J of K, let 3~! the inverse ideal of J.

For a complex number x put e(x) = exp(2w+/—1x).

2. Main result

For a subring K of R put
GSpy (K) =1{y € GLoy(K) | July] = «(y)Jy with some « (y) > 0},

and
Spn(K) = {y € GSp,/ (K) | July] = Ju},
where J, = (?" _01") In particular, put '™ = Sp,(Z) as in Introduction. We
n n

sometimes write an element y of GSp;f(K) asy = < B) with A, B,C, D € M, (K).

C D
We define subgroups I"™ (N) and FO(")(N) of '™ as

r™(Ny={y e r' |y = 1, mod N},

and

(n) A B _
ry" (N):{(C D) eIr'™ | C = 0, modNJ}.

Let H,, be Siegel’s upper half space of degree n. We write y(Z2) = (AZ + B)(CZ +
D)~'and j(y,Z) = det(CZ + D) for y = <é g) € GSpS(R) and Z € H,. We

write Fyy(Z) = (dety)*?j(y, Z)* f(y(Z)) for y € GSp; (R) and a C®-function F
on H,,. We simply write F|y for F|;y if there is no confusion. We say that a subgroup
I' of '™ is a congruence subgroup if I contains I"" (N) with some N. We also say
that a character  of a congruence subgroup I" is a congruence character if its kernel is a
congruence subgroup. For a positive integer k, a congruence subgroup I" and its congruence
character n, we denote by My (I", n) (resp. M ,fo (I, )) the space of holomorphic (resp. C*°-
) modular forms of weight k£ and character n for I'. We denote by Sk (I, ) the subspace of
My (I', n) consisting of cusp forms. If 7 is the trivial character, we abbreviate My (1", n) and
Sk(I", ) as My (I") and Sk (I"), respectively. Let dv denote the invariant volume element
on H,, defined by

dv = det(Im(Z)) ™" Ai<jci<n (dxji Adyj)).
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Here for Z € H,, we write Z = (xj;) + +~/—1(yj;) with real matrices (x;;) and (y;;). For
two elements F and G of M k°° (I', n), we define the Petersson scalar product (F, G)r of F
and G by

(F,G)r =f F(2)G(Z) detm(Z))*dv,
I\H,

provided the integral converges. For i = 1,2, let I'; be a congruence subgroup with a
congruence character n;. Then there exists a congruence subgroup /" contained in I} N >
and its congruence character n such that n|I" = nz|I" = n. Then we have M°(I", ) D
MZ°(I;, ni). For elements Fy and F, of M°(I"n1) and M X (I, n2), respectively, the
value [I’'™ : F]_I(Fl, F>)r does not depend on the choice of I'. We denote it by
(F1, F2).

Let F be an element of My (I', n). Then, F has the following Fourier expansion:

A AZ
F(Z) = Z CF(N)e(tr(W))
AeHn(Z)>0

with some positive integer N, where tr denotes the trace of a matrix. For a subset S of C,
we denote by My (I, n)(S) the set of elements F of My (I", n) such that cF(%) € S for all
A € Hp(Z)>p, and put Sg (I, n)(S) = M (I, n)(S) NSk (I, n). If R is a commutative ring,
and S is an R module, then My (I", n)(S) and Sx(I", n)(S) are R-modules.

For a Dirichlet character ¢ modulo N, let 5 denote the character of FO(") (N) defined
by [\V(N) 3 (2 g) > ¢(det D), and we write My (I'\"” (N), ¢) for Mg(IF\" (N), §),
and so on.

We denote by L, = Lo(GSp;(Q), I'™) be the Hecke ring over Q associated with
the Hecke pair (GSp;H(Q), I'™)), and by L, = Lz(GSp;  (Q) N My, (Z), I'™) be the
Hecke ring over Z associated with the Hecke pair (GSp; (Q) N M2,(Z), ™). For a
Hecke eigenform F, we denote by Q(F) the field generated over Q by the eigenvalues
of all Hecke operators T € L, with respect to F, and call it the Hecke field of F. For
Dirichlet characters xi, ..., xr, we denote by Q(x1, ..., xr) the field generated over Q
by all the values of yxi, ..., x», and by Q(F, x1, ..., xr) the composite field of Q(F) and
Q(x1, - - -, xr). For a Hecke eigenform F in Si (FO(") (N)) and a Dirichlet character yx let
L(s, F, St, x) be the standard L function of F twisted by x. For a Dirichlet character yx,
we put §, = 0 or 1 according as x(—1) = 1 or x(—1) = —1. Assume that x is primitive,
and for any positive integer m < k — n such that m —n = 6, mod 2 define A(m, F, x, St)
® x(=D"T(m) [}, T2k —n —i)L(m, F, St, x)

(F, Fym—n0+D/24nk+ (- Dm /7" oyl
Here, 7(x) is the Gauss sum of x. For a Dirichlet character x let m, be the conductor of
x. The following proposition is essentially due to [[4], Appendix, Theorem].

PROPOSITION 2.1. Let F be a Hecke eigenform in Sy(I''"")(Q(F)). Let m be a
positive integer not greater than k—n and y a primitive character x satisfying the following
condition:

©O)m—-—n=68, mod2, andm > 1ifn>1, n=1 mod 4 and x? is trivial.

A(m, F, x,St) =
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Then A(m, F, x, St) belongs to Q(F, x).

Let V be a subspace of My (I"™). We say that a multiplicity one holds for V if any
Hecke eigenform in V is uniquely determined up to constant multiple by its Hecke eigen-
values.

THEOREM 2.2. Suppose that k > n + 1. Then a multiplicity one theorem holds for
Sp(Ir™),

Proof. This is essentially due to Chenevier-Lannes [[7], Corollary 8.5.4]. It was
proved under a more stronger assumption without using [[7], Conjecture 8.4.22]. As is
written in the postface in that book, this conjecture has been proved [1], and the same proof
is available at least even when k > n + 1. [l

Let F be a Hecke eigenform in Sy (I” (”)) with £ > n + 1. Then by Theorem 2.2, we
have cF € S;(I'™)(Q(F)) with some ¢ € C. Hence for A, B € H,(Z)~0 and an integer [
satisfying (C), the value cr(A)cr(B)A(l, F, St, x) belongs to Q(F) and does not depend
on the choice of ¢. For A and B and an integer / put

Ia g, F, x) =cr(A)cr(B)AU, F, x, St).

Let 3(I, F, x) be the Og(r)-module generated by all 14, 5(l, F, x)’s. Then Jr(l, F, x)
becomes a fractional ideal in Q(F, x). We note that it is uniquely determined by / and
the system of eigenvalues of F. Let Fi,..., F; be a basis of Sx(I"™) consisting of
Hecke eigenforms such that F; = F. Let K, ; be the composite filed Q(F1) - - - Q(Fy) of
Q(F1), ..., Q(F;). We denote by ’D/F the ide}val of K, r generated by all ]_[fzz(kp(ﬂ_l) —
AR (Ti—1))'s (T1, -, Ty—1 € L), and put Dp = D N Q(F). We make the convention
that ’D/F = DK,,,;{ if d = 1. Moreover, let & be the ideal of Q(F) defined in Section 1.
Then our first main result is as follows.

THEOREM 2.3. Let F be a Hecke eigenform in Sp(I'"™). Then we have
30m, F, x) C Q"D A€ g vy

for any positive integer m < k — n and primitive character x mod N satisfying the condi-
tion (C), where a(n, k) is a non-negative integer depending only on k and n, and A, =
LCMyt1<m=<if{] 17 (21 — 2i)(21 — 2i + D)!)}. In particular if m < k —n — 1, then

J(m, F, x) C ((20‘("’1()‘4","51”)_1b@(F.x)[N*l]

We will prove the above theorem in Section 5.
COROLLARY 2.4. Let F be a Hecke eigenform in Sy (I'™). Let Pr be the set of
prime ideals p of Q(F) such that
ordp (No(r, /() (3m, F, x))) <0

for some positive integer m < k — n and primitive character x with conductor not divisible
by p satisfying (C). Then PF is a finite set. Moreover, there exists a positive integer r such
that we have

ordq(I(m, F, x)) = —r[Q(F, x) : Q(F)]
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for any prime ideal q of Q(F, x) lying above a prime ideal in P and integer | and primitive
character x with conductor not divisible by q satisfying the condition (C).

Proof. By Theorem 2.3, we have p|2"‘("’k)A,,,kEEF if p € Pr. This proves the first
assertion. Let 29" A, Ep = p{'---ps* be the prime factorization of 200107, Ep,
where p1, ..., ps are distinct prime ideals and ey, ..., es; are positive integers. We note
that for any prime ideal p of Q(F) and prime ideal q of Q(F, x) lying above p we have
ordq(p) < [Q(F, x) : Q(F)]. Hence r = max{e;}1<;<s satisfies the required condition in
the second assertion. g

REMARK 2.5. (1) Let

T[T T2k —n—i)L(m, F,St, 1)

A(F,m, x) (F, Fyq—n0+D/2+nk+(ik Dm

Then, if m and y satisfy the condition (C), A(F, m, x) belongs to Q(F, x, {n), where
QC(F, x, ¢n) is the field generated over the Hecke field Q(F) of F by all the values of
x and the primitive N-th root ¢y of unity. In [[3], Theorem], a similar result has been
proved for A(F, m, x). Our L-value belongs to Q(F, x), which s included in Q(F, x, {y)-
Therefore, our result can be regarded as a refinement of Bocherer’s.

(2) Bocherer [3] excluded the case m = k — n. However, we can include this case. We also
note that we can get a sharper result if we restrict ourselves to the case m < k — n as stated
in the above theorem.

(3) In [3], the main result was formulated without assuming multiplicity one theorem. How-
ever, such a formulation is now unnecessary.

3. Pullback of Siegel Eisenstein series

To prove our main result, first we express a certain modular form as a linear combina-
tion of Hecke eigenforms (cf. Theorem 3.7). We have carried out it in [[12], Appendix],
and here we treat it in a more general setting. We also correct some inaccuracies in [[12],
Appendix] (cf. Remark 3.8). For a non-negative integer m, put

i—1
2

[ (s) = gmm=0/4 ]_[ I'(s — ).

i=1
For a Dirichlet character x we denote by L(s, x) the Dirichlet L-function associated to
and put
[n/2]
La(s, x) =Tu@)m ™ Ls, ) [ ] L@s —2i. %)
i=1
a2 ST(s —n/2) if if niseven
1 n is odd.
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Let n,/ and N be positive integers. For a Dirichlet character ¢ modulo N such that
¢(—1) = (—1)!, we define the Eisenstein series E:’,(Z; N, ¢, s) by

E:,I(Z; N,¢,s) = (detlm(Z))s/;n (I +2s, )
x Y i e oI,

YT (N)oo\T ™ (N)
where

TW(N) = {(2 g) eI'™ | A= 0, mod N},

T (N)oo = {(2 g) er'™|B=0,modN,C = on},
nd ¢*(y) = ¢(detC) for y = A

a y) = e ooy =\¢ p
absolutely as a function of s if the real part of s is large enough. Moreover, it has a mero-

morphic continuation to the whole s-plane, and it belongs to M loo(F 0(") (N), ¢). Moreover
it is holomorphic and finite at s = 0, which will be denoted by E ;l‘ l(Z ; N, ¢). In particular,

if E;: /(Z; N, ¢) belongs to MZ(FO(") (N), @), it has the following Fourier expansion:
Ef(Z:N.¢)= Y cui(A N.¢)e(tr(AZ)).

AEHn (Z) >0

e T™(N). Then Ef(Z; N, ¢,s) converges

To see the Fourier coefficient of E;’; ;(Z; N, ¢), we define a polynomial attached to local
Siegel series. For a prime number p let Q,, be the field of p-adic numbers, and Z, the ring
of p-adic integers. For an element B € H,,(Z;), we define the Siegel series b, (B, s) as

by(B,s) = Z e, (tr(BR)v(R)™*,
RGSymn(Qp)/Symn(ZP)
where e, is the additive character of Z, such that e,(m) = e(m) for m € Z[p_l], and
vp(R) = [RZY, + Z, : Z7)]. We define x,(a) fora € Q; as follows:

+1 if@p(\/a) Z@p,
xpla) =14 —1 ifQ,(/a)/Q, is quadratic unramified,
0 ifQ,(/a)/Q) is quadratic ramified.
For an element B € H,, (Z,,)nd with n even, we define &, (B) by

£p(B) := xp((—1)"*det B).
For a nondegenerate half-integral matrix B of size n over Z, define a polynomial y, (B, X)
in X by

A=) T2 = p2 XD — p"2%,(B)X)~"  if nis even,

(- 120 - p2ix?) if 1 is odd.

Then it is well known that there exists a unique polynomial F, (B, X) in X over Z with
constant term 1 such that

vp(B, X) = {

bp(B,s) =yp(B, p~*)Fp(B,p~")
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(e.g. [9]). More precisely, we have the following proposition.

PROPOSITION 3.1. Let B € Hy, (Z,,)“d. Then there exists a polynomial Hy(B, x)
in X over 7 such that
Fp(B, X) = Hy(B, p"TD/2Ix),
Proof. The assertion follows from [14], Theorem 2. O

For B € H,,(Z)~o with m even, let 9 be the discriminant of Q(/(—1)"/2det B)/Q,
and xp = (DTB) the Kronecker character corresponding to Q(y/(—1)"/2 det B) /Q. We note
that we have xg(p) = &,(B) for any prime p. We also note that

(=1)™/% det(2B) = dpf%

with fp € Z-¢. We define a polynomial F;‘(T, X) for any T € H,(Zp) which is not-
necessarily non-degenerate as follows: For an element T € H,(Zp) of rank r > 1, there
exists an element 7 € H, (Zp)nd such that 7' ~z,, T 10,_,. We note that Fp(f, X) does
not depend on the choice of T. Then we put F (T, X) = FP(T, X). For an element T €
H, (Z)=o of rank r > 1, there exists an element T e Hy(Z)~o such that T ~7 TL1 On—r.
Then x7 does not depend on the choice of T. We write x7 = xg if r is even. For a non-
negative integer m and a primitive character ¢ let B;, ¢ be the m-th generalized Bernoulli
number for ¢. In the case ¢ is the principal character, we write B, = By ¢, which is the
m-th Bernoulli number. For a Dirichlet character ¢ we denote by ¢ the primitive character
associated with ¢.

PROPOSITION 3.2. Let n and |l be positive integers such that | > n + 1, and
¢ a primitive character mod N. Then E;n’l(Z; N, @) is holomorphic and belongs to
MZ(FO(Z")(N), @) except the following case:

l=n+1=2mod4and $* = 1y.

In the case that E;‘n [(Z; N, ¢) is holomorphic we have the following assertion:

(1) Suppose that N = 1 and ¢ is the principal character 1, Then for B € Ho,(Z)>0

of rank m, we have

C2n,l(B7 1’ 1) — (_l)l/2+n(n+1)/221—1+[(m+1)/2] 1_[ F;((B, pl—m—l)

pldet(2B)
o [Ticnjpr1 ¢ +2i =2DL(1+m/2 =1, x3) if miseven,
[T niny 2 €1 +2i = 20) if m is odd.
Here we make the convention that F;,‘(B, pl_m_l) =landbt(1+m/2 -1, X;) =
A =Difm=0.

(2) Suppose that N > 1. Then, c2,1(B, N, ¢) = 0 if B € Hry(Z)>0 is not positive
definite. Moreover, for any B € Ho,(Z)~0 we have

Con i (B, N, @) = (=1)" (=150 2t =1 ST~ 0rm0 g pyf=n=1/2
xmiyl T (@xp)o) [ | FoB. p" ' @(p)L(L 1 +n. GxB)0)
P
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< [T a—=p""@xs)0).

pIN[oB]

Proof. (1) The assertion follows from [[11], Theorem 2.3] remarking that

n
Lon(l, x) = ¢(1 =D [ ] &0 =20+ 2i) (=) "r+DHH/20 =L
i=1
(2) The first assertion follows from [[4], Section 5]. Let B € H3,,(Z)~¢. Then,
c2n1(B, N, ¢) = (=1)"2*"T'(U — n)

x (det(2B))' "~ l”]‘[F (B.p~'p(p >)w
We have
LA —n¢xp) = LU —n, @xp)0) [ (1= p""@x8)0),
PIN[oB]
and

LA —mL(—n, ($x8)0)
nl—n
x L(L =1 +n, @x5)0).
Moreover, by the functional equation of F, (B, X) (cf. [9]), we have

fi 2"~ 1]"[F (B, p~'¢(p)) —HF (p'""'¢(p). B).

1\ U=n=8py )0/ 2Al—n—1_n—l /7 S@xp)0
=D " 2 "M pxs)o 1

Thus the assertion is proved remarking that det(2B) = [0Blf %;. O

COROLLARY 3.3. Let the notation be as above.

(1) Suppose that N = 1. Then, c2, (B, 1, 1) belongs to
((TTr, @1 = 2i)@21 = 2i + 1))z for any B € Hon(Z)>0.

(2) Suppose that N > 1. Then for B € Hy,(Z)> 0, c2,.1(B, N, ¢) is an algebraic
number. In particular if GCD(det(2B), N) = 1, then r(¢)_1\/—_l_lczn,1(B, N, @)
belongs to ((I — ")_1>D@(¢>[N*1]'

Proof. (1) By Proposition 3.1, the product ]_[m det(25) F;‘ (B,I —m — 1) is an integer
for any m and B € ‘H,(Z)>o with rank m. By Clausen-von-Staudt theorem, ¢ (1 — 2/ + 2i)
belongs to (((21 — 2i)(21 — 2i + 1))~ ")z. By [[2], (5.1), (5.2)] and Clausen-von-Staudt
theorem, for any positive even integer m and B € H,,,(Z)~0, L(1 — 1 +m/2, x5) belongs
to (2l = m)Q2l — m + 1)!)_1)2. This proves the assertion.

(2) It is well known that L(1 — I 4+ n, (¢ xp)o) is algebraic. This proves the first part of
the assertion. Suppose that det(2B) is coprime to N. Then ¢ x p is a primitive character of
conductor N|dp| and

T(pxp) = ¢(05)x8(N)T($)T(XB)
= p(PsDxs(N)T ()05 /2/—T78.
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By [6] or [15], N(I — n)L(1 — 1 4 n, ¢xp) belongs to Og(g), and by Proposition 3.1,
I » Fp( p'=2"=14(p), B) is an element of Oq(g)- Thus the assertion has been proved re-

marking that =T = £ /=T %z o
Let D” be the differential operator in [4], which maps Moo ( F(Zn)( N)) to Mlo-iu

Iy (")(N ) ® ] +U(F (")(N )). Let x be a primitive character mod N. For a non-negative
integer v < k, we define a function @2n (Z1,7Z3, N, x)onH,, x H, as

—k
V(21 2o N ) = @u/ =D eV
<D}, > x@e0ES, N 0l (1355 | @122
XeMu(Z)/NM,(Z)
0, X/N . .
for (Z1, Z») € H, xH,,, where S(X/N) = ‘X/N 0 . Let X be a symmetric matrix
n

of size 2n of variables. Then there exists a polynomial P, (X) in X such that
Gl ) (2 )
n '‘RI2 Ay J\'Z1» 7

= (2n\/—_1)”P;,,(<t;‘/12 12/22)>e(tr(A121 + A2Z2))

A1 R/2 ) Zy Znp
for <ZR/2 A/2 ) € Hon(Z)>o with A1, A € H, (Z)=0 and (tzl2 Z

Z1,7Z>, e H,.

) € Hy, with

PROPOSITION 3.4. Under the above notation and the assumption, for a non-negative
integer | < k write Qfg;lk_l(Zh Z>, N, x) as

gk
(Z1,22, N, x) = Z Cekkl (7, 2, N,y (A1 AD(U(AIZ1 + A2Z2)
A1, A2eHn(Z)>0

Then we have

c ekl (7, ZZNX)(Al,Az)

_ k—l Aq R/2) ( A1 RJ/2 )_ R

- Z Pn 1 ((tR/z A2 C2n,l tR/2 A2 X(det R)‘C(X) 1
ReM,(Z)

COROLLARY 3.5. Forany Ay, A2 € Hy(Z)~o, Ce;"”(zl,zz,N,x)(Al’ Aj) belongs

2A4 R
'R 2A,
(A1, Ap) belongs DQ(X)[N_ 1, where ap; = [17_ (21 — 2i)(21 — 2i + 1)!.

to Q, and in particular lfdet(< (Z1.Z2.Nox)

)) is prime to N, then ay, ICe bk
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Suppose that / < k. Then @g;lk_l(Zl, Z>, N, x) can be expressed as

&2, 20N )= Y &7 (21, AN, e(r(AZ)))

AEEn (Z)>0
with E5571(Z1, A, N, x) a function of Z;. Put

Gz AN D= Y EEF D@ AN .
yel{P(N2\T™

It is easily seen that Sé‘r’lk_l(Zl, A, N, x) belongs to Mk(FO(")(Nz)), and therefore g’g};""
(Z1,A, N, x) belongs to My (I'™). In particular, if [ < k, then gg‘,;"‘l(zl, A, N, x) be-
longs to S (I"™).

PROPOSITION 3.6. Suppose that | < k and let A € H,(Z)~o. Then a, 1G5~ (Z1,
N?A, N, x) belongs to Mk(F("))((’)Q(X,;N)[N_l]). In particular, if | < k, it belongs to
Sk (™) (Oqex.en INT'D.

Proof. We have

2
Ce;;f”(Z.,Zz,N,x)(B’ N-A)

_ k—l B R/2 ) ( B R/2 )_ R
- Z Pn’l (([R/z N2A C2n,l tR/2 NZA X(det R)T(X) l .
ReM,(7)

2B R

We note that det <’R INZA
by Corollary 3.3, a, 1 EXF7 (21, N2A, N, x) belongs to My(IF\™ (N2)(Dg[N~']). By
g-expansion principle (cf. [8], [13]), for any y € rm, an,lc‘,'é‘r’lk_llky(Zl, N2A,N, X)
belongs to My (I"™ (N?))(Dq(y.ex) [N~ '1). Hence, a, 165"~ (Z1, N*A, N, x) belongs to
M (T (N*) (O a.en [N N M (F™) = M(F'™)(Dqx.c)[N~'1). This proves
the first of the assertion. The latter is similar. O

) is prime to N if and only det R is prime to N. Therefore,

THEOREM 3.7. Let {E}l‘.i:1 be an orthogonal basis of Sy (I'"™) consisting of Hecke
eigenforms, and {F;}q11<i<e be a basis of the orthogonal complement Si(I''™)L of
S (I ™Y in My (I'™) with respect to the Petersson product. Then we have

d
Gt NZ.N?AN. ) =) e ON" A —n, Fy. x. SOcr (A Fi(2)
i=1

e
+ > aFi(2)
i=d+1

where ¢(n, 1) = (—1)®D200D \with a(n, 1), b(n, ) integers, and c; is a certain complex
number. Moreover we have ¢; = 0 foranyd + 1 <i <eifl <k.
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Proof. Put
6521, 2, N, 0= Y. & i, 2o, N ).
}/EFO(H)(Nz)\F(")
Then we have

S N2 2o Ny = Y Gy (Z1, ALN, X)e(tr(AZy))
AeLy(Z)>0

By [[4].(3.24)], for any y € '™ we have
(Fi. 85 (ky *. =Z2. N. )
=(Filey. &5 (ky *, —Z2, N, 1))
=(F, &5 (x, = Z2, N, )
:(_1)a’(n,l)2h’(n,l)anX(_Dn[r(n) . FO(Vl)(NZ)]—1n(l—k)n—(2n+l)l+nn,n(n+l)/2

X LA —n, Fy. 5, SOT( = () ™" V=T ' F(N*Z2)
D2 (DFp(k —n/2)lp(k — (n+1)/2)
(DT —n/2)
with a’(n, 1), b'(n,1) € Z. We note that we take the normalized Petersson inner product.
We also note that

’

o) = 7" T (DTl — n/2),
and
/ 2 "
Cuk —n/2)Thk — (n + 1)/2) = 2V D zn™/2 ]_[ Ik —n—i)
i=1
with an integer ' (n, [). Hence we have
(Fi, 85 (ley*, —Z2, N, )
= c(n, D™ : T (NDIT N AU = n, B, T SO Fi) Fi(N? Z2),

where c(n, [) = (—1)402600D with a(n, 1), b(n, [) integers. On the other hand, we have

(Fi, 85 7, =Z0. N = Y (Fi Gy e AUN, X))e(tr(AZ0)).

AeL, (7)o
Hence we have
(Fi, Gyl A, N, 30)) = e, DN" A — n, F;, %, SO(F;, Fi)er, (N2 A)
for any A. Now g’z‘,;"‘l(z, A, N, x) can be expressed as
;
G Z AN ) = i Fi(2)
i=l1

with ¢; € C.For1 <i < d we have

(Fi, G5F e, AN, ) = G (F, F).
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Hence we have

ci =c(n, DN A(l —n, F;, X, SO(F;, Fi)cr,(N72A).
We note that A(l —n, F;,x,St) = A(l —n, F;, x, St). This proves the assertion. O

REMARK 3.8. There are errors in [[12], Appendix].
(1) The factor n*(y) is missing in E, ;(Z, M, n, s) on [[12], page 125], and it should be
defined as
[n/2]
En(Z. M0, s)=L(1—1—=2s,n) [ L0 =20 —4s +2i. 1)

i=1

xdetIm(2))” Y j@ DTG DI,
yer&\ry" ()

0]
M1,
the Eisenstein series £, ;(Z, M, 7, s) in the present paper up to elementary factor. How-

ever, to quote several results in [4] smoothly, we define E;lk [(Z, M, n,s) as in the present

paper. Accordingly we define g’g,;k"(z ,A, N, x) as in our paper. With these changes,

Propositions 5.1 and 5.2, and (1) of Theorem 5.3 in [12] should be replaced with Corollary
3.3, Corollary 3.5, and Proposition 3.6, respectively, in the present paper.
(2) In [12], we defined L(m, F, x, St) as

Then E:J(Z, M,n,s) =E, |IWu(Z, M, n,s)with Wy, = ( _01"> coincides with

L(m, F, x, St)

Lim, F.x, 80 = Te@m)([ [ Tetn + ki) o =

i=1

where I'c(s) = 2(27)~°T'(s). However, the factor / — " should be added in the denom-
inator on the right-hand side of the above definition. With this correction, [[12], Theorem
2.2] remains valid. Moreover, we have

L(l _naFa)(’St)

B [, Tel —n+k—1i)

- N’"c(n, ) Hl(lzl Fk —n— i)n—n(n+1)/2+nk+(n+1)m
We note that

A(l —n, F, x,St).

[[rct—n+k—i)

i=1

n
]\]l}’lc(n7 l) 1_[ F(Zk —n— i)n.—n(n+l)/2+nk+(n+1)m
i=1
is a rational number, and for a prime number p not dividing N(2k — 1)!, it is p-unit.
Therefore, (2) of Theorem 5.3 in [12] should be corrected as follows:
Put

Gy¥l(z, N? A, N, x)



42 H. KATSURADA
_ H;’erc(l—n+k—i)
- NlnC(n, ) 1‘[?:1 2k —n — i)n—n(n+1)/2+nk+(n+1)m
x GyX N (Z, N A, N, 0).

Then ’g“é‘,;"‘l(z, N2A, N, x) belongs to Gk(F("))(DQ(F,X,;N))m for any prime ideal B of
QC(F, x, ¢n) not dividing N 2k — 1)!, and we have
d
Gyl Z N?A N, x) =Y LU —n, Fi, x. SOCE (A Fi(Z).

i=1

4. Proof of the main result

LEMMA 4.1. Letr > 2 and let {Fy, ..., F,} be Hecke eigenforms Mk(I"("); Ai)
linearly independent over C, and G an element of My (I'™). Write

Fi(Z) =) cr(A)e(tr(AZ))
A

fori=1,..rand

G(Z) =) cG(Ae(tr(AZ)).
A

Let K be the composite field of Q(Fy), . .., Q(F;), and L a finite extension of K. Let N be
a positive integer. Assume that

(1) there exists an element o € K such that cg(A) belongs to aO [N~ forany A €
Hn(Z)>0
(2) thereexistci e L (i =1,...,r)and A € H,(Z)~¢ such that

p
G(2) =) ciF(2).
i=1
Then for any elements Ty, ..., T,y € L), and A € H,(Z)~o we have

r—1
[ AT = rp (T))eicr (A) € aDLINT'.
i=1

Proof. We prove the induction on r. The assertion clearly holds forr = 2. Letr > 3
and suppose that the assertion holds for any r’ such that 2 < ' < r — 1. We have

.
GIT—1(Z) =) rr(Tr)ciFi(2),
i=1
and we have
r—1

GIT,-((Z) = kg (T,-1)G(2) = Y i (Tr—1) = Ar (Tr—1))ei Fi(2).
i=1
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By Theorem 4.1 and Proposition 4.2 of [10], we have
GIT—1(2) = 1, G(Z) € aSi (I ™) (OLINT'])
Hence, by the induction assumption we prove the assertion. O

Proof of Theorem 2.3. Let b(n, [) be the integer in Theorem 3.7, and put «(n, k) =
maxa=i<cn2 b(n,l). Then, a, 1G5~ (Z,N2A,N,x) €270 M (I ™) (O gy, [N D).

/=0 mod 2

Thus, by Theorem 3.7 and Lemma 4.1, for any B € H,(Z)~o, and T1, ..., T, € L;l, the
value

e—1
l_[(kFl (Ti) = A (TD)A —n, F, x, SOCF(A)cr(B)
i=1

belongs to (2“(””‘)An,k)_lDLn‘k(X’;N)[N_l], where ¢ = dim¢ Mk(F(")), and L,k is the
field stated in Section 1. In particular for any v € @p, the value vA(I — n, F, x, St)cr(A)
cr(B) belongs to (2“(”’k)An,k)_1DLn‘k(X,;N) [N~']. On the other hand, by Proposition 2.1,
the value A(l —n, F, x, St)cr(A)cr(B) belongs to Q(F, x), and hence we have

VAl —n, F, x,S0ér(A)cr(B) € "N A, )7 O nIN7'1.
This implies that we have
30 =n, F, 30 (P A, €0 oy v

REMARK 4.2. Let the notation be as in Lemma 4.1. Then we have the following.

Let p be a prime ideal of K. Assume that cicp (A) belongs to K and that
ordp(cicp (A)) < 0 for some A € H,(Z)~o. Then there exists i # 2 such that we
have

AE(T) =Ap(T)modp forany T € L.

This is a generalization of [[10], Lemma 5.1], and it can be proved in the same way. Let
K, i be the field defined in Section 2. Then, applying the above resultto L = K, x(x, ¢{N),
and using a corrected version of [[12], Theorem 5.3] in Remark 3.8 (2), we can remedy the
proof of [[12], Theorem 3.1].

We also remark that the M (2] — 1)!in [[12], Theorem 3.1] should be M (2k — 1)!.

5. Boundedness of special values of products of Hecke L-functions

For an element f(z) = Y o C r(m)e(mz) € Sx(SL2(Z)) and a Dirichlet character
X, we define Hecke’s L function L(s, f, x) as

L. fo) =) CJ;ET).
m=1

Let f be a primitive form. Then, for two positive integers /1,l> < k — 1 and Dirichlet
characters x1, x2 such that x1(—1)x2(—1) = (=1)1t2+1 the value

CcDTc) L, f, x1) L2, f, x2)
T e Gaoot s f)
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belongs to Q(f, x1, x2) (cf. [17]). We denote this value by L(/1, I2; f; x1, x2)- In particu-
lar, we put

L, b; ) = L1, s f5 X1, x2)
if x1 and yx» are the principal characters.

THEOREM 5.1. Let f be a primitive form in Sy (SL2(Z)). Then we have
L, b; £ 1 02) € (@70 =G D) oy v 1)

with some non-negative integer by for any integers 11 and 1o and primitive characters xi
and x2 of conductors N1 and N», respectively, satisfying the following conditions:

(D1) (ix)(=1) = (=DhFh+l
(D2) k—Li+1<b<lh—-1<k-2
(D3) Eitherly > 1 + 2, orly =1l + 1 and x| or x» is non-trivial

Proof. The proof will proceed by a careful analysis of the proof of [[17], Theorem
4] combined with the argument in Theorem 2.3. For a positive integer A > 2 and a
Dirichlet character @ mod N such that w(—1) = (—1)* we define the Eisenstein series
Gy n(z,8,w) (z € Hi, s € C) by

- - -2 _fa b
Gun(z, 8, 0) = Z w(d)(cz+d) ez +d|™° y = (C d)’
y el \IyV (V)

where I = {£ (1) T) ‘ m € Z}. It is well known that G y(z, s, w) is finite at s = 0

as a function of s, and put
Gy Nz, 0) =Gy N (2,0, w).

G N(z, w) is a (holomorphic) modular form of weight A and character & for FO(U(N ) if
A > 3 or w is non-trivial. In the case A = 2 and w is trivial, G2 n(z, ®) is a nearly
automorphic form of weight 2 for FO(U(N ) in the sense of Shimura [18]. We also put

2I° (L)
(=27 /=1)*7(wo)
where Ly (s, w) = L(s, w) ]_[pw(l — p—w(p)). Now let N; be the modulus of x; fori =
1,2. Then, by [[16], Theorem 4.7.1] there exists a modular form ¢ of weight [} — [ + 1
and character x1 x2 for I 0(1)(N 1N2) such that

Gin(z o) = Ly, )Gy N (2, ),

0 if x1 is non-trivial
cy(0) = W if Iy — I = 1 and both 1 and x» are trivial
W otherwise,
cgtm)= Y xim/d)xa(d)d" ™" (m = 1),
0<d|m

and
L(s, g) = L(s, x1)L(s — I} + I2, x2).
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Since we have k > 1,1y, all the Fourier coefficients of g belong to (k!)™'Oq(y,, 1)

[(N{N2)~1]. Let SY) be the differential operator in [17], page 788. Then, [[17], Lemma 7]
we have

.
k=l —1) =
95(_k+}1+,)2+1G—k+z.+zz+1,N1N2(Z, X1Xx2) = ZS]EV_)QVI/ZU(Z)

v=0
with some r < k/2, and hy € My_o,(I}\" (NN2)). By [[17], (3.3) and (3.4)] and the
assumption, all the Fourier coefficients of 5_k+;]+12+ 1,N1N, (2, X1x2) belongs to (k!)_1
DQ(XIXZ)[(NI Nz)_l] if —k 4+ 11 + 12+ 1 > 3, or x1x2 is non-trivial. Moreover, by [[17],
page 795], (N;z,Nl N, (2, x1x2) is expressed as

~ C 0
Gonyw, (2, X1 02) = iy T %cne(nz),

with ¢, ¢, € 27'DQ () [(N1N2)T'Tif =k + 1} + 1o + 1 = 2 and x; x» is trivial. Hence,
by the construction of kg, all the Fourier coefficients of hg belong to ((k)*) ™ 'Oqx,. 42)
[(Ny Nz)_l]. Let f1, ..., fa be a basis of Sx(SL2(Z)) consisting of primitive forms such
that f1 = f. Then, by [[17], Theorem 2, Lemmas 1 and 7], we have

L1, b, fis x1s x2){fis fi) = dolSLa(Z) = TV (N1 NI, ho)

foranyi = 1,...,d, wheredy = (—1)¢®12)2bW10L0) wwith some a(k, 11, 1), b(k, 11, I2) €
Z. (We note that the Petersson product (x, *) in our paper is % times that in [17]). Define
ho(z) by
ho = do > holy (2).
yery" (NiIND\SLa(Z)
Then, hg belongs to My (SL2(Z)). We have

(fi. holy) = (fi, ho),
forany y € SL»(Z), and hence

L, b, fis x1, x2)(fi, fi) = (fi, ho),

and hence we have

d
ho(2) = «G(2) + YLl b, fii x1, x2) £i(2)

i=1
with € C and Gi(z) = Gy.1(z.1). Put by = min{miny, s, b(k, l;.1y),0} and a; =
2% (k1)2, where [} and > run over all integers satisfying the conditions (D2) and (D3). By
q expansion principle, for any y € SL2(Z), ho|y belongs to
M (F'D(N, NZ))((alc_1>DQ<x.,XQ,{N)[(NI n,)-17)- Therefore hy belongs to
M (IF'V(N, Nz))((a,;l>DQ(XI’X2~CN)[(,\,1 Ny)-17) N Mi(SL2(Z)). Put h = hg — aGy. Then all
the Fourier coefficients of 4 belong to ((2%k!>¢(1 — k))_1>DQ<x..xz.cN)[(N1 Ny)-17- We note

that L(/1, [2; f; x1, x2) belongs to Q(f, x1, x2). Thus, using Lemma 4.1, we can prove the
assertion in the same way as Theorem 2.3. O
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COROLLARY 5.2. Let f be a primitive form in Sx(SL2(Z)). Let Qy be the set of
prime ideals p of Q(f) such that
ordp (Na(f.x1.x0)/Q ) L1, b 3 x1, x2))) < 0

for some positive integers 11, I and primitive characters x1, x2 with p { m,, my, satisfying
the condition (D1), (D2), (D3). Then Q is a finite set. Moreover, there exists a positive
integer r such that we have

ordg(L(I1, 125 f5 x1. x2)) = —r[Q(f, x1, x2) : Q(f)]
for any prime ideal q of Q(f, x) lying above a prime ideal in Qy and integer Iy, [ and
primitive characters x1, x2 satisfying the above conditions.

For a prime ideal p of an algebraic number field, let p = py be a prime number such
that (pp) = ZNp. Let K a number field containing Q(F). Then there exists a semi-simple
Galois representation pr = pyrp : Gal(Q/Q) — GL2(Kp) such that p is unramified at
a prime number / # p and

det(12 — py,p(Frob, ) X) = Li(X, [),
where Froby is the arithmetic Frobenius at /, and
Li(X, f)=1—cp)X +1F x>
For a p-adic representation p let p denote the mod p representation of p. To prove our last

main result, we provide the following lemma.

LEMMA 5.3. Let p = pyp. Let k be a positive even integer such that k < p. Let f
be a primitive form in Sy (SL2(Z)). Let a, b be integers such that —p +1 <a <b < p —
1. Suppose that

py=x"@x"
where x is the p-cyclotomic character. Then (a, b) = (1 — k, 0).
Proof. By [[5], Theorem 1.2] and its remark, ﬁ*f |1, should be

7@l
or -
w;_k@wf( =5

with w; the fundamental character of level 2, where I, denotes the inertia group of p in
Gal(Q/Q). Thus the assertion holds. O

Let f1,..., fa be a basis of Sx(SL2(Z)) consisting of primitive forms with f; = f
and let © ; be the ideal of Q(f) generated by all

[Ty (T (m)) = A p (T (m)))’s (m € Zono).

THEOREM 5.4. Let f be a primitive form in S,(SL2(Z)). Let x1 and x» be primi-
tive characters of conductors N1 and N», respectively, and let [ and [ be positive integers
suchthatk — 11 +1 <l <ly — 1 < k — 2. Let p be a prime ideal of Q(f, x1, x2) with
Po > k. Suppose that p divides neither ® y N1 N2 nor ¢ (1 — k). Then L(l1, l2; f; x1, x2) is
p-integral.
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Proof. The assertion follows from Theorem 5.1 if /1, /> and y1, x2 satisfy the condi-
tions (D1),(D2), (D3). Suppose that/; = [ + 1 and x; and x are trivial. By Lemma 5.3,
there exists a prime number ¢q such that go is p unit and

1 - Cf(é]o)qo_l'Jrl + qg_y‘“ # 0 mod p.
As stated in the proof of Theorem 5.1, there exists a modular form g € M>(Io(qo)) (Z pp))
such that

L(s, 9) = ¢()¢(s — D1 —g5* ™.

We can construct a modular form hg € My (T 0(1)(q0)) in the same way as in the proof of
Theorem 5.1. Then

(1 —cpqogy" ™ + a5 "L bs s f)

= do[SL2(Z) : T (qo){ i, ho)

with some integer dy prime to p forany i = 1, ..., d. Then by using the same argument as
above, we can prove that

ordy (L(1, b £)(1=cp(go)gy ™" +a5 ") = 0,
This proves the assertion. (]
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