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§1. Introduction

We shall give a study of the high moments of the remainder term in the Riemann-
von Mangoldt formula for the number of the zeros of the Riemann zeta function ¢(s).
Littlewood [3] and Selberg [4] have studied the same problem under the assumption of the
Riemann Hypothesis (that all complex zeros of £ (s) have real part 1/2). Here we shall study
it without assuming any unproved hypothesis. A new criterion for the Riemann Hypothesis
will be presented in this context.

We denote the non-trivial zeros of ¢(s) by p = B + iy with real numbers 8 and y.
We suppose in this article that 7 > T,. Let N(T') denote the number of the zeros 8 + iy
of ¢(s)in0 <y <T,0< B <1,whenT # y forany y. When T = y for some y, then
we put

1
N(T) = E(N(T +0)+ N(T -0)).
Let
1 |
S(T) = —arg¢ | = +iT for T # vy,
b4 2
where the argument is obtained by the continuous variation along the straight lines joining
2,24+1iT, and % +iT, starting with the value zero. When T = y, then we put
1
S(T) = E(S(T +0)+ S(T —0).

Then the well known Riemann-von Mangoldt formula (cf. p. 212 of Titchmarsh [5] ) states
that

N(T) = %ﬁ(T) +1+4+8(T),

where ¢ (T') is the continuous function defined by

21y =3 (1ogr (L 4L 1o
B G V) 2! BT

with ©#(0) = 0, I"(s) being the gamma-function. It is well known that
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s(Ty=Lrog L _®T L T
= —]log— — — — — R . e
2 %857 T 27 8 T 48T " 576077

and that, for T > T,, we have

S(T) < logT.
The last estimate was refined under the Riemann Hypothesis (R.H.) by Littlewood [3] and
later by Selberg [4] in different ways as follows:

logT
STYy=0———) .
loglog T

Here we are concerned with the average behavior of S(7'). The first average is well known
and classical. Littlewood [3] and Selberg [4] have shown that

T
/ S)dt =0(ogT).
0

It seems to be difficult to go beyond this bound without assuming any unproved hypothesis.
In fact, it is noticed on p. 335 of Titchmarsh [5] that

the Lindeldf hypothesis is equivalent to the statement that

T
/ St)dt =o(logT) (T — 00).
0

If we assume the Riemann Hypothesis, then we have, due to Littlewood [3] and Sel-

berg [4],
T log T
/ S@)di =0 <1L) .
0 oglogT

The purpose of the present article is to give a study of the higher moments
S (1)
form > 2 of S(¢), which will be defined below. When T # y, then we put
So(T) = S(T)
and

T
Sp(T) = f Sp_1(t)dt + Cp,
0

for any integer m > 1, where C,,’s are the constants defined by

1 o0 o0 o0
czk71=<—1>k*1;ﬁ / / log [£(0)] (dor)?!
7 o o
1 —
2k—1

form =2k — 1 and

1 1 1 1
A A A T

2
———

2k
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for m = 2k, respectively. When T = y, then we put
~ 1 - -
Sm(T) = E(Sm(T +0) + S (T —0)).

Concerning Sm(T) for m > 2, Littlewood [3] and Selberg [4] have shown under the Rie-
mann Hypothesis that

logT
(loglog T)m+1"

In this article we shall study S (T) for m > 2 without assuming any unproved hy-
pothesis. We shall first describe the relation between S'm (T) and the integral I,,,(T") which
will be defined as follows. When T" # y, then we put for k > 1

Dhy_1(T) = %(_l)klm{ﬁoo/m-._/oo log (o +iT) (do_)zkl}
7 Yo o

| S —
2k—1

1 o o0 o
Izk(T>=;<—1)k3U / / log;<a+iT><da)2k}.

2
———

2k

S (T) <om

and

When T = y, then we put form > 1
1
1,(T) = E(Im(T+O)+Im(T—0)).

For o > % and T > T,, let N(o, T) be the number of the zeros 8 + iy of {(s) such that
B>0cand0 <y < T whenT # y. When T = y, then we put

N(o,T) = %((N(O’, T+0)+N(o, T—-0)).

We now describe a relation between S'm (T) and 1,,,(T) as follows.

LEMMA 1. y
Si(T) = I(T)
and for any integer m > 2
Su(T)=In(T)+2 Y (=1 "' Nuar(T),
h+2r=m

r>1,h>0

where we put for h > 1 andr > 1
~ T t pl opl 1
N ar(T) = / / / / / N, 1)(do) ()"
0 0 % o o
D S S ——
h 2r

andforh =0andr > 1
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1 1 1
No,2-(T) =ﬁ / / N(o, T)(do)* .
2 o o
2r

The multiple integral in the definition of 7, (T') can be simplified into a single integral
as follows.

LEMMA 2. Forany integer m > 1, we have

In(T) = — =3 f'"fw( _1>m £ o +iT)d
m = ;\3{%% o 5 ?O' 1 O'}

Thus we are led to evaluate first the integral [, (T"). Concerning this, we shall prove
the following

THEOREM 1. For any integer m > 1, we have
In(T) K log T,
where the constant involved in the upper bound may depend on m.

The case m = 1 was obtained by Littlewood [3] and Selberg [4]. Theorem 1 implies
immediately the following.

THEOREM 1’. For any integer m > 2, we have

Sn(T)y=2 " (=1)"'Np2r(T) + O(log T).

h+2r=m
r=1,h=0
Now we are led to evaluate the sum
2 ) (=) N ().
h+2r=m
r=1,h>0
We can obtain an upper bound for it as an application of Selberg’s density theorem (cf. p.
232 of Selberg [4]): for T > T, and some positive constant C,
N(@,T) < TlogT - e~ CO—DloeT
uniformly for o > % Namely, we have first
1 pl 1
/ / / N(o, T)(do)* < _r
1 Jo o (log T)>r—!
—— —m
2r

Consequently, we have
h+1

Npo(T) € —————
h,2r( )<< (10gT)2r71

and
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m—1
2 1) "INy 2, (T )
hZ( Y R (1) <€
Y

Combining this with Theorem 1/, we get the following theorem concerning S,, (T').

THEOREM 2. Forany integer m > 2, we have
m—1
logT *
Obviously, there is a big gap between our result and the conditional result mentioned
above. As we have seen above, this gap comes from the possible zeros off the critical line.

We can see it in such a form that does not involve the integrals. Concretely, we describe the
sum

Su(T) <

2 Y (=1 Naor(T)

h+2r=m
r>=1,h>0

as follows. By the definition of N (o, T'), we have for 1 > 1

N2 (T) = / /// / S 1oy @)

B+iy

B>0,0<y<t
<2r)'/ / > <ﬁ ") v’
/3+1V
/3> O<y<t
1 1 2r
w2 (13) oo
B+iy
/3>%,0<y<T

where the dash indicates that when t = y, then we use the halving convention as above.
When i = 0, then the above formula is seen still to be valid. Consequently, we may restate
lemma 1 and Theorem 1’ as follows, respectively.

LEMMA 1’. Forany integer m > 2, we have
2r

) 1 / 1
_ _1y—1 — — h
Su(T)=In(T)+2 Y (=1) G > (ﬂ 2) (T -,
h+2r=m B+iy
r=1,h=0 p>%.0<y<T

where the dash denotes the halving convention as above when h = 0.

THEOREM 3. For any integer m > 2, we have
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_ 1 1 2r
Su(M=2 Y (=)' )" </3—§> (T —y)"+ 0(logT).

Q2r)!-h! .
h+2r=m B+iy
r>1,h>0 /3>%‘0<y<]"
From Theorem 1’ or from Theorem 3, we see immediately that if there exists a zero B, +i,
satisfying B, > % and y, > 0, then we have for any integer m > 3 and for all T > 2y,

)= (1) 7
Sm(T)ZAm ,80_5 T )

where A,, is an absolute positive constant which may depend on m. Consequently, we get
the following criterion for the Riemann Hypothesis.

THEOREM 4. The following statement is equivalent to the Riemann Hypothesis.

For any integer m > 3, we have
Su(T) =o(T™™%) (T — o).

We shall give the proofs of these results as precise as possible. In the next section, we
shall give the proofs of Lemmas 1 and 2. In section 3, we shall justify the arguments used
in section 2. In section 4, we shall prove Theorem 1.

We notice here that SZ(T) is treated in Fujii [1] (cf. Theorem VIII on p. 171 and also
p- 186 of Fujii [1]). However, as noticed in Fujii [2], there is a gap in the argument and
should be corrected as in the present article.

Finally, the author wishes to express his gratitude to Professor Aleksander Ivié. The
constant communications with him has stimulated the author to write down this article.

§2. Proof of Lemmas 1 and 2

We shall use the following two relations. Suppose first that 7 # y. Then, by p. 300
of Littlewood [3] ( and also pp. 220-221 of Titchmarsh [5]), we have for —1 <o <1

o0

T 00
3{/ logg“(a—i-it)dt} =/ 10g|{(a+iT)|da—/ log|¢(o)|do
0 o

o

and

1 00 T
271/ V(G,T)d0=‘3{/ logg“(a—l—iT)dcr}—i-/ log|¢ (o +it)|dt,
o o 0
where we put
N(o, T —1 if o <1
v(o, T) = @1~
if o >1.

When T = y, then the relations hold by halving conventions as above.
We shall prove Lemma 1 by induction.
First we have, using the above relation and the definition of Cj,
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T
S1(T) %s{fo log¢ G +n> dt} +C

1 [ 1 [
;ﬁ log|¢(o +iT)|do — ;ﬁ log|¢(o)ldo + Cy

2 2

= I/(T).

Next we have

T
S'Q(T)zf Si(H)dt + Ca
0

T
/ Li(t)dt + Cy
0

1 T 00
—/ / log|¢(o +it)|dodt + Ca.
T Jo %

Here we can interchange the order of the integrations, which will be justified in the next
section. Thus we get

5 1 00 T
$2(T) = ;ﬁ /0 log|¢(o +it)|dtdo + C3
2

1 oo o) 1
= —ﬁ {—3(/ log§(0’+iT)d0’> +271/ v(o’, T)da’}d0+C2
T Jl o o
2

1 1 1 1
=DL(T)+ Zﬁ / N(o',T)do'do — ﬁ / do'do + C
2 Jo 2 Jo

1 pl
=i +2 [ [ N Tdo'do = 1(T) + 280x(T).
2 oa
where the definition of Nh’zr (T) is described in the introduction. For m = 3, we have

T
S’3(T)=/ Sa(t)dt + C3
0

T T 1 pl
= / L) dt + 2/ / / N(o',t)do'dodt + C3
0 0o JI Jo

1 T o0 poO 5
= ——‘TS{ / / / log¢ (o’ + it)da’dadt} + 2N 2(T) + C3.
T 0 % o

Here we can interchange the order of the integrations to obtain
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- 1 o0 o0 [o/0]
S3(T)=—;ﬁ / {/ log |¢(c” +iT)|do”
3 o o’
o0

_/ 10g|§'(o’//)|d0’//}d0’/d0’ +21§71,2(T)+C3
O-/

—I5(T) + 2, 2(T).

Now for k > 2, we get, by the induction hypothesis,

T
So(T) = / Sop—1(t) dt + Cox
0

T T
= [ a2 [F 1y W d+ca
0 0

h+2r=2k—1
r=1,h=0

T [ o) 00
— l(_l)kfl‘/ gﬁ{/ / / log{(cr—i—iT) (do‘)zkl}dt
y4 0 % o o
S —
2k—1

T
+2/ S D) a0 dr + Co
0

h+2r=2k—1
r=1,h=0
1 00 oo 0 T
— _(_1)klm{/ / / / 10g{(0‘+lT)dl‘ (da)Zkl}
T % o o 0
2k—1
T ~

+ 2/ S )T a0 dr + Co

iy

1 k_l{/OO/OO /OO { \~</OO ) )
=—(=1 -3 log¢(o +iT)do
T % o o o
2k—1

1
+ 27 / v(o, T) do} (dcr)Zkl}

T
+2/ S T R dr + Cx
0

h+2r=2k—1
r>=1,h>0
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= %(—l)kﬁ{ﬁm/mu-/mlogg(o+iT) (da)zk}

2
S —

2k
1 1 1
+2-(—1)"*1//-~-/ N(o, T) (do)*
% o o

2k
1 1 1
+<—1)kﬁ/~-/ (do)*
7 o o
k

2

T
+2/ S ) R (0 dr + Cx
0

h+2r=2k—1
r=1,h=0

=In(T)+2 Y (=1 'Npor(T).

h+2r=2k
r>1,h>0

In the same manner, we get for k > 2,

Skt (T) = Iyt (T) 2 > (=1 'Np 2 (T).

h+2r=2k+1
r>1,h>0

This proves Lemma 1.

Lemma 2 can be proved by the integration by parts. We shall indicate only the first
two steps. We may suppose that 7 # y. Then

i— (cr—l) %(O‘-ﬁ-iT)dO‘

m! ! 2
im 1 m o 00 1 m—1
=%{|:<0—5> 10g§(a+iT)i|1 —mﬁ <0—5> 10g§(a+iT)da}
2 2
jm oo 1 m—1
:—m% 1 <a—§> log¢(o+iT)do .
2

If m > 2, then the last integral is



10 A. Fuinn

:mi—' |:<a—l)m1/ log{(o—i—iT) dai|
m! 2 p. !

cm OO m—2  ro0
—m(m — l)l—,/ <” - 1) / log¢(o +iT)(do)?
m! J1 2 .

-m oo m—2 o0
=—m<m—1>#ﬁ (a—%) / log £(o +iT)(do)?.
), j

We continue this procedure and get Lemma 2.

§3. A supplemental remark to the proof of Lemma 1

Here we shall justify the interchanges of integration in the previous section. For this
purpose we shall prove Lemmas 3 and 5 which will be given below.

LEMMA 3. Foranyo > %, we have

T 3 3 T
/ / log|¢ (o’ +it)|do’ dt =/ / log|¢ (o’ +it)|dtdo’ .
0 o o JO

We may suppose that o = % To justify the interchange of integration, it is enough to
prove the convergence of the integral

3 /T

ﬁ/ |log|¢(o +it)||dtdo .
5 J0
2

Let y,f run over the positive different imaginary parts of the zeros of ¢ (s) satisfying
Yo <Vppr form=1,23....

Let yy; be the first y,; satisfying T < y,’. We take positive & < 1 such that
1 . * *
0<e< Errlll%(ynﬂ — V)
The last integral above is bounded by

AN Yo Ve
Z/ <f +/ +/ )IlogIC(o+it)||dtda,
n=1 % V*,1+8 yi—e Vi

where we put yj + & = 0. We denote the possible zeros with an imaginary part y,” and a
real part > % by
Byt (D) 4 iy, By m) + iy, o B (M) + iy
where we suppose that when M > 2, we have
Br¥(m) < Br*(m + 1) forany m > 1.
If M > 1, then we take positive § = §,, such that



On the Zeros of the Riemann Zeta Function 11

0< 5= 3 min(B7"0n + 1) — Bm, A7) — 3,1~ B (M),

where we put *(m + 1) — B*(m) = oo when M = 1. Then the last sum is further
decomposed as follows.
N

By (1)—=8 By (1)+8 2 (m)+-8 Br*(m+1)—8
ol R Y
i Bx(1)—8 B (m)—38 By (m)+8

n=1 2

3 Va—€ Vi Vate
+..._|_/ >(/ +/ +/ >-|10g|§(a+it)||dtd6.
(M) 468 Voo t+e =€ i

n

If there are no zeros with the imaginary part y," and a real part > %, then we do not have to

decompose the integral over the interval [%, 3] as we have done above.
Now typical terms are

By m)+8  pyy
Li(n,m) =f f log|¢ (o + in)||dtdo,
B 12

ok (m)—8 x—e

B (m+1)=8 ryy—e
L(n,m) = / / |log|¢(o +it)||dtdo
Brx(m)—38 Vo 1te

n

and

Bt (m+1)=8  py
I(n,m) = / / |log|¢ (o +it)||dtdo
By (m)+38 Vi —¢€
Here we shall use the following expression of log {(s) (cf. Theorem 9.6 B of Titch-
marsh [5]).

LEMMA 4. Fors # p, we have

logz(s)= Y log(s — p) + O(logt).
lt=y|<1

n

wheres =0 +it, =1 <o <2,t > 1land —m < Jlog(s — p) < m.

We denote the multiplicity of p by w(p). Then we get first

Ii(n, m)

Bi*¥(m)+8  pmin(y,,y+1)
< Y / / lloglo +it — B —iy||dtdo

el =8 Jmax(p—e.p—1)
vy —e—l<y<yf+l

+eblogT
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1 B (m)+8  pyr
< /L<—+iy,f>/ /
2 i (m)—8 Jyr—e

M ) +8 vy
DWAUIAY] /
j=1 B Y

ik (m)—6 —E

log dtdo

R
O’+ll‘—§—l]/n

log dtdo

o +it =B () iy,

BEm)+5 py
+ > f / lloglo +it — B —iy||dtdo + eslog T
Y,

o~ irm=8 Ty

y;ffafl<y<y,f+l

=1+ I+ 1" +eslogT, say.

Since for |u| < sandfor% <o <1

max((o — B ()4 u?) < (0 — B ())* +u? < % +e <1

and
|log|o — B,"(j) +iul| < min(|log|o — B, (/). |log|ul]),
we get
M Bt (m)+8 0
Il < Z/L(ﬂ;f*(j)+iy:)/ f | log |u||dudo
= Bir(m)y—8 J—e
< ¢|loge|s - Z 1 K<logT.
Y=V
In the same manner, we get
I{ < 8e|loge|-logT < logT .
For 1}”, since
e<|t—yl=l+e,
we have
1
e e e e L
and

|loglo +it — B —iy|| < |loge].
Hence, we get
1" < 8elloge|logT .
Thus we get
Li(n,m) <logT .
In a similar manner, we have
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Ir(n, m)

Br¥(m+1)—8 ryf—e
<« = [ itost@ — p+ ¢ = plara
B Y,

yi ey <yi+l—e® P (M= nrte
+logT.
Since
@=B<@—-B +e<(—p+1-y)’=<2,
the last sum is

B (m+1)—8
« ¥ fﬂ |log|o — Blldo

ok _
yi —14e<y<ygtl—e Pit (M=

1
< > / |log|o — Blldo

Fok _
v —lde<y<yi+l—e ™ (m)—8

1
< Z / log |x|dx
-1

Yo —lde<y<yi+l—e

KLlogT.

Hence, we get

L(n,m) KlogT,
and similarly the same bound for /3(n, m). Thus for each B;*(m) + iy,, each double
integral is convergent. In the same manner, we have the same conclusion when M # 1.

Consequently, the integral
3 T
ﬁ/ |log|¢(o +it)||dtdo
1+ Jo
2

is convergent. In a similar manner, we can prove the following

LEMMA 5. Foranyo > %, we have

T 3 3T
/ / Sloge (o +it)do' dt = / / Sloge(o +it)dtdo'.
0 o o JO

We may suppose that 0 = % We use the same notations and the argument as above.
We shall treat only one typical singular part, namely,

B (m)+8  py,te
/ / |S(log(o + it — By (m) —iy)))|dtdo .
B (m) Y

n

This is
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) e
:/ / |I(log(x +iy))|dydx
o Jo

8 pe T X
<</ / - — Arctan(—) ‘dydx
0o Jo |2 y

5 pre X
<8¢ +/ / Arctan <—) dydx .
0 Jo y
The last integral is

5 O\ 5 pe A\
= / [y -Arctan(—>:| dx —/ / y - <Arctan<—>> dydx
0 y 0 0 Jo y
8 X 5 pe 1
= & - Arctan| — |dx + / / yXx———dydx.
/o (8) o Jo " yrt+a?

The former integral is bounded. The latter integral is

B
1
=/ xi(log(xz + &) —log(x?)) dx .
0
This is also bounded.

§4. Proof of Theorem 1

Let s = o + it. We suppose that o > % and t+ > 2. Let X be a positive number
satisfying 4 < X < %, We put
1 1 2
ox,t = E+2m51x<,8— 3 @>,
where p runs through all zeros 8 + iy of ¢(s) for which

x318-3l
t—yl <
r=vl= log X
We put
An) for 1<n<X
3 2
log? X 2log? X2
A L z for X <n < X?
Axm) = AT oy o A=
log? X2
(n) g = for X2<n<X3
2log” X
and

k" with a prime p and an integer k > 1

lo if n=
An) = gp p
0 otherwise .
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Thenforo >o0yx;,2 <X < 2,1 > 2, we have, by p.239 of Selberg[4],

¢’ Ax(n) 1o Ax(n)
?(S):_Z P +0<X4 2 Z it

n<X3 n<X3

>+ 0(X* % log1).

Now we have

nks - ; o 7 _é' o+it)do
__1q ﬁ 1 mg_/ i
= no{ !/(;X‘, (a 2) Z(cr—i—lt)do}
_ 1y L( l)mﬂg_/ + it)
=3 m D > é_(O'X,t i

L fim [oxs _lmg_/ ._{_/ .
—1—;\){”1!/% <o 2) (C(GXJ—HI) é_(o—i—zt))dcr}

=Ji+ 2+ J3, say.

1 Ax(n)
L (B )
o, 2 n;(:s n
+ — { o — %) ( % z Z ,;/z‘rj,(fi)t )da}

<X3

NI'—

o — ) O(X4 210gt)dcr}

iy
L

=J/ +Jl”+Jl’”, say .

. m
]1/= 13 Z AX'(n)ﬁ/OO 0‘—1 efalogn do
4 n'' m! Js, 2
n<X3 o
[N Ax(n)i" 1
-7 Z nit %\/ﬁ(logn)mﬂr m+ 1, GXI_— logn
n<X3
. m |
- lg Z Axi(tn) z_’"‘ lm! m+1e—(0x~r—%)10gn Z ((ox, — ?)logn)” }
O WA J/n(logn) ~ V!
N m Ax(n) ((ox,r — 2)10gn)”
= ;m) Zg o‘x’[+it(10gn)m+1 Z s
n<X’

where we put for any ¥ > 0 and for 9i(s) > 0,
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16
o0
'@, Y) =/ e dx.
Y

Ax(n) * N" 1 ¢
"
i <<} 2 o f o—3) x¥Hdo
n<X3 !
Ax(n) 1 1 1
< ‘ z};} o F<m+ 1, 5(0}(,; - 5) 10gX>(10ng
n<X-
1 m+1 Ax(n)
< <O'X,t - E) Z oL |
n<X3

ST

00 1 m m+1
J{” < 10gt/ (0 — 5) X1 2do K <Gx,z — E) log?.

ox.1
Thus we get
w8l 8 e 5
n<X Ve

+ 0<<Gx,z - %)mﬂ Z} n/};fit(’:,)t ) + 0((0}(,; - %)’”H logt) .

X3

Similarly, we get -

b= 0<<(,X’t B %>’"+1 > e ) + 0<<(,th B %>mﬂ 1og,) |

n<XA

To treat J3, we can apply the arguments on pp. 243-246 of Selberg [4]. We notice first that
-1 k oXx.t 1 2k+1 / /
=D ﬁ (a——) m(%(ax,,—i-it)—%(a—i-it)) do

2

2k + Din 2
Jo— for m =2k + 1
3 (_])k /Gx,t <G B l)Zk% <§_/(U i C_/(U +it)) o
@ Jy 2) T\ ¢
form =2k .

Whenm =2k + 1,
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ox+ 2k+1 / /
X(a—%) m(%«mJ+n)—%4a+n0da

e

2k+1
( l) { ox:— B B o—p }do
2 (oxi =B+ —y)? (0 —=P)2+ 1 —y)?

2k+2
((aXt — —) log t)
1

1 2k+3
< <GX” - 5) ; (oxs— B2+ —7)

2k+2
1 Ax(n)
< <O’X,t — E) < Z 7nax,t+il +10gt>
n<X3
1 m+1 Ax(n)
< <UX,t_E> <} Z W —l—logt),
n<X3

and the same bound is seen to hold also when m = 2k. Consequently, we get

LN L Ll G A N P
_;‘){m!/% <o 2) g(a—i—zt)da}

| im Ax(n) ((ox,r — 2)10gn)”
Ks{l Z n"X-’Ht(lOgn)m"'l Z }

n<X3
1
Ax(n) n"*
Z nox it ) + O((GX” - E) logz ).

1 m+1
+ O((O’X’[ — E)
n<X3

We choose X = (log?) 3. Then we see that the right hand side is
K logt.

1
T

This proves our Theorem 1.

References

[ 1] A.Fujii, Some problems of Diophantine Approximation in the theory of the Riemann zeta function (III),
Comment. Math. Univ. Sancti Pauli, 42 (1993), 161-187.
[ 2] A.Fujii, On the discrepancy estimates of the zeros of the Riemann zeta function, Comment. Math. Univ.

Sancti Pauli, 51 (2002), 19-51.
J. E. Littlewood, On the zeros of Riemann’s zeta function, Proc. of Camb. Phil. Soc., 22 (1924), 295-318.

A. Selberg, Collected Papers, Springer Verlag, Vol. 1, (1989).
E. C. Titchmarsh, The theory of the Riemann zeta function (2nd ed. rev. by D. R. Heath-Brown), Oxford

Univ. Press, (1988), 1951.

Department of mathematics, Rikkyo University
Nishi-ikebukuro, Toshimaku, Tokyo 171-8501, Japan




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Japan Color 2001 Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 1
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages false
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages false
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Japan Color 2001 Coated)
  /PDFXOutputConditionIdentifier (JC200103)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /ARA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /BGR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CHS (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CHT (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CZE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DAN (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ENU (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ESP (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ETI (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /FRA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /GRE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HEB (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HRV (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HUN (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ITA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <FEFFff08682aff0956fd969b6587732e53705237793e306e51fa529b6a5f306b90693057305f002000410064006f0062006500200050004400460020658766f830924f5c62103057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e30593002>
    /KOR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /LTH (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /LVI (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /NLD (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /NOR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /POL (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /PTB (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /RUM (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /RUS (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SKY (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SLV (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SUO (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SVE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /TUR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /UKR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (Japan Color 2001 Coated)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive true
      /IncludeLayers false
      /IncludeProfiles true
      /MarksOffset 0
      /MarksWeight 0.283460
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /JapaneseWithCircle
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


