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Abstract. Some generalizations of the Maass relation for Siegel modular forms of
higher degrees have been obtained by several authors. In the present article we first give a
new generalization of the Maass relation for Siegel-Eisenstein series of arbitrary degrees.
Furthermore, we show that the Duke-Imamoglu-Ibukiyama-Ikeda lifts satisfy this general-
ized Maass relation with some modifications. As an application of the generalized Maass
relation, we give a new computation of the standard L-function of the Miyawaki-Ikeda lift
of two elliptic modular forms.

1. Introduction

1.1.

The Maass relation is a relation among Fourier coefficients of Siegel-Eisenstein series
of degree two, and the Maass relation characterizes the Saito-Kurokawa lifts (cf. [E-Z 85].)
In his article [Ya 86] Yamazaki has obtained a generalization of the Maass relation for
Siegel-Eisenstein series of arbitrary degrees. Furthermore, in [Ya 89] Yamazaki obtained
a relation among Jacobi-Eisenstein series of arbitrary degrees. Here the Jacobi-Eisenstein
series is a Jacobi form which is constructed like the Siegel-Eisenstein series. This relation
among Jacobi-Eisenstein series is necessary to obtain a new generalization of the Maass
relation, which is different from the generalized Maass relation in [Ya 86]. However, the
relation among Jacobi-Eisenstein series in [Ya 89] is not enough to obtain a new gener-
alization of the Maass relation, because in [Ya 89] the Jacobi-Eisenstein series of index 1
is treated and we need the relation among the Jacobi-Eisenstein series of arbitrary index.
One of the aim of the present article is to generalize the relation among Jacobi-Eisenstein
series obtained in [Ya 89] for arbitrary index and to give a new generalization of the Maass
relation for Siegel-Eisenstein series of general degrees.

On the other hand, a generalization of the Saito-Kurokawa lift for Siegel modular
forms of even degrees was conjectured by Duke and Imamoglu, and by Ibukiyama, inde-
pendently, and the conjecture was solved by Ikeda [Ik 01]. In the present article, we call
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these lifts the Duke-Imamoglu-Ibukiyama-Ikedalifts. It is known that the Duke-Imamoglu-
Ibukiyama-Ikeda lifts satisfy the generalized Maass relations in [Ya 86] by inserting the
Satake parameters of the preimage of the Duke-Imamoglu-Ibukiyama-Ikeda lift into the
relation (cf. [Ha 11].)

By applying the Duke-Imamoglu-Ibukiyama-Ikeda lift, Ikeda [Ik 06] solved and gen-
eralized one of the two conjectures posed by Miyawaki [Mi 92] under a certain assumption.
Namely, he obtained lifts from pairs of an elliptic modular form and a Siegel modular form
of degree r to Siegel modular forms of degree 2n 4 r under the assumption that the con-
structed Siegel modular form does not vanish identically. In the present article we call
these lifts the Miyawaki-Ikeda lifts. In [Ik 06] Ikeda obtained a conjecture about the rela-
tion between the Petersson norm of the Miyawaki-Ikeda lift and a special value of a certain
L-function. For more details about the conjecture of non-vanishing of the Miyawaki-Ikeda
lift, we refer the reader to [Ik 06].

The purpose of the present article is as follows:

(1) we generalize the relation among Jacobi-Eisenstein series given in [Ya 89] for
arbitrary integer-indices and obtain a new generalization of the Maass relation for
the Siegel-Eisenstein series of arbitrary degrees (Theorem 1.1),

(2) we show a new generalization of the Maass relation for the Duke-Imamoglu-
Ibukiyama-Ikeda lifts (Theorem 1.2),

(3) By using the generalized Maass relation we obtain a new proof of the explicit
expression of the standard L-functions of the Miyawaki-Ikeda lift of two elliptic
modular forms (Corollary 1.4).

As for generalization of the Maass relation, Kohnen [Ko 02] obtained another kind of
generalization of the Maass relation which is related to the Fourier-Jacobi coefficients of
matrix index of size 2n — 1, while the generalization of the Maass relation in the present arti-
cle is related to the Fourier-Jacobi coefficients of integer index. It is known that the general-
ized Maass relation in [Ko 02] characterizes the image of the Duke-Imamoglu-Ibukiyama-
Ikeda lifts (cf. Kohnen-Kojima [KK 05], Yamana [Ya 10].)

We remark that a certain identity of the spinor L-function of the Miyawaki-Ikeda lift
of two elliptic modular forms has been given by Heim [He 12] for the case of degree three
and weight twelve. This identity has been generalized in [Ha 13] for any odd degrees 2n — 1
and for any even weights k.

1.2.

We explain our results more precisely. We denote by $,, the Siegel upper-half space
of size n. For integers n and k > n + 2, the Siegel-Eisenstein series of weight k of degree
n + 1 is defined by

EI"V(z):= > det(CZ + D)~*,

M=(4 B)elio\lin
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where T € $,1, where I}, 41 := Sp, | (Z) is the symplectic group of size 2n + 2 with

entries in Z, and we set [;,41,0 1= {(é g) el |C= O}. The Fourier-Jacobi ex-

pansion of E ,E"H) is given by

o0
(n+1) Tz () 2mi
s (2 5)) =D etnew o,
m=0

(n)

o is called the m-th Fourier-Jacobi

where T € 9, o € $H; and z € C". The form e

coefficient of E ,E”'H). We remark that e,(fr)” is a Jacobi form of weight k of index m of

degree n (cf. Ziegler [Zi 89].)

We denote by Jk(”rzl the space of Jacobi forms of weight k of index m of degree n. For
the definition of Jacobi forms of higher degree, we refer the reader to [Zi 89] or Section 2.2
in the present article. We define two kinds of index-shift maps:

Viaei(p?) = I = I

) (n)

U(p) : Jkﬁn N Jk,nmpZ‘

Here the index-shift map V; ,—;( pz) (0 <1 < n) is given by the action of the double coset
I,diag(1y, pl,—1, pzll, pla,—i)I;. For the precise definition of Vl,,,_l(pz) see Section 2.4,

and we define (¢|U (d))(z, z) := ¢(t,dz) for ¢ € Jk(") and for any natural number d.

Jm
(n)

THEOREM 1.1. Let e;, be the m-th Fourier-Jacobi coefficient of Siegel-Eisenstein
series. Then we obtain the relation

el (VoD - Vao(p?)

0 1

_ _ k
=<e,§")m|U<p2>,e£(1,31|U<p>,e§”jwz> P PR+ p ) | AT
' p2 ’ 0 p 2k+2

. . . . k . .
where the both sides of the above identity are vectors of functions and Ag”n 41 is a certain

(n)
as identically 0 if p> fm. Here 8pim is defined by 1 or 0, according as p|m or p fm. For the
p.k

2,n+1°

matrix with size 2 times (n + 1) which depends only on p and k, and where we regard e

precise definition of A see Section 2.6.

The relation in Theorem 1.1 is a new generalization of the Maass relation for Siegel-

Eisenstein series of arbitrary degrees. As for the function e,?fr)n |V (p), a similar identity has
already been given in [Ya 86]. Here the operator V,(p) is obtained from the double coset
Iydiag(1,, ply) 1.

Now we apply the relation in Theorem 1.1 to the Duke-Imamoglu-Ibukiyama-lkeda
lifts. We denote by Sk (I7,) the space of Siegel cusp forms of weight k of degree n. Let f €
S21(I'1) be a normalized Hecke eigenform and let F' € Sy, (1%,) be the Duke-Imamoglu-

Ibukiyama-Ikeda lift of f (cf. Ikeda [Ik 06].) We remark that there is no canonical choice
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of F, however F is determined up to constant multiple. We consider the Fourier-Jacobi

expansion of F:
Tz ad
_ 2rimw
F <<,Z w)) = $u(z, e,

m=1
where T € 9, o € 9 and z € C". Then ¢,, is the m-th Fourier-Jacobi coefficient of

F and is a Jacobi cusp form of weight k 4 n of index m of degree 2n — 1. We denote by
Jk(nrzlcuw the space of Jacobi cusp forms of weight k of index m of degree . The restriction
of the maps V; ,_;(p?) and U(p) to Jk(ﬁcmp gives maps from Jk(ﬁcmp to J;ﬁ;;gw . Let

oeljfl be the complex numbers which satisfy

1
(@p+a,Hp 2 =a(p),
where a(p) is the p-th Fourier coefficient of f.

The following theorem is a generalization of the Maass relation for the Duke-Imamo-
glu-Ibukiyama-Ikeda lifts, which is different from the ones in [Ko 02] and in [Ha 11].

THEOREM 1.2. Let ¢y, € Jk(i'i;”ll) P be the m-th Fourier-Jacobi coefficient of the

Duke-Imamoglu-Ibukiyama-Ikeda lift F as the above. Then we have
Ol (Vo2u-1(P). - Vaue10(?)

— p~(r=D@k=D <¢pm_2|U(p2), émlU (p), </>mp2>

0 1
X | P p TR =L 4 pSpi) | Adp,(@))
0 p72k72n+2

where A, , (ap) is a certain matrix with size 2 times 2n which depends only on f and p.

We regard the form ¢);n_2 as identically zero if p* fm. The matrix A/2,2n (ap) is obtained by

substituting X , = o, into a matrix A/2,2n (X p). For the precise definition OfA/Z,Zn (Xp), see
Section 2.6.

Now we apply the relation in Theorem 1.2 to the Miyawaki-Ikeda lifts of two elliptic
modular forms. Let f and F be as above. Let ¢ € Si1,(I7) be a normalized Hecke
eigenform. Then one can construct a Siegel cusp form Fy 4 of weight k + n of degree

2n — 1:
Frg(r) ::/ F <<6 0)) 9(@) Im(@)*" ?dw.
N\9, @

The form F, 4 is the Miyawaki-Ikeda lift of g associated to f. It is shown by Ikeda [Ik 06]
thatif F 4 is not identically zero, then F, 4 is an eigenfunction for Hecke operators for the
Hecke pair (I2,—1, Sp,,,_1 (Q)). Furthermore, the standard L-function of F, 4 is expressed
as a certain product of L-functions related to f and g. Now by virtue of Theorem 1.2, we
obtain a new proof of these facts by using the generalized Maass relations.
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THEOREM 1.3. Let Fy g € Sgtn(I2n—1) be the Miyawaki-Ikeda lift of g associated
to f. Then
-Ff,g|(TO,2n—l(p2)a cos Touc1,0(p?)
— p2nk+n71 (pfkfn’ p72k72n+2)\g(p2))A/2’2n (C(p) ff,g ,

where Tl,gn_l_l(pz) are Hecke operators (see Section 2.4) and A’2_2n (ap) is the same ma-

trix in Theorem 1.2. Here A4 (p?) is the eigenvalue of g for Ty o(p?).

We denote by ,B;H the complex numbers which satisfy:

k4+n—1

Bp+ B, p 7 =b(p),
where b(p) is the p-th Fourier coefficient of g. The adjoint L-function of g is defined by
— —g _ _e1—1
L(s, g, Ad):=[[{(1 = p™) A = B3 p™HA = B, p™)} .
p

COROLLARY 1.4. If Fy 4 is not identically zero, then the Satake parameter of Fy, 4
at prime p is

+1 +1 | _ [pt2 1 _—n+3 41 _—n+3 +1 p—3
{/-’(/1 7-~-3M2n_1}_{ﬂp sap p zsap p 2,...,Olp p 2}-

Furthermore, the standard L-function of Fy,4 is

2n—2
L(s. Fr.g.s0=L(s. g.Ad) [ [ LGs +k+n—1—i, f),
i=1
where L(s, f) is the Hecke L-function of f. (see Section 2.3 for the definition of the
standard L-function.)

We remark that Corollary 1.4 has already been shown by Ikeda [Ik 01] for more gen-
eral case, namely for Siegel modular form g € Si4, (). The method in [Ik 01] is based
on the theory of automorphic representations. On the other hand, if a Siegel modular form
is an eigenform for Hecke operators, the eigenvalues are calculated from the Satake pa-
rameters by using the explicit map of the Satake isomorphism. This explicit map is given
in [Kr 86]. Hence Theorem 1.3 and Corollary 1.4 are equivalent. Therefore Theorem 1.3
essentially follows from [Ik 01, Proposition 3.1] as a special case of » = 1. However, in
the present article we obtained a new proof of Theorem 1.3 and Corollary 1.4 by using the
generalized Maass relation.

Furthermore, we remark that a certain identity of the spinor L-function of Fy 4 has
been obtained in [Ha 13] which is a generalization of the case (n, k) = (2, 12) in [He 12].

This paper is organized as follows: In Section 2 we give a notation and review some
operators for Jacobi forms, and in Section 3 we shall show a certain relation among Jacobi-
Eisenstein series with respect to the index-shift maps. In Section 4 we shall prove Theo-
rem 1.1, while we shall prove Theorem 1.2, Theorem 1.3 and Corollary 1.4 in Section 5.
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2. Operators on Jacobi forms

2.1. Symbols.

We denote by M; ;(R) the set of all i by j matrices with entries in the ring R and put
M, (R) := M, ,(R). For any square matrix A € M, (Z) we denote by rank,(A) the rank
of A in M,(Z/pZ). For any two matrices A € M,(Z) and B € M, ,(Z) we write A[B]
for’ BAB. The set of all half-integral symmetric matrices of size n is denoted by Sym.

We put J,, := <10 _(} ”) and set
n

GSp, (R) := {M € Moy (R) | MJy"M = v(g)Ju, v(g) > 0},
where the number v(g) is called the similitude of g.

We put I, := Sp,,(Z) C SLy,(Z). For any square matrix x we set e(x) := e2mitr(x),
where tr(x) denotes the trace of x. For any natural number m we put < m >:= m(mﬂ)

The symbol $),, denotes the Siegel upper-half space of size n. The action of GSpn ®R)
on ), is given by g - 7 := (At + B)(Ct + D)™ ! for g = (é g) € GSp (R) and for
T € Hy.

The symbol Hol($,, — C) (resp. Hol($), x C" — C)) denotes the space of all
holomorphic function on §, (resp. £, x C".) For any integer k, we define the slash
operator | :

(Flkg)(¥) :=det(Ct + D) *F(g- 1),
where F € Hol($H, — C), g = (é g) € GSp,T(IR{) and T € $,. By this definition the
group GSp;" (R) acts on Hol($), — C).

2.2. Jacobi group.
We define a subgroup of GSp; B

y= [ xvo x ( )eGSp ® .
64 81\ p)=

A bijective map from GSp," (R) x (R" x R") x R to G}/ is given by

X
A 0 B 1,00 pn
A B 0 v(g) 0 P TR NTES
[(C D)s()‘*vu)sk}'_)(c 0 D 001, —A 9
00 0 00 1

where ¢ = (é g) € GSp, (R), A, n € R" and k € R. We identify GSp,/ (R) x

G) = {y e GSp,", | (R)

~

(R" x R") x R and GJ By this bijection the group GJ can be regarded as a semi-direct
product of GSp;/ (R) and ((R" x R") x R), namely GJ = GSpf (R) x (R" x R") x R).
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Let k and m be integers and let ¢ € Hol($), x C" — C) be a holomorphic function
on £, x C". We define the slash operator [k ,:

(@lemy)(T, 2) = (¢ (1, 2)e(m w))[ky) e(—v(y) m w),

where tTZ 5) € D+, T EN,we N,zeC"andy € G,{. ‘We remark that the RHS

of the above definition does not depend on the choice of w. By this definition, the group
G,{ acts on Hol($),, x C" — C).
Fory =[g, (A, n), k] € G,{ we have

(@lemy)(t,2) =det(Ct + D) Fe(—v(g)m (Ct + D) Oz + th + u)
xe((g)m (Ath+ 22z +2"Ap +«))
x¢(g-7,v(9) (Ct+ D) 'z +Tr+p),
where g = <é g) € GSp, (R).
We put a discrete subgroup I’/ of G-
Il ={IM, (). k1€ G/ |M ey, G, p) e Z' x I, k € 7).

We denote by Jk("ni the space of Jacobi forms of weight k of index m of degree n (cf.
Ziegler [Zi 89].) For n > 1 the space Jk(") is defined by

.m
I = {¢ € Hol(, x C" — C) | plimy = ¢ forany y € I} }.

2.3. The standard L-functions.
Let F € Sk (I}) be a Siegel cusp form which is an eigenform for all Hecke operators.
Let {po,p, 41,p, - .-, in,p} be the Satake parameter of F at a prime p. The standard L-
function of F is defined by
n -1
L(s, F.sty:=] | {(1 —p O] = wipp™HA =i 0™
p i=1

In our setting we have /1,(2) pHLp Bnp = prk—<n>,

2.4. Index-shift maps of Jacobi forms.
For any function ¢ € Jk(") and for any matrix g € GSp," (R) N M2, (Z) we define

,m

SIV(Luglh) =) dlimlai, (0,0),01,

where I,91;, = U I, g; is a coset decomposition. It is known that ¢|V (I7,91},) is well-
i
defined and belongs to Jk("v)( om*

For any integer / (0 </ < n), we define

DIVin—1(p?) := |V (Indiag(1y, pla—s, p*11, pla—i) ).
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For any non-negative integer d we define
@IUD)(z,2) =¢(z,dz).
Then ¢|Vi,u—1(p?) € J;") » and $|U(d) € J ") 1.
Let F be a Siegel modular form of weight k of degree n. Let g be an element of

GSp,‘lIr (R) N M3, (Z). For any double coset I}, g}, the Hecke operator T (I}, ¢I;,) is defined
by

FIT(Lgl) :=v(g)™ ™" > " Fligi.

1

where I,9I, = U I, g; is a coset decomposition. For any integer / (0 <[ < n), we define
i
F|Tjn—1(p?) := F|T (Nydiag(1;, pla—s, p*1i, pla—)Th) -
J(")

i.m» We define the function
W(@)(7) :=¢(7,0)

for T € $),. From the definition of Jacobi form, it follows that W(¢) is a Siegel modular

form of weight k of degree n.

Furthermore, due to a straightforward calculation, we obtain

For any Jacobi form ¢ €

(2.1) W(O)IT (TFwgln) = v()"™ =" W@V (ITwg )
for any Jacobi form ¢ € Jk(”ni and for any g € GSp,} (R) N M2, (Z).

2.5. Siegel @-operator for Jacobi forms.
Let ¢ € Hol($, x C" — C) be a holomorphic function. We define the Siegel -

operator:
o= imo((5 2)-(3)

where 71 € $,_1 and z; € C*~L,
It is known that if ¢ € Jk(")

m is a Jacobi form, then the function @ (¢) is also a Jacobi

form which belongs to Jk("r; b,
2.6. The Satake isomorphism and the Siegel @-operator.

Let HJ, be the local Hecke ring with respect to the Hecke pair (17, GSp, (R) N
Mzn(Z[p’l])). We denote by (C[Xil, - X,jfl]W" the subring of the polynomial ring

(C[thl, R X,jfl] which is invariant under the action of the Weyl group W,, associated to
the symplectic group. The Satake isomorphism ¢, : H), — C[X D ¢ ,ﬂfl]w" is given
by

Ity 1 . X\ i
D B
nati=Un (70 3) =9 XI(5)
i ! i p
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pl'll * *

% (cf. Andrianov [An 79]).
pli,n
We write ¢ = ¢, for simplicity. In this article we consider the subring of , which is
generated by To,n(pz)ﬂEl and Tl,n,l(pz) (I=1,...,n).
The following proposition follows from [Kr 86, Satz].

where v(g) = p' and D; =

PROPOSITION 2.1. Ifn > 2 we have
0(Tro(pP?) =X [(X;' + (0 = Dp ™" + X0)p(Tm1,0(0°)
+(* = Dp~lo(T21 (P},
O(T1n=1(p?) = Xu [ p' ™" 0(T1n—2(p*)
+(X, '+ (= Dp "+ Xa)e(To-1 (P},
¢(To.0(P*) = Xu{p™" ¢(Ton-1(p*)}.
andfor 1 < j < n we have
O(Tjn—j(p™) = Xu{p' " @(Tjn-j-1(p))
+(X 4T = D+ Xa)@(Tm1 i (P7)
+(PP T = Dp T (T 1 (PP)] -
Proof. We obtain this proposition by replacing p~" in [Kr 86, Satz] by p~™" X,,. For
the detail the reader is referred to [Kr 86, Satz]. O
Now forintegers/ (2 <1),t (0 <t <), j(0<j <I),weput
(pU=2i+2 _ 1y pi-l-ly, ifr=j—2,

1+ p/ "l p-—DX+X? ifr=j—1,
bji=boj,xp=14 L P ! /

p~X) if 1=,
0 otherwise,
and we put a matrix
boo -+ boy

Bris1(X)) = (br,j) 1=0,..1-1 = : :
=01
bi—10 -+ bi—1y

with entries in C[ X}, X fl ]. From Proposition 2.1 and from the definition of By ;41(X;), we
have the identity:

(@(To.0(P*); -+ 9(T10(P?)) = (@(To,1-1(P*)), - -+, (Ti=1,0(P*)) Bri1(X1) -
For Jacobi forms we obtain the following lemma.

LEMMA 2.2. Let¢ € Jk(lr)n be a Jacobi form such that @ (¢) is not identically zero.
Then we have

PGIVou(pD), - Vo) = (@) Vo1, -, Viero(r™) ) B (917,
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where we put ¢|(Vo,1(p?), ..., Vio(p?) := @Vo.1(p?), - .., | Vi,0(p?)).

* *
Proof. Lety = [(‘3 g) (0, 0),0} € G{ with A = <‘t 2) B = (ﬁz [;)1>,

*
D= (% Z), where A*, D* € GL;_1(R) and B* € M;_{(R). Then

D (@lemy) =d D@k,
A* B*
0 D*> , (0, 0),0} € G/ ,.
The rest of the proof of this lemma is the same to the case of Siegel modular forms
(cf. [Kr 86, Satz].) Thus we conclude this lemma. O

where y* =

We define a matrix

n
Byni1(X2, X3, ..., Xp) = [ | B (X0) .
=2

which entries are in (C[Xi, R X,jf]. Then we have

@(To.n (P -+ 9(Tuo(P*)) = (@(To.1(p*)). ¢(T1,0(P*) Brn1 (X2, .. Xn) -
The precise expression of ¢ (7} ,—i( p?)) by using the elementary symmetric polyno-
mials has been given in [Kr 86, Korollar 2].
To explain our results we define two matrices Ag: 41 and Aj 5 (Xp). First we define
a2 x (n+ 1) matrix

Pk 2—k 3—k n—k
A21n+1 - BZ,n—i—l(p 7p [ECICIIE) p )'

We remark that the matrix Ag: +1 depends only on the prime p and the integer k > 0.
We set a 2 x 2n matrix
m—-1 7!

By o (X2, ..., Xop—1) = (H Xi) By (X2, ..., Xop—1) .
i=2

From the definition of B2 2,(X2, ..., X2,—1) it is not difficult to see that the entries in the
matrix Bé,zn(XZs ..., X2,—1) belong to C[ X, + Xz_l, o X1 + X2_n171]‘ We define a
2 X 2n matrix

3_ 5_ _3
A0, (Xp) =B 5, (p2 " Xp, p2 "X, .., p 21X p).

In Section 5.3 we will show A} ,, (X,) = A}, (X, 1.

3. Jacobi-Eisenstein series

The goal of this section is to show a certain relation among Jacobi-Eisenstein series
with respect to the index-shift maps Vl,n_l(pz) (I = 0,...,n). In Section 4 we shall
translate such relation to the relation among Fourier-Jacobi coefficients e,E"r)n and will prove

Theorem 1.1.
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3.1. Definition of Jacobi-Eisenstein series.
For integers k, m and n, we define the Jacobi-Eisenstein series of weight k of index m
of degree n by

i@ =" > (lkmy).

yern{o\rnf

1,00

01w« J
) 001, 0 EF”

0001

Itis known that if k > n+2, then E ,E"r)n converges and belongs to J\") (cf. Ziegler [Zi 89].)

,m

where we put

(g g)efn,uez’l,xez .

The purpose of this section is to show that E ,5"31 [ Vin—i( pz) is a linear combination of

three forms E,E"i% U(p?)., E{) U (p) and E,E’f;pz.

LEMMA 3.1. Let m and n be positive integers. Then the forms {EIE")m |U(d) }d are
d?
linearly independent, where d runs over all positive integers such that d*|m.

Proof. Let @ be the Siegel @-operator for Jacobi forms introduced in Section 2.5. It
follows from the definition that @ (E ,E”r)”) =E ,E"n: D Hence it is enough to show that the

forms {E lgl)ﬂ |U(d)}, are linearly independent.
de

Let E,(Clr)n (t,2) = ) v, c(n',r) e(n't +rz) be the Fourier expansion of E,(Clr)n We call
c(n’, r) the (n’, r)-th Fourier coefficient of E ,Elr)n Letn’ > Oand r > 0 be integers such that

4n'm — r? > 0. Then it is known that the (n’, r)-th Fourier coefficient of E ,£131 is not zero

(cf. Eichler-Zagier [E-Z 85, p.17—p.20].) On the other hand, for any d > 1 such that d2|m,

the (n’, r)-th Fourier coefficient of E ](cl)ﬂ |U(d) is zero unless d|r. Therefore we obtain this
> d2?
lemma. [l

3.2. Definition of a form K iﬁ';).
We quote some symbols from [Ya 89]. For a fixed prime p and for0 <i < j <n, we
put

8, := diag(1;, plj—i, p*lu—;)
and
5,’ = 5,"” = diag(li, plnfi) .
And for x = diag(0;, x2,2, 0,—;) With x22 ="x22 € M;_;(Z) we set

2¢—1
S ; X
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We denote by I}, o the set of all matrices <A B) in I;,. We set

0, D
A B
I’((S,-,j) = {(On D) € Fn,O

re;):= {(64" g) €0

and put a subgroup I"(8;, j(x)) of I'(8; ;):
L8, j(x)) =T N (8 j(x) 0 8i,j (%)) .
For A € Z" and for M € GSp,l (R) N M2,(Z) we put
J(ka m; Ma )")(Ta Z) = (1|k,m[12na ()\'a 0)5 0][Ma (Oa 0)5 0])(":’ Z) .
For two matrices x = diag(0;, x2,2,0,—;) and y = diag(0;, y2,2, 0,—;) such that
x22 = "x22, y22 = "y22 € Mj_;(Z), we say they are equivalent and write [x] = [y],
Ui ur,2 ui3
if there exists a matrix u = | pu2,1 up U3 | € Si,jGLn(Z)cS;jl N GL,,(Z) which
pPus1 puszny u33
satisfies u2 2x22'uz 2 = y22 mod p, where urpo € M;_;(Z), u1,1 € M;(Z) and u33 €
M,_;(Z).
We define a function Kf‘j on (7, z) € H, x C" by

K[ij = Kjo’lj’m’p(l—v Z) == § § E J(kﬂmaBI,J(-x)Ma )\-)(Ta Z)a
[x] Mel (8 j(x)\I'n heZ"
rankp(x)=a

A € 8; ;GL,(Z) 3;}} ,

A € §;GL,(Z) 5;1}

where in the first summation on the RHS, [x] runs over all equivalence classe which satisfy
rank,(x) = a. A straightforward calculation shows that the function ¢ defined by

pr.= Y D jlkmsi ()M, )T, 2)

Mel (6 j(x))\I'y AeZ"

satisfies the transformation formula ¢|; ,,,2y = ¢ for any element y € I, nj . Moreover,
the convergence of ¢ can be shown as in [Zi 89, Theorem 2.1]. Hence Klf" j belongs to
J(”)
k,mp?*
forms E{", |U(p?), E{")|U (p) and Egjﬂpz.

s [?2

In Lemma 3.8 we will show that the form K f‘ j is a linear combination of three

i 0n .
1) 5
On p281 l) n s a
disjoint union

81 0,1 = ¢ o
L <0n p2811> = U U Ty 06i (X)),

ij [x]
O<i<j<n rankp(x)=l—-n—i+j

PROPOSITION 3.2 (Yamazaki[Ya 89]). The double coset I, (

where in the last union on the RHS, [x] runs over all equivalence classes which satisfy
ranky(x) =1l —n—i+j.
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Proof. This proposition has been shown in [Ya 89, Corollary 2.2]. O
LEMMA 3.3. We obtain
e inti
EfplViaa(p) = Y K
ij

0<i<j<n

Proof. 1t follows from Proposition 3.2 and from the definitions of E ,E"r)n, Vin—i( %)
and K7 X [l

LEMMA 3.4. If p*|m, then

K;’jj = p’k(znfi*j)+("*j)(n7i+l) Z Z
x=diag(0;,x22,00—;) M & )\ In

xz,zztxz,QEMj,i (Z) mod p
rankp(xp2)=0o

. m 1 71x
X Z ](k,—2;<0" Pl )M,A)(r,pzz),
Ae(pPL)i x (pZ)i—i x T~ p n
If p? fm, then
Kﬁj — p—k(zn—i—j)+(n—j)(11—i+l) Z Z
x:diag(O,-,xz,z,On,j) MEF(S,-’]-)\F”

xz’zztxzszMj,i (Z) mod p
rankp(xz2)=0o

; (1, p'x
X Z .]<k,m,(0 1, )M,)»)(t,pz).
re(pZ)i xZn—i
We remark that this lemma has been shown for the case m = 1 by Yamazaki [Ya 89].

Proof. The proof of this lemma is an analogue to [Ya 89]. If p? fm, then the proof is
similar to the case m = 1. Hence we assume p?|m and shall prove this lemma.

We put U := {(10” 1;) |s="s¢€ Mn(Z)}. Then the set

o= { (k1)

is a complete set of representatives of I"(8; j (x))\I"(8; j(x))U. Thus

> oY jkeomi s (0OM, (. 2)

[x] MeT (8;,j (x)\I'y AeZ"
rank,(x)=o

- Z Z Z Jlk,m; 8 j(x)M, M) (<, 2)

[x] Mel (8;,j(x)U\T, AeZ"
rankp(x)=o

X Z e(pzmt)LSi_;sSi_jl)\)

(g 1)ev

00 O
s = <0 0 Sza) mod p, $23 € Mj_in—j(Z), 533 ="533 € Mnj(Z)}

0 %523 33
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— p(j—i)(n—,/')+(n—,/')("—j+l) Z Z Z

[x] Mel(8;,j(x))U\T, LeZl
rank,(x)=a

x j(k,m; 8 j(x)M, 1) (T, 2).
We remark
je,ms 81,0, W)(x, 2) = p~ T A (p?S; 28 [+ pT R+ 2p7m' A8 7).
Hence if we put A’ = p28i_jl)», then A" € (p?Z)" x (pZ)/~" x 7"~/ and we have

. - —i—j) . — -1
e, ms 8,5 o). 2)(,2) = pH D e p~Pms (Y 7, ) ). p)

Thus
Kﬁj — p—k(zn—i—j)+(n—j)(11—i+l) Z Z
[x] MeT (8 (x)U\I,
rankp(x)=a
. — —1
X Z Jj e, p~2m; (10 ”lnx) M, M) (z, p*2)

Ne(p2Z)ix(pZyi—ixZn—J

— pkCni= = pr=it1) Z Z Z

rank[px(L)=Ol (?) tuql )GI‘(S,-’]- DU\ (i 5) Mel @i\

x > e, p=2ms (™ ) MLt @ pPa)
Ne(pRZ) x (pZ)yi—ixzZn=i
Here, the matrix u in the above summation belongs to &; ;GL(n, Z)3;” jl NGL(n, Z). Hence

"u stabilizes the lattice (p2Z)" x (pZ)?~" x Z"~J. Furthermore, the summation over the
equivalence classes [x] and the summation over the representatives of I"(5; ; (x))U\I"(5;, ;)
turn into the summation over x = diag(0, x2,2, 0) suchthat x> ='xp2 € M j—i(Z) mod p
and rank, (x) = «. Therefore we conclude this lemma. O

3.3. Summation G;'.(m, L.
We define
[ (P =Dt =D~ if 1<i<n,
gp(n,i):=11 if i=0,
0 otherwise.
For any A € Z" and for 0 < j < n we define
Glm, = Y e <@Ax,\> .

x='xeM,(Z/pZ) P
rankpx=j
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PROPOSITION 3.5. Form € Z and for . € 7" we have

) ) J
(i
p )y TT = 1) if mi. =0 mod p,
a=1
rodd
Gli(m, }) = o “e e
(_l)ij7J<L7J+1)gp<n -1, 2L%J) l_[ (P*—=1) if mA#0 mod p.
aozlja}d

Proof. If p|m, then G?(m, A) = G;?(l, 0). And if p fm, then G?(m, A = G;?(l, A).
Hence we need to calculate the case m = 1. The calculation of G;?(l, 2) has already been
obtained by [Ya 89, Lemma 3.1]. O

3.4. Some cardinalities.
In this subsection we will give some lemmas to calculate K" IE
For0 <i < j <n, weput

H; :=8;GL4(2)8; ' NGL4(Z),
H; j:=6; jGL, (Z)azjl N GL,(Z) .
We define two sets

-1
k k ;
S; = {(p’b *> € GL,(Z) beZ’},

—1
% % Xk
Sj,j = {(pztbl P tbz *> € GLn(Z)

where b, b1 and b, in the above sets are column vectors.

by GZi, bzGZj_i},

LEMMA 3.6. We have
|H\GLn(Z)| = gp(n, i),
[Hi\Si| = gp(n —1,i).
Furthermore, we have
|Hi j\GLn(Z)| = p"" ™ gp(n. }) gp (. ),
|Hi \Si| = P gp(n = 1.0) gpn —in — )
|Hij\Sij| = """ gpn =1, ) gp( D) -
Proof. These are elementary. We leave details to the reader. O
LEMMA 3.7. Let B()) be a functionon A € Z". We put Lo := (pZZ)i x (pZ)! ' x

Z"=I. We assume that the sum Z Z B(" A)) converges absolutely. Then we
A€H; j\GLy(Z) MeLg

> > B(AM=ao Y BM)+a1 Yy B(ph)+a Y B(p*h),

A€H; j\GLy(Z) €Ly AEZ! LEZ AEZN

have
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where ag, a1 and ay are integers which satisfy
ap +ai + ax = |H; j\GL,(Z)|, ao + a1 = |H; j\S;| and ap = |H; j\S; ;| -
Proof. For A € Z"" we denote by gcd()) the greatest common divisor of all entries in
A. Let X be a complete set of representatives of H; j\GL,(Z). For A € Z" we define
N :=|{AeX|re'ALo}| .

We remark that N (1) does not depend on the choice of X. To show this lemma, it is enough
to calculate N (1) for given A € Z".
By the definition of §; ; and S;, we have

Si.j={A € GL,(Z)]"(0,...,0,1) € "ALo} ,
Si={A € GL,(Z)|"(0,...,0, p) € "ALo} .

Hence we have N('(0,...,0,1)) = |H; ;\S;,jl and N('(0, ..., 0, p)) = |H; j\S;|. Fur-
thermore, we have N('(0, ..., 0, p?)) = |H; ;\GL,(Z)|.

For any A € Z", there exists a matrix B € GL,(Z) such that 'BA = gcd(})
’©,...,0,1). Thus we have N(,) = N(ged(1)'(0,...,0,1)). Hence N(1) equals to
|H;i j\Si.j|, |Hi,j\Si| or |H; j\GL,(Z)|, according as gcd(p?, ged(X)) = 1, p or p*.
Therefore we obtain this lemma. O

3.5. Calculation of the function K f‘ i
For simplicity we define

G(m) = G"(m. %),

where A € Z" is an vector which satisfy A £ 0 mod p. Due to Proposition 3.5, the value
G;? (m) does not depend on the choice of A.

LEMMA 3.8. pr2|m, then we have
K;a] — p*k(2n7i*j)+(nfj)(n7i+l)Gg;i 0)

><{aoE,E'f)ﬂ2 (r. p*2) + a1 E{") (2, p2) + azE,Ef',)npz(f, 2},
P

where
ap + ay + az = |H; j\GLy(Z)
pr2 fm, then we have
Kf; = p tenmi= D3 e=De= D LGITH0) — G m)) [T 85); T80, ))]
x<{gp(n =1, DES) (@ p) + p" T gpn =1, j = DE" (z,2))
+ G m) [T(8): T, )]
x{gp(n = LOE (x, p2) + p" " gpn = 1i = DE" | (x,2)}},
where I' (8; ;) and I"(8;) are groups denoted in Section 3.2.

, ap+ay = |H;i j\Si| and ag = |H; j\Si, ;| -
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In particular, the function Kiaj is a linear combination of E,,E")m |U(p2), E]E”r)nlU(p)

s p2

(n)
and E komp?”

Proof. First we assume p?m. In this case the sum G({l_i (m, 1) equals to G;i_"(O)
for any A’ € Z’~". Hence due to Lemma 3.4, we obtain

K= ph@rimp =it Gisi) 3
Mel (8 j)\In

m
x > j(k, i M. A) (t, p*2).

Ae(p2Z)i x (pZ)i—i xZn—i

A 0
If {A;}; is a complete set of representatives of H; j\GL,(Z), then the set { ( Ol _1> }
!

is a complete set of representatives of I"(8; ;)\ 1},0. Hence we have

K,OfJ — pfk(znfifj)+(n7j)(n7i+l)Gglfl' (0) Z Z
Mel;, o0\l AeH; j\GLy(Z)
m
x > j(k, i M. fo) (. p*2).

Ae(P22)i x (pZ)Ji—i xZn—i
From Lemma 3.7 we obtain

K¢, = pk@n=i=D+n=pn=i+) Gi=i () Z {ao Z j(k, —i M, A) (1, p*2)
Mely, o\I', LeZM p

. m . m
+ai Z J(k, ?; M, pk)(r, p*2) +a Z j(k, ?; M, p2A>(r, pzz)} .

XY/ Azl
Due to the two identities

. m .
J<k7 F; Ma p)\'> (Ta pzz) == J(ka m; M’ )\')(Ta pz)
and
m
j(k, ?; M, pﬁ)(r, pzz) = j(k, mpz; M, A)(t, 7),

we have
Klof/ = pik(znfifj)+(n7j)("*i+l)Gg{*i (O)
(n) 2 (n) (n)
x{aoEk’%(r, p D)+ aiE,(z, p2) + azEk’mpz(r, 2}

p

Thus we showed this lemma for the case p?|m.
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‘ _We now assume p2 fm. In this case the sum Ggfi (m, )) equals to G{;i(O) or
G} ™' (m), according as A € pZ/~" or \'¢pZ/~". Thus due to Lemma 3.4 we have

Klo’l] — pfk(anifj)Jr(nfj)(nfiJrl) (Gglfi (0) _ Gglfi (m)) Z Z
Mel (i, j))\I'n re(pZ)) xZn—J

xjlk,m: M. 2)(x, p2) + GLHm) Y > jtk.mi M. M), pz)
Mel (6, j))\I'n re(pZ)i x 71—
Here we have

> Yo jtkem:i MM, p2)

MEeT (8, )\I'n e(pZ)] xZ"—]

=[rep:re.p] ) > Jlkm M )(T, p2)

Mel (8;)\I'n Ae(pZ)] x2"—]

=[rep:rep] Y. > Yo lkemi M AN (T, p2)

Mel, 0\l AeHj\GLn(Z) re(pZ) xZn—J
=[G TGN {gp(n = 1 DES(x p) + p" T gpn =1, j = DE") (x,2)}
and

> Y jtkomi M Az, p2)

Mel (6;,j))\I'n Ae(pZ)i x 71
=[G TGiN] {gp(n = LDES) (v, p2) + p"gp(n = i = DE") (z,2)}.
Hence we showed this lemma also for the case p? fm. (|

The following proposition has been shown by Yamazaki [Ya 89, Theorem 3.3] for the
case m = 1. We generalize it for any positive-integer m.

PROPOSITION 3.9. Forany natural numberl (0 <1 < n), the form E,E"n)1|V],n_l (pz)
is a linear combination of E,,E")m |U(p?), E™ |U(p) and E/Enr)an over C.

k,m
2

Proof. This proposition follows from Lemma 3.3 and Lemma 3.8. ]

3.6. Relation among Jacobi-Eisenstein series.

Now we shall calculate the coefficients in the linear combinations in Proposition 3.9.
This calculation can be directly done by using the values of G‘}Li (m) and g, (a, b). How-
ever, we will here use the Siegel @-operators for simplicity.
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We set
p2k+2
pFp-1D if p*lm,
1
ao,m, p.k 0
avmpi | =1 pE2 4+ p*t —pk| if p?fmand p|m,
a2 m,p.k 1
0
p—2k+2 _ p—k it pm.
p*k+1 +1

LEMMA 3.10. For the Jacobi-Eisenstein series E,(Clr)n of degree 1, we have the iden-
tity
(1) 2 2 () 2 g ) O dompk
E) (Vo1 Vo)) = (B 10D, EDIU M. ED ) | 27 aimp
7 0 a2 m,p.k

Proof. Since I (p*12)I1y = I'(p*12), the relation E{') [Vo.1(p?) = p~*E}") [U(p)
is obvious.
From Lemma 3.3 we obtain

1
Ei(c,;LWLO(Pz) = Kg,o + K(%,l + K?,l .
Due to Lemma 3.6 and Lemma 3.8, we have

— 1 .
PRED, (@ pP) i plm.,

0
R P
Koy = {1":81, _(ﬁ)E'E’l’L(T’ pZ)fk M %f P
’ P TE 2 (T = pTE (T opn) i pm,
K = E]((’l;pz(t, 2).
Therefore this lemma follows. O
Let By 1+1(X1), B2 p+1(X2, ..., X,) and Ag”fﬂ be the matrices introduced in Sec-
tion 2.6. We recall Ag”rﬁl = By 1 (p>7F, p37F, ..., p"7) and the matrix Ag”fﬂ has the

size 2 times (n + 1).
The following proposition has been shown by Yamazaki [Ya 89, Theorem 4.1] for the
case m = 1. We generalize it for any positive-integer m.

PROPOSITION 3.11. For any Jacobi-Eisenstein series E,E"r)n of degree n, the follow-
ing identity holds
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ES (Vo (PP, - Vo (p?)

) 2 g o) 0, @mpk k

n n n — s

= (B \U, ES U, B o) [ 274 armpi | AR -
’ 0 axmpk

Proof. Let m be a positive-integer. Let @ be the Siegel @-operator for Jacobi forms

introduced in Section 2.5. From Lemma 2.2 and from the fact that @ (E,(C"r)”) =E ,E"nzl), we
have

PE) | (Vo (P, - Va0 D) = ES V1 (Vo1 (0. - Vae1.0(0®) Buns1 (0" 75) .
Hence by using Siegel @-operator n — 1 times and by using Lemma 3.10, we have
S DED |(Vou(p?), ... Vao(pH)
= E\) 1(Vo.1(p?), Vio(p?) Ban1 (PP 75, p¥5, L p" )

M 2y (D M 0, dompk 2ok 3k k
= (Ek’%”](l? ), Ek’m|U(I7), Ek,mpz) P_k al,m,p.k Bonri(p” " p7 0 P"i ).
7 0 a2 m,p.k

On the other hand, due to Proposition 3.9, there exists a 3 x (n + 1) matrix B,’j which
satisfies

ELl Vo (). Vao(pP) = (B 1U (D)., E, U (). E)) ) By

2
» k,mp

From this identity we have

_ 1 1 1
@D E N Voun(pP). o Vao(pP)) = (En 1U PP, U (P, Ey) o) By
P

Because three forms Elil)ﬂ U(p*), E ,(Clr)nlU (p) and E](Clr)”p2 are linearly independent
’ )2 ’ ’

(see Lemma 3.1), we obtain

k 0, dompk 2k 3—k k 0, dompk k

_ —k — - n— _ —k P,

Bn =P al,m,p.k BZ,n—H(p » P seees P )=1|pr al,m,p.k A21n+1 .
0 az.m,p.k 0 az.m,p.k

Thus this proposition follows for any positive-integer m. |

4. Generalized Maass relation for Siegel-Eisenstein series

The purpose of this section is to prove Theorem 1.1. Let e,(fr)” be the m-th Fourier-

Jacobi coefficient of Siegel-Eisenstein series E ,(("H), which is introduced in Section 1.2.

In this section we write Z for Z , and Z for Z , for simplicity.

d|m d>0 d?|m d>0
dim d*\m
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4.1. Fourier-Jacobi coefficients.
We define an arithmetic function

gem) =Y u@ o (53)
d%|m
where 11 (d) is the Mobius function and we put oy_1 (m) = Z d*1 as usual.
dlm
LEMMA 4.1. We obtain
gmpy= | T D am)if pfm
P gi(m) if plm.

Proof. The function g (m) is a multiplicative function, namely gy (m!) = gx(m) gk (1)

1
if ged(m, ) = 1. Hence we obtain the identity g (m) = m*~! ]_[ 1+ ) This
q:prime q
qlm

lemma follows from this identity. (]

The following proposition is a special case of a result in [Bo 83, Satz 7].

PROPOSITION 4.2 (Boecherer [Bo 83]). We have

m
=2 a(3) EulU@.
dm ¢

Proof. For the proof of this proposition, the reader is referred to [Ya 86, Theorem
5.5]. O

PROPOSITION 4.3. Foranyn > 0 and for any m > O we have the identity

Cl() p k
7d27 9
> a() (B, 0GP0 0 UG, £, 0@ ) a2
dz‘m k, d2 az,dﬂz,p,k
1
= (el(cn)ﬂlU(pz) e(") |U(p) e[g":ﬂ 2) k( 1+P5p\m) ’
2 p Rty

where 8 is 1 or 0, according as p|m or p fm.

Proof. Due to Proposition4.2 and Lemma 4.1, this proposition is obtained by straight-
forward calculation as follows. We set nine functions

Ep= Y p PR, WD e().

d?|m
5=0(p?)

— m

Ep= 3 p - DE"IUGD o( 7).
d?|m

5=0(p?)
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n
Ep= Y. E, |(d)g(d—2),
d*\m g
=007

_ m
Egs:= Z p 2k+2E]E'f)%IU(pd)g<d—2>,
d
d?|m
220 (p)
220 (p?)

o= 3 07 = p OB UG o)
d*\m
Z=0(p)
20 (p?)

Ewi= Y B, IV@9(g).

d2|m d?
=0(p)
d%féo »

o —2k+2 (1) m
Epi= 3 p P PEIUGD) o( 7).
d*\m

220 (p)

Egi= Y (-p OE L UGdo( ).
d*\m
20(p)

and

— m
Egy:= Z (p k+1+1)E]E"i)2m|U(d)g(d—2).
e

d*\m
20 (p)
If ord,m = 1 (2), then
ao,d%,p,k
Y a(g) (B p 0P, Bl U, B p1U@ ) 1.2 0
d%\m “ ‘12 a2,d%,p,k

=Eq+Ep+Ep+Egu+Eg+ Eg,
and
Eg —e(’” U,

Ep+Egs=p" "(p Def 1U(p).

Egs+Egi+Ego=p > e ..
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Because of the assumption ord,m = 1(2), we have §,,, = 1.
Hence this proposition follows for the case ord,m = 1 (2).
If ord,m = 0 (2), then

agp m p.k

7‘127 ’

> 0(g) (B p 0P, Bl lU ), B WU @ ) 1.2 0
d2|m ki a2, 2 pk

=Eq+Ep+Egp+Eg+Eg+ Eg,

and

Egi=5, ¢ W 10D +p Y E("MU(pd)g( i)
d*\m
20 (p?)

Eg+ Egs =8y, | 07U = p7 3T B UG o 53)

d*\m
20(p?)
el U ),
Egs+Eg + Ego=p e ,in,zw

Here 6 ), is defined by 1 or 0, according as p?m or p* fm. Because of the assumption
ordpm = 0(2), we have 2|, = Spjm-
Therefore this proposition follows also for the case ord,m = 0 (2). ]

4.2. Proof of Theorem 1.1.

Now we shall prove Theorem 1.1. For any prime p and for any positive-integer d,
the operators V ,,—;( p?) and U (d) are compatible. Hence from Proposition 4.2, Proposi-
tion 3.11 and Proposition 4.3, we have

e |(Vou (P, .., Vwo(p?)

= > () (B (Vor (). VaorD) 1U(@)

d?\m

= Y () (B WP, B U ), 21U @)

d?\m k, dz

0 agm pi
—k p.k
[P o anspk | Ay

a
0 2,55, pk
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0 1
— k
= (e 0GP €U e ) P L ) | AT
e

Thus we obtain Theorem 1.1.

5. Generalized Maass relation for Siegel cusp forms

In this section we shall show Theorem 1.2, Theorem 1.3 and Corollary 1.4. Let ¢,,, €
Jk(i'; ”1,) be the m-th Fourier-Jacobi coefficient of the Duke-Imamoglu-Ibukiyama-Ikeda lift
F stated in Theorem 1.2.

In this section the letters p and g are reserved for prime numbers. For example, the

symbol [ ] | denotes the product over primes p such that p|N.

5.1. Fourier coefficients of ¢,,.
We take the Fourier expansion of ¢,,:

¢n(1,2)=Y  Cu(N, R)e(NT)e('Rz),
N,R
where in the summation N € Sym3, , and R € 7%~ run over all elements which satisfy
N
'k
such that (—1)" det(2M) = Dy fﬂz,l, where D)y is a fundamental discriminant and fj is a
positive integer. Then the (N, R)-th Fourier coefficient Cy, (N, R) of ¢y, is

1 ~
Cu(N. R)=C(1Dul) fy * [ Fp(M: ).
plfm
where C(|Dy]) is the | Dy |-th Fourier coefficient of 2 which corresponds to g by Shimura
correspondence, and F (M; Xp) € CIXp + X, 17 is a certain Laurent polynomial intro-
duced in [Ik 01, §1].

5.2. Matrix AD5 .

p.k
Let A2 i

1
A4Nm — R'R > 0. We set M = ( 2}5) We denote by Dy, and by fj, the integers

| and A2 2, (Xp) be the matrices introduced in Section 2.6.

LEMMA 5.1. For any even integer k we obtain

e+ —(n—1)(2k—1 —(k—1
A§2nn p (n—1)( )A/Z,Zn(p ¢ 2)).

Proof. From the definition of A2 ne1 We get

k —n— —n— 11—
Agzrj'” — 3212,1(172 n k’ p3 n k’ o, pn 1 k)
2n—1 R S
Z(H pz—n—k) Bé,zn([ﬁ_n_(k__ p2 —n—(k— ) D 2+n (k=1 ))
i=2

(n— _ (k=1L
=p (n—1)(2k—1) A/Z,Zn(p (k 2))_ O
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5.3. Proof of Theorem 1.2.
Letg e GSp;nfl(R) N M4;,,—2(Z) be a matrix such that the similitude of ¢ is v(g) =

Aj B;
2 . o, _ . . R 1 1
p~. We write the coset decomposition I5,_1g1>,—1 = | . |1ng, with ¢; = <02n—1 Di)'

1

We take the Fourier expansion of ¢, |V (I2,-19120-1):
@V (Ton19T20-1)) (1,2) =Y _ Cu(g; N, R)e(NT) e(' R2),
N.R

where in the summation N € Symj, , and R € 7%~ run over all elements which satisfy
4ANmp? — R'R > 0.
We now fix N € Sym3, _, and R € 72'~! such that 4Nmp? — R'R > 0. And we set

1
ER m

LEMMA 5.2. The (N, R)-th Fourier coefficient Cp, (9; N, R) of |V (I2n—1912n—1)

—@n—1)(k—=1 k—1 —n—1L
Cn(g: N, R) = p~ @ DE=2C (IDyy 1) £, 2 detD; "2

1

x ]_[ Fy(Mildiag(p~ "' D;, D; ay) .
ql]}\/l“diug(p’“D,-,l)]
Here we regard Fq (M1 [diag(p~'' D;, 1)]; Xq) as 0, if My[diag(p~''D;, 1)] ¢ Sym3,.
Proof. From the definition of V (I%,-191%,—1) the (N, R)-th Fourier coefficient of
the form ¢, |V (Ip—19150—-1) 1S

_1 ~
> det Dy (10w, 1) fo 2 [T Fo (Mrizo)

i qlfmy ;
where M, := Ml[diag(p’l’Di, 1)]. Thus this lemma follows from the fact that
if My, is a half-integral symmetric matrix, then Dy, = Dy, and fy,, = p_(Z”_I)
(det D;) fu, - [l

Now we shall prove Theorem 1.2. In the same manner as in Lemma 5.2 we obtain the

fact that the (N, R)-th Fourier coefficient of eﬁ’{XlV(T m—1910n—-1) 1S

1
2

—(On— _1 k=1 —n—1
p @2n—1)(k z)hk-i- (|DM1 |) fMl 2 Zdet Di 2
i

~ . —_ _1
x [T  F(Mildiag(p™""Di, D1; ¢*72),
q‘fllfll[diag(p*“D,-,l)]
where i1 1(|Dum, |) is the | Dy, |-th Fourier coefficient of the Cohen type Eisenstein series
2

of weight k + % which corresponds to the Eisenstein series of weight 2k by the Shimura
correspondence.
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By virtue of Theorem 1.1, the form e,ﬁzfn_rln)W(F "n—1915,—1) is a linear combination

of e](jfn b |U(p?), e,(czfrzrln)lU(p) and e(2" 1) . Hence there exist constants ug, #1 and u,
such that

2n—1 2n—1 2n—1 2n—1

€Cnn |V (P19 P = o €1, U D) + 00 60010 () + el

‘We remark that the constants ug, u] and uy depend on the choices of p, k, m and n. The
(N, R)-th Fourier coefficient of the form of the above RHS is

_1 ~
wohyyy (1Dw1) P~ f 2 TTFo(Mo: g*2)

q‘fMO
kf— 1
turhyy 1 (1Dm) £y, ” T Fa(Miig"72)
61|JM1
1 1
tuzhy (1D, 1) P* 2f HF My; q*72),
qlfu,

N LR 1
where My = ( 2p ) and M» = ( N 2R2>. Because hk+i (|DM1|) # 0, we
3 mp 2

1t m 1t
R R
obtain
! -n—1} ~ . _ _1
(5.1) p_(zn_l)(k_f)ZdetDin 2 ]—[ Fy(Mildiag(p~'' D;, D1; ¢*2)

i qlfMl[diag(p’eri,l)]

k4L ~ _1 ~ _
=ugp "tz l_[ Fy(Mo: ¢*72) +uy l_[ Fy(My; ¢*
qlfuq qlfu,
1 ~ 1
+us p*2 l_[ Fy(M2; ¢ 7).

qlfu,
We denote by co(N, R), c1(N, R) and c2(N, R) the (N, R)-th Fourier coefficients of
](jfn Diuop?), ,(jfn_ ,ln)|U (p) and e 1)172, respectively. We remark co(N, R) = 0 if
p /(m. Furthermore, we remark that C()(N, R) =0if R ¢ pZZZ” 1 and ¢1 (N, R) = 0if
R ¢ p22n71

Because the forms in the set {E Qn 1) |U(d )] where d runs over all positive-integers

1

?)

such that d%|m, are 11nearly independent (see Lemma 3.1) and because of Proposition 4.2,
2n— 1) (2n—1) (2n—1)

three forms e, n, 2t |U (p%, €nm U(P) and € mp? A€ linearly independent.

From now on we assume p>|m for simplicity. The proof of Theorem 1.2 for the case
p? fm is similar to the case p?|m.

There exist pairs of matrices (N;, R;) (j = 1, 2, 3) such that

co(N1, Ry) ci1(N1, R1) c2(Ny, Ry)

det [ | co(N2, R2) c¢1(N2, R2) c2(N2, Rp) || #0.
co(N3, R3) c1(N3, R3) c2(N3, R3)
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For j =1, 2, 3, we define
1 1

1
Nj =R, Nj  5—R; N; =R;
) ._ 2p? ) ._ 2p ) ._ 7ot
MO — 1 R m N Ml «— 1 R N M2 — 1 5
Ly m 2 Room ! m
2p2 p? 2p 2 P

and we put a 3 x 3 matrix
c(f;. Rj)}j? {XgYq:prime) = l_[ F, (Mi(j); Xq)

Then from the identity (5.1) we have
p7(2n71)(k7%) Z (det Dl_)fnf%
i

[1

Fy(M{"ldiag(p~"" Dy, D]; ¢*2)

N

q‘fM{l)[diag(p’“Di 1

t

@) —1t k—1
: M, [dia D;, D], 2
x nq\,fM?)[dmg(p,l,Di o) 1 g(p i DI g*2)
(3) 1t k—1
nq‘f}wf})[m“(rlmi nl q(M [diag(p™"' D1, D1 4"2)
1
il uo pF=2
= C({(N;. R} ;3 1d"72)g) w o
up p~Fta

Hence we obtain
_a_l =iy \7!

Z(detDi) 2 C({(N/,Rj)}j; {q 2}q)
[1

~ . _ _1
Fy(M"ldiag(p~" D1, 1]: ¢*2)

)

q‘fo”[diag(p*“Di D]

Nl—

X

(2) . —1¢ . k—
F,(M;”[dia, D;, D];
q‘fM{Z)[diag(p’“Di,l)] q( i Ldiag(p i» Dl g
F,

- Gra: —1t L k=1

M ”’[diag(p~"'D;, )]; ¢" 2

nq‘fM?)[diag(p*lfDi,l)] 61( 1 g i )
! uopkf%
= pn=DG=D o
uy p*H3

The RHS of the above identity does not depend on the choices of (N, R;) (j = 1,2, 3).
Furthermore, the above identity holds for infinitely many integer k. Therefore there exist
Laurent polynomials @; (X ) € C[X, + X;l] (i = 0, 1, 2) which are independent of the



86 S. HAYASHIDA

choices of (N;, R;) (j = 1,2, 3), such that

Z(detDi)—"—% C({(N/,Rj)}j; {Xq}q)il

Fy(M{"diag(p~" Di, D]; X,)

o (MPdiag(p~""Di, D]: X,)

q‘fM{”[diag(p*“Di D]

l

X nq\fM{z)

[diag(p~1D;,1)]

o By q: -1 .
110 Fy (M7 [diag(p~ "' D;, D]; X4)

diag(p~L1D;,1)]
Po(X)p)
Di1(Xp)
(DZ(XP)

In particular, we have

St [ F(Mildiag(r D 1L X,)
i

quMl[diag(p*I’Di,l)]

= @0(X,) [ Fy(Mo: Xy)

qlfMO
+ 01X, [ Fa(Mi: Xg) + 2(X,) [] Fy(Ma: Xy).
qlfm, qlfu,

Therefore, by substituting X, = «, in the above identity and by using the relations p fu, =
fuy, = p~! fu, and Dy, = Dy, = Dy, we obtain

_ _ _1 k—1 _n—1
p~ @ DE=DC (1D, ) fMIZZdetD,. 2
i

x I1 F, (Ml[diag(p_“D,-, INE aq)

q‘fMl[diag(p’l'Di,l)]

—n—1) (k-1 _1 k—1 ~
= p~ VD S g () pt 2C(|DM0|)fM02 HFq (Mo: oq)
qlfuq

_1 ~
+ @1@p) C (1Dw]) fu,* TTFs (M1: )
q‘fMl

_1 ~
+ ®2(0p) pHEC (IDa)) fr,® [ Fo (M3 )

qlfmy
Thus

¢m|V(F2n—lgF2n—l)
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2m—Dk=1y [ k-1 2 k+3 2oter)
= p O VED (g (U, pulU (). 07 ,,2) | P16
P (Dz(oz,,)

Hence there exist Laurent polynomials ®;;(X,) € C[X), + X;l] (G =012 1=
0,...,2n — 1) which satisfy

(5.2) Gl (Vo.2n—1(p%), -, Van1,0(p%))
_ _ _1 _1 L
= p D (P g U ). U (p). P 22)

Do) - Do2n—1(ap)
x| Prolap) -+ Prop-1(ap)
Prolap) -+ Pron—1(ap)
Here the polynomials @;;(X ;) depend on the choices of p and m, but not on the choice of
f which is the preimage of the Duke-Imamoglu-Ibukiyama-Ikedalift F. The m-th Fourier-
Jacobi coefficient eﬁfn—’ ;1) of Siegel-Eisenstein series satisfies also the identity (5.2). Thus,
because of Theorem 1.1 and of Lemma 5.1, we obtain

1 1
P0.0(P72) <+ Po2u-1 (p77) 0 o1 1
_1 _1 —n—t -1 —(k—1
®10(p* f) o @y (P f) =lp"z p" 2(—; +1P5p|m) Al o, (p~ %72
_1 _1 —2n+
B2,0(p" ) - P21 (PFT7) 0 p
Furthermore, this identity holds for infinitely many k. Hence we obtain
(5.3)
Do,0(Xp) -+ Po2n—1(Xp) 0 1 1 1 |
PLo(Xp) - Proa1(Xp) | =] p™72 pTTI(—1+ ppi) | A 20X,
Dy 0(Xp) -+ P220-1(Xp) 0 pantl

In particular, we get A} , (X,) = A}, (X;l). Due to the identities (5.2) and (5.3), we
thus obtain Theorem 1.2.

5.4. Proof of Theorem 1.3.
We remark that the m-th Fourier-Jacobi coefficient ¢, of F belongs to
From the identity (2.1) in Section 2.4 and from Theorem 1.2 we obtain

G (T, 0)|(To 20-1(p), - ... Tan—1.0(p?))
=P (9, (7,00, 9 (7, 0), 2 (7, 0)

2n—1) cusp
Jk+n,m .

0 1
x [ p7F pTF =1+ pSpm) | Ah o (ep).
0 p72k72n+2

Due to the identity F ((6 g)) = Z ém (T, 0)e(mw), we have

m=>0

> {6 @0+ P =1+ pSpm)bm (T, 0) + p~ 229, (7, 0) e(mw)

m=>0
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 2k—n42 T 0
= (G 0)

where in the RHS we regard that the Hecke operator 77 o( p2) acts on F' <(t g)) as a

Tio(p?),

w

0
function of w € ) for a fixed T € $1. Therefore

D (@ O(To20-1(p7), -, Ton1,0(p?))e(ma)
Tl,o(p%)A’z,z,,(ap) :

m>0
— nkn—1f —k-n T 0 —2k—2n42 T 0
=it (e (G 0) e (G ),

We denote by (h1(w), ha(w)),, the Petersson inner product of two elliptic modular forms
h1, hy. The symbol A 4 (p?) denotes the eigenvalue of g for Ty o(p?).

T 0
Because <F <<0 w)) , g(w)>w = Fy,4(7) and because

G

FrglTo2n-1(p?), ..., Ta—1.0(p?))

Ti 0(p?), g<w>> =g (P Fpq(T),

w w

= <Z b (T, 0)|(To.2n-1(P%), - .. Tan—1.0(p*))e(mo), g<w>>

m>0

— plrkn—l <p—k—n]_-f’g, p—2k—2n+2kg(p2)ff’g) Al 5 (@p) .
Therefore we proved Theorem 1.3.

5.5. Proof of Corollary 1.4.
Let {po, (1, ..., 2n—1} be the Satake parameter of F 4 at a prime p. We recall

3 5 3
AS 5, (Xp) =By 0, (P> " Xp, p2 " Xp, . p 21X ),

where the matrices A’2 o, and Bé ), are defined in Section 2.6. Because of the construction
of A/2,2n (Xp), the matrix A/Z,Zn (ap) determines a Satake parameter {ii7, ..., 42,1} up to

the action of the Weyl group W»,,_1. Hence we can take

3_ 3_ _3
(U2, s o1y ={p2 "y, p2 "0, ..., p 2"y}

Now, from Section 2.6 and Section 2.3, we recall
@(To20-1(P*)), @(T1.20-2(p>)). . . ., @(T2n—1.0(p*)))

2n—1

= (1‘[ x,-) (@0 (To,1(P*). o(T1,0(P*)) B 5, (X2, ... X2u—1)
i=2

and M%Ml cesop—1 = p(z"_l)k , where ¢ is the Satake isomorphism denoted in Section 2.6,

and where 77 2, ( pz) (I =0,...,2n) is the Hecke operator denoted in 2.4. Furthermore,
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from a straightforward calculation we have
o(To.1(p?) = p~' X5 X1,
¢(Tro(p?) = p~ ' XgX1(pX{ '+ (p — D + pX1).

From Theorem 1.3 and the above relations, we have

p2nk+n41 (p4k4n7 p‘2k72"+2kg(p2))A4§2n(ap)

2n—1
= (]_[ m) (P~ g, pT g oy + (p = 1) 4 pra)) Bl o, (12, - - m20-1) -
i=2

Hence, from the fact that the rank of the matrix A’2 on(@p) is two, we obtain

puyt 4 (p = D)+ pur=p ()
On the other hand, we have A4 (P = p’““l_z(pﬂlz7 +(p-D+ pﬂ;z). Thus we can take
n1 = ,312,. Hence we obtain

3 s_ 3
{MI’ILZ’IL?’""’MZH_I}:{131277172 naﬁapz nap,..-,p 2+nC(p}

up to the action of the Weyl group Wy, _;.
The standard L-function of Fy, 4 is

2n—1 -1
LG Fros0=]1] {(1 ~p O [T {a—wmp™a- /L,»lp_‘)}}
i=1

p

=11 {(1 —p A= BopH(1 = B,7p )
p

-1

2n—2
< [T{a—app =0 - aplp"%“)}}
i=1

2n—2 o - .
=L(s,9,Ad) l_[ 1_[ {(1 —app' (A - oz;lp”fi*"ﬂ)] ]

P i=l1

Since L(s, f) = 1_[ {a- ozppk*%*s)(l — a;lpk*%”)}fl, we obtain Corollary 1.4.
p
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