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Abstract. In the article of the title, we have constructed some explicitly defined
curves on a complex Fermat surface, which together with the lines generate a major part of
its Néron-Severi group. In this note, we make a correction of a formula in the article and
prove it by a simplified argument.

1. Introduction

1.1. In the article [3], we have constructed some explicitly defined curves on a com-
plex Fermat surface, which generate a major part of its Néron-Severi group over the rational
numbers, together with the lines on the surface [6].

The aim of this note is to make a correction in the statement of a formula [3, (2.8) in
Theorem 3] and to prove it (in §3) by applying a simplified argument which holds in a more
general situation (§2). In §1.2 below we review the background and the notation, where the
main result of [3] is restated as Theorem 1.2.

It should be remarked that the following problems were posed in [3]: (i) to find curves
which generate over Q the “exceptional” part of the Néron-Severi group not spanned by
the lines and curves given by [3, 6], and (ii) to find generators of the Néron-Severi group
over Z. As to the problem (ii), see the recent paper [4] which solves the question when the
degree of the Fermat surface is relatively prime to 6 and less than 100. As to the problem
(i), we have partial results based on the idea to use the Mordell-Weil lattice of some elliptic
Delsarte surfaces (in preparation).

1.2. Let X,% be the Fermat surface of degree m defined by the equation
xm+yin+zm+wm:0
in the projective space IP3 over the complex number field C. If we denote by i, the group
of m-th roots of unity in C, then the abelian group

G = (m X Um X Um X Wp)/diagonal

acts on X,% in an obvious manner. The character group G of G can be naturally identified
with the additive group

{(ao, a1, a2, a3) € (Z/mZ)* | ap + a1 +az + a3 = 0}
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In order to describe the action of G on the cohomology group H>(X ,2,,, C), for each char-
acter o € é, let
V(o) = (§ € H*(X;,, ©) | g*§ = a(9)€ (Vg € G)} .
It is then well known that
H X, O =V e @ V@
aeA2,
and dimV (a¢) = 1 for any @ € {0} U Ql%l, where 0 denotes the trivial character (0, 0, 0, 0)
and where
Ay, ={a = (a0, a1,a2,a3) € G | a; # 0 (Vi € {0, 1,2,3})}
(see [5]). Define a subset B2, of A2, by
B;, = {(ao, a1, a2, a3) € A3, | (tag) + (tar) + (taz) + (1as) = 2m (Vi € (Z/mZ)*},

where, for any a € Z/mZ, (a) denotes the unique integer such that 0 < (a) < m and
(a) = a (mod m). Then the space of the Hodge cycles on X,% of codimension 1 is given
by
HY' X)) NH (X5, Q=VO) & @ V).
aeBZ
In view of this decomposition, an element of the index set {0} U %%1 will be called a Hodge

class.
Given a curve C on X,z,,, we put

Ge=1{9€G|g(C)=C}.
For any « € B2 we define

1
w(C) = —— Cyl,
we (C) |GC|gEGa(g)[ gl

where Cy = g(C) and [Cy] € HZ(X,%W C) denotes the cohomology class of Cy. It is clear
from the definition that wy (C) € V(a). If wy(C) # 0 then we say that C represents the

Hodge class «. In order that w, (C) # 0 it is clearly necessary that Ker(«) D G, in which
case we will write as

0, (C)= Y a(9)ICyl
9€G/Gce
to simplify the notation.
An element o € ‘213,, which is equal, up to permutation, to the element (a, m —
a, b, m —>b) e %,zn for some a, b € Z/mZ — {0} will be called a decomposable element.
In [6] the second author proved the following.

THEOREM 1.1. Let C be the line on X% defined by
x+ey=z+w=0,
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where &, &' are 2m-th roots of unity such that " = & = —1. Then C represents the
Hogde class o« = (a, m — a, b, m — b). More precisely, we have
0 (C).wg(C) = —m>.
If im, 6) = 1, then %fn consists of only decomposable elements. However, if (m, 6) >

1 and m # 4, besides decomposable elements there are three types of elements in B2,
which are, up to permutaion, equal to one of the following elements ([6], [1]):

(a, a+m/2, m/2, m/2 —2a) 2| m, 2a #0),
(a, a+m/3, a+2m/3, m —3a) (3|m, 3a#0), (1)
(a, a+m/2, 2a+m/2, m —4a) (2|m, 4a #0).

We call them standard elements. In our joint paper [3], we found curves on X,%l which

represent the standard elements. The main results of [3] can be restated as follows:

THEOREM 1.2. For each standard element a € %,2” listed in (1), we define an
integer v € {2, 3, 4} and two homogeneous polynomials f1, f> as follows:
1) Ifa=(@a+m/2,m,m/2—2a), wesetv=2and

flzxd—i—yd—i-«/—_lzd,
fHr=w?—V2xy,
where d = m /2.
(i) Ifa=(a,a+m/3,a+2m/3,m —3a), we setv =3 and
fi=xt 4yl 427,
fr=w® — V=3xyz,
where d = m/3.

(i) Ifa=(a,a+m/2,2a+m/2,m —4a),we setv =4 andd =m/2.
(iii-a) If4 | m, we set

Ar=xd 4y = V20xy) 2 4 VT2
fr=w*— V—8xyz?.
(iii-b)  If4 1 m, we set
V2
fi= 0 4y =Tz - Q/—__g(xy)(d_l)/zwz’
H=wt— V=8xy?.
Then the curve C defined by fi = fo = 0 on X,%l represents the Hodge class o. More
precisely we have
0o (C).0q(C) = —vm*.

REMARK 1.3. The values of {1/5, =3, etc. in the defining equation of C are fixed
once and for all.
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However, in [3] we wrongly stated the theorem in the case of (iii-a); the formula for
wy (C).wy (C), whose proof was skipped there, was not correct. The purpose of this note is
to give the proof of the correct formula stated as above.

REMARK 1.4. The curves C defined in Theorem 1.2 are complete intersection
curves in P? defined by f; = f>» = 0 except for the last case (iii-b), where C is defined in
IP? by three equations f = f; = f» = 0. Although we gave a direct proof of (iii-b) in [3],
we will prove, in the last of §3, that case (iii-b) is an easy consequence of case (iii-a).

2. Preliminaries

Let S be a non-singular complex projective surface defined by f = 0 in P3, where f
is a homogeneous polynomial of degree m. Suppose that f has the following form

f=haf"+ Rk, 2
where f1, f", f2, f; are non-constant homogeneous polynomials. If we define a curve C
in P by

fi=f2=0,
then (2) shows that C is contained in S. Let G be an abelian subgroup of Aut(C) and put
Ge={g€ G|g(C)=C}.
Let (f1)o be the zero divisor of f] on S. Suppose we have a subgroup I" of G with the
following properties:
GeCT, 3)
(fo= > Cy. )
vel'/Gc

where C, = y(C). Let [C] € H?(S, C) be the cohomology class of C. For a fixed
non-trivial character x € I, we set

n= Y xWIGI= Y x(Gricl.
yel'/Gc vel'/Gc
The following proposition shows that 7 is non-trivial.
THEOREM 2.1. Notation being as above, we have
1. = —mdeg(f1) deg(f}").
In the proof of Theorem 2.1 the following two lemmas will play an important rdle.

LEMMA 2.2. Let C’ be the curve on S defined by f;* = f> = 0 and L a hyperplane
section on S. Then we have

C+ C' ~deg(f)L, )
Y. Cy~deg(fL, (6)

vel'/Ge
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where ~ denotes the linear equivalence.
Proof. These relations immediately follows from (2) and (4) respectively. O
LEMMA 2.3. Let C* be the curve on S defined by f; = f;' =0. Then CNC* = 0.
Proof. If C N C* were not empty, then for any P € C N C* we would have

of

ax

2
3 afi .
£<P>=Z{ S py. 2Py + fi(P) -

dx
i=1

(P)}=0

and quite similarly
0 a a
O py=2Lpy= 2L p) =o0.
ay 9z ow

Then P would be a singular point of S, contradicting to the assumption that S is non-
singular. Thus C N C* = @. O

PROPOSITION 2.4. Forany y € I', the intersection number (C,,.C) on S is given
by

| —deg(f1)deg(C’) + deg(f2) deg(C) (y € Ge),
(0= { deg(f2) deg(C) (v ¢ Go). ™
Proof. It follows from (5) that
(Cy.0) + (Cy,.C") = deg(f2) deg(C) (®)

for any y € I'. We first show formula (7) for y ¢ G¢. In this case, we have C;_l C C*in
the notation of Lemma 2.3. Thus the lemma implies that C)’/ -, NC =@ andso
(C).C") = (C.C;_l) =0. 9)
Hence (8) shows that
(Cy.C) = deg(f2) deg(Cy).

The second equality of (7) follows from this since deg(C, ) = deg(C).
On the other hand, if y € G, then C), = C and equation (8) reads

(C.C) + (C.C") = deg(f>) deg(C). (10)
We use (6) and (9) to obtain
(€.CY= Y (Cy.C') = deg(fi)deg(C). (11)
vel'/Gc

Combining (10) with (11), we have

(C.C) = —deg(f1) deg(C’) + deg(f2) deg(C) .
This completes the proof. (]
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Proof of Theorem 2.1. We first note that

na=II1 Y x¥)C,.0). (12)
yel'/Gc

This immediately follows from the fact that
[Cy)ICy ] =(Cy.Cp) =(C,,-1.0).
Applying Proposition 2.4 to (12), we have
D X()(Cy.C)=—deg(fi)deg(C) + > x(y)deg(f2)deg(C)
yel'/Ge yel'/Gc
= —deg(f1) deg(C").

Here the last equality holds since x is non-trivial on I'. Since deg(C’) = deg( 1) deg(f2)
and deg(f2) = ""ﬂ, it follows that

. = —mdeg(f1) deg(f).
This proves the theorem. O

3. Proof

3.1. Letm be a positive integer such thatm > 4 and m = 0 (mod 4). We will prove
Theorem 1.2 (iii-a) by applying the results in the previous section to the case where S is the
Fermat surface X2,.

We first define three polynomials f1, f*, f2 by

fi=x? + vy = V200 + V=12,
fi=x 4y + V200 - V=124,
H=wt— V-8xy?.
These polynomials satisfy the following identity
X"y = fif+ H (w* — e /=8xyz?). (13)
EE€Um/4

This implies in particular that the algebraic curve C in P? defined by fi = f» = 0 is
contained in X2,. As in the previous section we set

Gec={geG:|Cy=C}.
Now, for any a € Z/mZ such that 4a # 0 we put
ﬂaz(a,d+a,d+2a,m—4a)e%,2n.
For simplicity we write g for 8y = (1,d + 1,d + 2, m — 4).

LEMMA 3.1. Ifa e %%1 and Ker(a) D G, then a = B, for some a € 7/ mZ with
4a # 0.
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Proof. Let ¢ be a primitive m-th root of unity. Then two elements
g =[1:c7%:¢%:1], gZ=[1:§4:1:§]eG31
generate G ¢. Therefore we have Ker(a) D G¢ if and only if @(g1) = a(g2) = 1. If we set
o = (ag, ai, ar,as) € Qlf,,, then the latter condition gives rise to the congruence relations

ay = 2a;(mod %), a3 = —4a, (mod m).

This shows that & can be written as
| (@a,a,2a,m —4a),
"\, a+d,2a+d,m—4a)

for some a € Z/mZ\ with 4a # 0. But the first element cannot belong to %%1, so we have
o = f, as desired. O

We next consider a subgroup
H={1:0:0:0) €6, 1=t =1
of G%l. For any h € H, the curve Cp, := h(C) is defined by f; = h* f, = 0, where
W fr = w* — B(h)V/~8xyz’.
It follows that G¢ = H N Ker(B). Since B is non-trivial on H, we have

GcCH. (14)
Let (f1)o be the zero divisor of fi on X,z,, Then (13) shows that
(f1)o = Z Ch. (15)
heH/G¢

These properties (14) and (15) allow us to apply Theorem 2.1 to the case where § = X,i
and ' = H.

Clearly g is non-trivial on H. Thus, if we denote by x = B, € H the restriction of
the character 8 to H, then yx is non-trivial on H. Put

n= Y  xMmWrCl.
heH/Gc

LEMMA 3.2. Notation being as above, we have n.j = — ’"73.

Proof. Since deg(f1) = deg(f]") = 5, Theorem 2.1 shows that
3

_ m m m
n=-m-—-—=—-———:.
- 227 4
This proves the lemma. (]
LEMMA 3.3. Put wg,,, ., = Wy, 41 (C) fork =0,1,2,3. Then

1
n= 3 (‘%1 t OB psr T OBy T wﬁsm/4+1) .
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Proof. Recall that, for each o € é, po: H 2(X,%l, C) — V(a) denotes the projector
to V(«). The one-dimensional space V(«) is generated by the cohomology classes of
algebraic cycles on X,%l if and only if « € {0} U %%1. Hence, if « ¢ {0} U %%1, then
P ([C]) = 0. Moreover, if G¢ ¢ Ker(a), then p, ([C]) = 0. Therefore Lemma 3.1 shows
that

[C1= )" pa(ICD) = poCD + Y pp,(CD.

A a€l/mZ
aeG 1420

Let py = ﬁ > nen X (h)h* be the projector to the x-eigenspace. Then 7 is related to p,
by the formula

__1Gcl
n= pr([c])' (16)
Note that
pp :{ld (Ol‘Hzx)’

ETL0 (o, #0)

and B,, = x ifandonly ifa = 1 (mod m/4). Hence
Px(CD =py(po(IC) + Y py(pp, (CD)

acZ/mZ
4a#0

=pp, ([CD + PBnjati ([cn + PBomjavi ([cn + PBamjavi (ICDH
_1Gc|
= W (a)ﬂl T OB a1 T OBy T “);33n1/4+1) .
Substituting this into (16), we obtain
_ |H]
n= ﬁ (wﬁl T OB ap1 T OBy T wﬂzm/4+1) :
Since |G/ H| = 8, this proves the lemma. (|
3.2.  Proof of Theorem 1.2 (iii-a)
We first note that w,.@, = 0 whenever @ # o’. If 8 | m, then kTm +1 € (Z/mZ)* for
any k € {0, 1, 2, 3}. If we denote by Q(¢,) the m-th cyclotomic field, then H2(X,%1, Q&)
admits an action of the Galois group Gal(Q(¢,)/Q)) and wr., € HZ(XE,,, Q) (¢ €
(Z)mZ)*) are Galois conjugate. Since the intersection product is Galois equivariant, we
have
Wr.q - Ot.qf = W -Wyy!

forany t € (Z/mZ)*. Thus Lemma 3.3 shows that

_ N o 1
nn=4x g) @0 = {cwpWp-
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Therefore from Lemma 3.2 we obtain
3

wg.0g = 1607 =16 (—%) = —d4m>.

On the other hand, if 4|m, then % + 1, 37’” + 1 & (Z/mZ)*, and so the Galois

conjugate method above does not work. To avoid this difficulty, we consider a group
Go={(1:¢:1:1)€Gpl¢ € pa)
of order 4 and define an operator 7 on H 2(X,%W C) to be
1 _
m=2> Blg.
9€Go
It is then clear from the definition that
_Jop k=0,

(@O ) = {0 (k=1,2,3).

Therefore from Lemma 3.3 we have 7 (1) = %w,«;. On the other hand, a simple calculation
shows that

1 o
n(.w(m =7 D Blodg™n-i.
9€Go
As we shall see below, we have
gnn=0 a7
forany g € Go \ {1}. Then the theorem immediately follows from this since

wp.wg = 64w (n).w(n) = 1607 = —4m?> .

In order to prove (17), note that
g na=1H|Y_ B(h)(Cyn.C). (18)
heH

If g € Go \ {1}, then Cy, is defined by

x4 4 &2y — ¢ 2(xy)? + /=127 = 0,

w* — B(gh) Y/—8xyz> =0
for some ¢ € w4\ {1}. Since B(h) € wm/4 and B(g) € 4 \ {1}, we have B(gh) # 1. From
this it is easily seen that (Cy.C) = 4m? for any g € Go \ {1}. Then (17) immediately

follows from (18) since B is a non-trivial character on H. This completes the proof of
Theorem 1.2, (iii-a). U

3.3. As we have mentioned in Remark 1.4, we will prove that (iii-b) follows from
(iii-a). To this end we prepare a lemma. The proof is an easy exercise and we omit it.
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LEMMA 3.4. Let V,V' be C-vector spaces admitting actions of abelian groups
G, G' respectively. Suppose that there exists a surjective homomorphism ¥ : G — G’
and a C-linear map f : V — V' such that

flgv) =¥ (9) f(v)

forany g € G,v € V. Let a, &’ be characters of G, G’ respectively such thata = o' o 7,
and let

I —— 1 -
T Y alg. pu= T Y o9y

geG geG’

Pa =

be the corresponding projector. Then we have
Jfope=paolf.
Proof of Theorem 1.2, (iii-b). Let m > 4 be an even integer which is not necessarily

divisible by 4. Let 8 = (1,1 +d,2+d,m —4) € Ql,zn as in the proof of Theorem 1.2,
(iii-a) above and set

B=@2,24+m4+m2m—8)e B3 .
We consider the curve C on X %m defined by
& {x’" + 3" = N2y 4+ /=12 =0,
| wt = Y=8xyz2=0.
Then by Theorem 1.2, (iii-a) proved just above we know that
05(C).05(C) = —42m)* = ~32m° (19)
If we denote by ¢ : X %m — X,% the finite morphism of degree 8 defined by
<p(x:y:z:w):(x2:y2:z2:w2),
then we have C = ¢(C) and [C(C) : C(C)] = 4. This implies that
¢:(IC]) = 4[C1, (20)

where [C] e HZ(X,%l) and [C’] € HZ(X%m) denote the cohomology classes of C and C
respectively. For each g € G%m, letting ¢ = §2, we have ¢,5* = ¢* and () = B(g).
Then Lemma 3.4 together with (20) shows that

0x(p3(ICD) = pp(p«[CD) = 4ps((C) .
Since |G3, | = 8|G2,| and |G | = 4|G ¢, this implies that

ps(05(0)) = %w*(p%[@])) =8 @p,s([cn = 8wg(C).
b IGal TP |Gl

Thus, ¢« (@ ki (€)) = 8wg(C). It then follows from the projection formula that

05(C).05(C) = 8wp(C).wp(C) .
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Therefore (19) yields

- 1 - —=- 1
wg(C).wp(C) = ga)g(C).a)g(C) =3 (=32m3) = —4m?.

This proves Theorem 1.2, (iii-b). O
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