
2 0 1 3年度博士論文

R e s e a r c h  f o r  7 5 - h e r m i t i c i t y  

i n  t h e  m i n i m a l  d o u b l i n g  r e r n n o n

理学研究科物理学専攻 

博士課程後期課程 

学生番号 1 1 R A 0 0 3 Z  

鎌 田 翔

審查終了



R e s e a r c h  f o r  7 5 - h e r m i t i c i t y  

i n  t h e  m i n i m a l  d o u b l i n g  f e r m i o n

Syo Kamata
Department o f Physics，Rikkyo University，Tokyo 171-8501, Japan 

E-mail: skamata@rikkyo.ac.jp

A b s t r a c t

The Lattice gauge theory is a useful tool for investigating strong coupling physics. 
In this formulation, space-time coordinate is discretized and physical degrees of freedom 
are defined at sites and links. Regarding a lattice spacing as a cut-off regulator, we can 
naturally regularize UV divergence and calculate observables using some techniques, e.g., 
strong coupling expansion, Monte Carlo simulations, and so on.

As is well known, lattice fermion breaking 75-hermiticity causes the sign problem, 
expectation values in theories broken 75-hermiticity have complex phase and are obtained 
as complex values. Especially, in high density region of the finite temperature and density 
QCD, we hardly obtain expectation values because of this problem, thus it is considered 
as one of the problems which should be solved.

In this thesis, we investigate 75-hermiticity using the minimal doubling fermions. We 
analyze kinetic term of lattice fermion, which is assumed translation invariant, continuum 
and periodic function, using 75-hermiticity, R-hermiticity and PT symmetry. We show 
that the properties are related to each other. And we show that a PT symmetric kinetic 
term can not reduce doublers.

We also formulate two dimensional fermions without 75-hermiticity based on the min
imal doubling fermion. From discussions of the eigenvalue distribution and the number 
of poles for our fermions, we find out an appropriate fermion for application to practical 
analyses. This fermion has the same symmetries as the usual minimal doubling fermions, 
but 75-hermiticity does not preserve. As simple tests for application of the fermion, we
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apply the non-75-hermiticity fermion 
obtain similar phase diagrams to ones

to the 2D Gross-Neveu model. As i 
using the naive fermion.

result, we
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1 Introduction
Lattice gauge theory is a powerful tool for revealing nonperturbative quark dynamics [1]. 
In this formulation, the space-time coordinate is discretized and physical variables are 
defined at sites and links. An inverse lattice spacing is identify with a ultraviolet cut-off 
regulator, therefor, ultraviolet divergence is naturally regularized in this theory. In addi
tion, we can calculate observables using some proper techniques; especially, Monte Carlo 
sinmlations are applied for investigating nonperturbative physics, e.g., quantum chronio 
dynamics (QCD), nuclear physics, and other theories. Despite the very simple structure, 
numerical simulations in lattice gauge theory feed us great results and development of 
nonperturbative physics, with progression of computers. However, not only those advan
tages but also some difficulties remain or are appeared: fine-tuning for broken symmetry, 
finite volume effect, space-time continuum limit, broken symmetries by lattice fermions, 
and so on.

As is well known, the naive lattice fermion has redundant physical degrees of free
dom, doublers; this is called the doubling problem. We cannot remove doublers without 
breaking some symmetries or properties，because of the no-go theorem of Nilsen and Ni- 
nomiya [2ト[4]. To overcome this problem, many lattice fermions have been formulated, 
e.g., the Wilson fermion [1]and the KS fermion [5]. In particular, chiral symmetry is 
one of the important symmetry in QCD and nuclear physics. Though quarks satisfy 
chiral symmetry classically, spontaneously chiral symmetry breaking and quark conden
sation are caused by quantum correction, wmch is called axial or chiral anomaly. The 
symmetry breaking is trigger for massless boson, called uoldstone boson，and the bo
son is interpreted as lightest pseud-scalar meson, that is pion. In lattice gauge theory 
with the naive fermions, the quark condensation is not caused because cont ri but ions to 
chiral anomaly by fermions are canceled by each doublers. In this context, preserving 
exact chiral symmetry is a significant problem in analyzing non-perturbative QCD, but 
it is one of the symmetry in the no-go theorem and is incompatible with the removal of 
doublers.

To overcome this problem, many physicists have formulated various lattice fermions, 
e.g., Wilson fermion, which breaks chiral symmetry [1], Kogut-Suskind fermion, which 
regards doublers as flavors [5], SLAC fermion, which breaks locality[6] and so on. In 
analyzes using Wilson fermion, chiral symmetry is broken for single pole fermions, thus, 
fine-tuning for mass parameter is needed to restore chiral symmetry. On the other hand,



Ginsparg and Wilson found out a relationship for Dirac operator which automatically 
restore chiral symmetry without fine-tuning in the continuum limit [11]. The relation
ship is called the Ginsparg-Wilson relation. Few years later, Neuburger found out a 
solution for the relation [12]，and Luscher formulated chiral exact lattice fermion based 
on the relationship [13]. Through the Ginsparg-Wilson relation, the discussion for chiral 
symmetry in the lattice gauge theory was over for the present. However, we have to pay 
much numerical costs to analyze theories using the Ginsparg-Wilson fermion.

In recent years, Creutz formulated an exact chiral symmetric lattice fermion [16] in 
hexagonal lattice space-time, and Borici applied it to orthogonal lattice [17]. One the 
other hand, a few decades ago, Karsten constructed a fermion formulation with the same 
structure, but with a different action to the Creutz one [14]. These fermions are called 
the minimal doubling fermions [14]-[16]. The minimal doubling fermions break (hyper- 
)cubic symmetry and some discrete symmetries, such as charge conjugation (C)，parity 
transformation (P), time reflection (T)，and so on. Many properties of the fermions 
have been analyzed in the orthogonal lattice [14]-[28] and hyperdiamond lattice [30]. In 
quantum theory, we must fine-tune some parameters to preserve these broken symmetries, 
however, it is difficult to adjust them generally.

By the way, finite temperature and density physics are main subjects for the lattice 
gauge theory. In a finite density theory, it is well known that a fermion bilinear term 
in the action is broken 75-hermiticity by a chemical potential term. The 75-hermiticity 
guarantees the hermiticity of the Hamiltonian and is also a reality condition for fermion 
determinant appearing when fermions are integrated out from the partition function. In 
general, the fermion determinant in a finite density theory is not a real number but rather 
a complex number. For the estimation of observables, we need to use an appropriate 
reweighting method. However, in the high density region, the complex phase of fermion 
determinant fluctuates in a wide range, thus, expectation values approach to zero and 
can be hardly estimated. No one knows general resolutions for this problem, and this 
problem is still an open problem, called the sign problem.

In this thesis, we focus on 75-hermiticity. As mentioned above, 75-hermiticity is 
needed for avoiding the sign problem, and also needed for solutions of the Ginsparg- 
Wilson relation. Additionally, the 75-hermiticity is one of the symmetries in the Nielsen- 
Ninomiya theorem. As a strategy to solve the sign problem or obtain lessons of resolu
tions, we formulate lattice fermion for calculation of observables, leaving 75-hermiticity 
broken. In this approach, we use lattice artifact of this fermion as a procedure for avoid



ing or reducing complex phases in expectation values. And we also conceive that we 
should understand lattice fermions more deeply because (1) fermion is one of the most 
important object in the field theory without regard to lattice theory, (2) we need to 
systematically control doublers or their properties and (3) in the numerical context very 
superior lattice fermions which are unknown to us yet might exist. This thesis a start 
pint for these motivations.

This thesis is constructed as follows. In Sect.2, we firstly present reviews of the 
lattice gauge theory and the minimal doubling fermions. In Sect.3, we analyze the 
translation-invariant, continuum, and periodic function lattice fermion kinetic term us
ing 75-hermiticity, R-hermiticity, and PT symmetry. These symmetries and hermit icities 
are related to each other. For example, assuming that a translation-invariant kinetic 
term with continuum and periodic function does not have PT symmetry, it can have 
R-hermiticity or 75-hermiticity. R-hermiticity is a reality or Hermite condition for renor
malized coupling constants pertiirbatively. We show that a PT-symmetric kinetic term 
cannot reduce doublers. As a simple example, we apply minimal doubling fermions 
that do not have PT symmetry or R-hermiticity to the 2D N-flavor GrossNeveu model 
and calculate renormalization group flows. In this flow, complex or non-Hermite coupling 
const ants are caused by quant um correct ion. In Sect.4.1, we formulate 2D fermions wit h
out 75-hermiticity (non-75-hermit icity fermions) based on the minimal doubling fermion. 
As with the minimal doubling fermion, the non-75-hermiticity fermion breaks some dis
crete symmetries. We obtain the eigenvalue distribution and the number of poles for the 
fermions and discuss the selection rule for an optimum fermion to apply to a practical 
analysis. For simple application tests, the 2D Gross-Neveu model is studied using the 
non-75-hermit icity fermion. We draw two sorts of phase diagrams, parity broken phase 
diagrams, called Aoki phase and chiral broken phase diagrams in massless and an imag
inary chemical potential system. By the analyzing these models with the fermion, we 
expect that we can more deeply understand the structure of lattice fermions, and thus 
the sign problem. In Subsect . 4.1，we construct non-75-hermiticity fermions based on the 
minimal doubling fermion and investigate their symmetries and properties. In Subsect. 
4.2, we study parity broken phase diagrams for the 2D Gross-Neveu model using the 
non-75-hermit icity fermion. In Subsect. 4.3, we also draw chiral broken phase diagrams 
for the Gross-Neveu model adding a imaginary chemical potential in two dimensions. In 
Subsect. 4.4, we discuss a reality condition for observables from the eigenvalue distribu
tion of the fermions with an imaginary chemical potential. Final section is devoted to



the summary and discussion.



2 Basic review
In this section, we write basic reviews needed to understand this thesis.

2.1 Lattice theory
In this subsection, we review the lattice gauge theory [1]. The lattice gauge theory is one 
of the techniques for investigating nonperturbative physics. Roughly speaking, the lattice 
gauge theory is a field theory defined on discrete space-time. We usually define scalar 
fields and fermions on sites, and gauge fields on links, which are connections between two 
neighboring sites. To obtain results of target continuum theories by way of the lattice 
gauge theory, we need to take three step s:(1) we discretize space-time of target theory,
(2) calculate observables using some technique, and (3) take the continuum limit. Now, 
we introduce a method to obtain a classical lattice theory from a classical continuum 
theory. For simplicity, we firstly treat four dimensional 04 theory, then a free fermion 
system, and finally SU(N) gauge theory.

We define the Euclidean continuum 4D 04 theory as follows:

where /i is space-time index which runs over from 1 to 4. The action has translation sym
metry, SO(4) Euclid symmetry and Z2 symmetry. To define lattice action, we discretize 
space-time. We replace some parts of the continuum action as follows:

where n, a and fi are a lattice site, which is 4D vector, a lattice spacing, and unit vectors, 
which are directed to "-directions，respectively. And, we define lattice action of the 04 

theory so that the action satisfies the following lattice principle:
• in the classical continuum limit, the lattice theory must realize the continuum

x  —> na,
a 4 [ ，

n

d ^ ( x ) -> c()(na +  fia) 一 0 (na)

t heory.
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• we must preserve symmetries as many as possible.
From the principle, we can get the 公4 lattice theory as follows:

ゆ = \  5 Z (ゆ (n a ))2 + 、m 24>2(na) +  j ^ \ n a )  , (2 .2 )

In lattice theory, we can define some difference operators, e.g. forward, backward, and 
symmetric difference operators 1:

d ^ ( n a ) 三 咖 却 ) — 0 — )， (2 .3 )

參 め ョ 多( ■ ) - ♦ — ) , ( 2 .4 )

d ŝ ( n a )  =  I  {dl +  dl) (p{na). (2 .5 )

The lattice action preserves discrete translation symmetry, discrete Euclid symmetry, 
called hyper cubic symmetry, and Z2 symmetry. However, continuum translation sym
metry and continuum Euclid symmetry are broken. In the continuum limit, we can 
easily obtain the continuum action Eq.(2.1) from the lattice action Eq.(2.2) using Taylor 
expansion.

Note that the lattice action Eq.(2.2) is one of the lattice actions which we can define. 
For example, we can add a° > m (̂6)06(na)，with a dimensionless parameter 分(6)，to the 
lattice action Eq.(2.2) because this term vanishes in the continuum limit. This action 
does not interfere with the lattice principle.

Next, we construct a lattice action from the continuum free fermion theory. We define 
the continuum free fermion action as follows:

SlT'^  =  J  +  m )也 （2 .6 )

In the similar way to the (j)4 theory, we define lattice free fermion action,

•S'frcc 0 =  a 4 E  皿 ) C  (2 .7 )

where 7  ̂ is 7 -matrix. Now, we apply symmetric difference operator, 3ニ，to the action
1In  th e  la ttic e  p rincip le  we can use no t only b u t  also or d^. However, th e  scala r la ttic e  ac tion  

u sing  generates 24 doublers in q u an tu m  theory .
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rather than or because the lattice action using d'  ̂ does not preserve hermit icity. 
We will discuss this issue in the next subsection.

Finally, we construct QCD action on lattice space-time from the continuum QCD 
action. The continuum action is defined as follows:

C ^ o n t .  ‘，リU , (2 .8 )

where F^u is a field strength defined as F^v =  d^Av 一 dレ + ig[A^, Au] and is a 
covariant derivative, which is defined as =  9" +  igA^. The Afi and g are SU(N) gauge 
fields and a gauge coupling constant, respectively. The action preserves gauge symmetry 
whose transformation is defined as follows:

^ ( x )
ル(x) ->  jp(x)Q\x), 

\  •

(2.9)

where f2(x) is an arbitrary SU(N) function.
To construct a lattice action from the continuum action Eq.(2.8), we need to define 

the gauge field in lattice space-time. However, we cannot simply define the gauge field 
on sites for the two reasons : ( 1 ) the gauge field has Euclid indices, namely directions, 
and (2) we cannot define a gauge invariant action because the derivative operator in 
the kinetic terms is replaced with the difference operator: hence, the gauge symmetry 
is broken at O(a) in the case of defining gauge fields on sites. For these problems, we 
define a link variable lying from na to na -I- /ia, instead of the gauge field,

U (na, na +  /ia) = exp

and its gauge transformation,

dxp A^(x) (2 . 10 )

U(na,na  +  fia) Q(na)U(na, na -f fia)iV(na +  fia). (2 . 1 1 )

Hermite conjugate of the link variable is defined as an opposite directed link variable,

U \n a ,  na + fia) =  U(na + //a, na) = U^{na). (2 . 1 2 )
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Note that the gauge field in the continuum theory is represented as an element of Lie 
algebra, on the other hand, the link variable is defined as an element of Lie group. 
The domain of the SU(N) Lie group is compact, therefore, we do not need to perform 
gauge fixing because we do not over-count link variable spectrum in the path integral 
formulation.

Here, we discretize all terms in the continuum action. The kinetic term of the gauge 
field is represented as plaquette, which is closed Wilson loop defined as

滞 t .=  tr \U^{na)Uv{na +  /ia)/7^(na +  ua)Ul(na) + (h.c.)] , (2.13)

where (h.c.) denotes hermite conjugate of 1st term of r.h.s. in this action 2. For the
fermion part， 
operator with

マ
V ^ ( n a )

▽ニや(而 ）

we
the

can define a gauge invariant lattice action, replacing the difference 
following covariant difference operator,
Uド[na)j>(na 土 fia)Ul{na) -  ^{na) ^  切

a
^(na) — U^(na — fia)^){na — fia)U^{na —(la) (2.16)
L^(na)0(mx +  [la)UjJjia) — UjJjia — /ia)^(na — jla)U^(na — fxa)

2a
2

*0(na). (2.17)

Using the operator, we can define the fermi-bilinear term on lattice from the continuum 
QCD action,

^ at =  a4 ^ 2  ^ (n a ) (^ 2  +  m )'lP(na)-
n fx

From the Eq.(2.13) and (2.18), the lattice QCD action is defined as follows:
Qlat. . rrlat-丄 c^at.
0 QCD ~  ° U  " r  °ip  .

(2.18)

(2.19)

2Path of the plaquette is not unique. For example, we can define as,
= 入 c ■ tr \U^{na)U}i{na + fta)Uu(na + 2jxa)

.[/ム(na -h fi,a +  Oa)U^(na + Oa)Ul(na) + (h.c.)] ■ 
where c is a constant, which is adjusted in the continuum limit.

(2.14)
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2 .2  D o u b l i n g  p r o b l e m  a n d  N i e l s e n - N i n o i n i y a  t h e o r e m
In  t h e  l a t t i c e  th e o ry ,  a  l a t t i c e  f e r m io n  h a s  a  s e r io u s  p r o b le m ,  c a l le d  “d o u b l in g  p r o b -  
le m ” . T h e  l a t t i c e  f e r m io n  E q . ( 2 .7 )  g e n e r a t e s  2 4 d e g e n e r a t e  s p e c t r a ,  c a l l e d  “d o u b le r s”， 
in  q u a n t u m  th e o r y .  T h e  d e g e n e r a t e  d e g r e e s  o f  f r e e d o m  a f fe c t o b s e r v a b le s  o r  p h y s ic s ,  
w h ic h  w e  a r e  i n t e r e s t e d  in . U n f o r tu n a te ly ,  a  n o -g o  t h e o r e m  w a s  d i s c o v e r e d  b y  N ie ls e n  
a n d  N in o n i iy a  [2]-[4]. T h e  t h e o r e m  s t a t e s  t h a t  w e  n e e d  t o  b r e a k  i m p o r t a n t  s y m m e t r y  o r  
p r o p e r t y  fo r  r e d u c in g  t h e  d o u b le r s .  In  t h i s  s u b s e c t io n ,  w e  b r ie f ly  p r e s e n t  t h e  d o u b l in g  
p r o b le m  a n d  t h e  N ie l s e n - N in o n i iy a  th e o r e m .

A s  a  s t a r t  p o in t ,  w e  r e w r i t e  t h e  l a t t i c e  f e r m io n  a c t  io n  E q . ( 2 .7 )  in  m o m e n t u m  s p a c e ,

[ホ  d4p
0 ( n a )  =  J   ̂ e x p ( i a n  . p ) ,

r ' a d 4p
il>(na) =  /  JTTTt M p ) e x p ( m n  • p).

J - K / a  \ ^ )

(2 .20 ) 

a n d  t h e  id e n t i ty ,

/ v « ( ^ e x p M n ' m ) p )  =  ^ n,m'

F r o m  t h e  t r a n s f o r m a t i o n ,  w e  o b t a i n  t h e  a c t io n  in  m o m e n t u m  s p a c e .

( 2 -2 1 )

v /

2  -  s in ( p /1a ) 7 >J +  m

ff/a d 4v
^ y l P { - p ) D n{p)lp{p). (2 .2 2 )

- n / a

T h e  D i r a c  o p e r a t o r  D n (p )  is  c a l le d  n a iv e  f e rm io n .  In  q u a n t u m  th e o r y ,  a  p r o p a g a t o r  
o f  t h e  f e r m io n  is a n  in v e r s e  o f  t h e  D i r a c  o p e r a t o r .  T h e  p h y s ic a l  d e g re e s  o f  f r e e d o m  o f  
f e r m io n s  a p p e a r  o n  t h e  p o le s  p r e s e r v in g  t h e  t h e  fo l lo w in g  d i s p e r s io n  r e l a t io n ,

\ a D n(p)\2 =  ^ s i n 2( a p M) +  ( a n j )2

= 0. (2.23)
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In massless case, we can find the following 16 solutions for the dispersion relation,

(Pi，_P2，_P3，P4) =  (0, 0, 0, 0), (0, 0, 0, 7r/a), (0, 0, 7r/a; 0), • • • ,
(7r/a，7r/a，0 ,7r/a), (7r/a, 7r/a, 7r/a, 0), (7r/a, 7r/a, 7r/a, 7r/a). (2.24)

Therefore, the naive fermion generates 24 times spectra in quantum theory even if we 
define only a fermion in classical theory.

The doublers affect physics of chiral symmetry, e.g. chiral anomaly. To see that 
simply, we see chirality of the doublers. We define the chiral matrix as follows:

7s =  71727374, (2.25)

Now, we expand the Dirac operator around momentum (0,0 ,0 ,7r/a) and take continuum 
limit,

Sm o^/a) = J  i g P i 7 i  +  _ ( - 7 4 ) + m  御 ) . (2.26)

Similarly to Eq.(2.25), we can define the chiral matrix of the continuum fermion Eq.(2.26),

7s =  71727374,

where '  =  7 .̂ for z = 1 ,2 ,3  and 74 =  —74. Hence,

75 =  - 75. (2.27)

The Eq.(2.27) shows that the doubler which appears on the pole (0, 0, 0, 7r) has an op
posite chiral charge to the fermion appearing on the pole (0, 0,0, 0). From the same 
argument, half numbers of doubler have the same chiral charge and the others have an 
opposite chiral charge. This fact shows that the naive fermion does not cause chiral 
anomaly in the U(l) gauge theory because the anomaly is canceled by the doublers.

From here, we shortly refer to Nielsen-Ninomiya theorem [2]-[4]. The statement
of the theorem, which is proven in free theory, is that a single pole fermion cannot 
simultaneously preserve all of the symmetries or properties :

• Translation invariance

13



•  C h i r a l  s y m m e t r y

•  L o c a l i ty

•  (75- ) h e r m i t i c i t y

w h e r e  t h e  s y m m e t r i e s  a n d  p r o p e r t i e s  a r e  d e f in e d  a s  fo llo w s:

5 com. =  J  d 4xrp{x)D(x)tl>{x) -)• 5 lat- =  a 4 ^ 4 > { n a ) D ( n , m ) i p ( m a ) y 

T r a n s l a t i o n  in v a r ia n c e :

D(n, m )  =  D ( n  一 m )， (2 .2 8 )

C h i r a l  s y m m e t r y :

{ D ( n , m ) ,  7 5 } =  0 , (2 .2 9 )

L o c a l i ty :

m  <  00 , (2 .3 0 )

75- h e r n n t i c i t y :

7 5£>t ( n , m ) 7 S =  D ( n , m ) , (2 .3 1 )

T h e r e  a r e  s o m e  p r o o f  o f  t h e  th e o r e m ,  b u t  w e  d o  n o t  m e n t io n  d e t a i l  h e re .  S o m e  s in g le  
p o le  f e r m io n s  h a v e  b e e n  f o r m u la t e d  t o  r e d u c e  d o u b le r s .  F o r  e x a m p le ,  l a t t i c e  f e r m io n  
u s in g  t h e  f o r w a r d  d i f f e r e n c e  o p e r a t o r  b r e a k s  75- h e r m i t i c i t y ,

iA(p) = ̂2 lexP(也0) -!] % ， (2 .3 2 )

t h e  W i ls o n  f e r m io n  b r e a k s  c h i r a l  s y m m e t r y ,

a D w {p) =  ^  l i s i n ^ a ) ! ^  +  k ( 1 - c o s ^ a ) ) ] (2 .3 3 )

14



where k is a dimensionless hopping parameter, and the SLAC fermion breaks locality,

aDShAC{p) =  i 叩バ".， （2.34)

and so on.
In many numerical simulations, the Wilson or SLAC fermion is often used because 

the other symmetries often seem to be more important than chiral symmetry. Though 
the Wilson term, which is the second term of the Eq.(2.33), vanishes in the classical 
continuum limit, the chiral symmetry is broken in quantum theory even if in the mass
less theory. To preserve chiral symmetry, we must perform fine-tuning of chiral broken 
relevant and marginal operators, which have canonical dimensions less than and equal to 
space-time dimensions, respectively. In general, there are the more numbers of relevant 
and marginal operators in higher dimensions. Thus, we need to perform many simu
lations to determine fine-tuning parameters numerically as functions depend on lattice 
spacing. On the other hand, Ginsparg and Wilson discovered a relationship called the 
Ginsparg-Wilson relation [11]. And some Dirac operators, which is called as the overlap 
fermions, formulated based on the relationship. The overlap fermions automatically re
store chiral symmetry without fine-tuning in the quantum continuum limit. However, we 
have to pay a great cost for numerical simulations to analyze theories using the fermion. 
Because of that, for a long time, exact chiral symmetric fermions have been looked for.

2.3 M inim al doubling fermion
In this subsection, we briefly review minimal doubling fermions [14]-[17]. We firstly define 
minimal doubling fermion in two-dimensions, then in four-dimensions.

We define the kinetic terms of naive action(NA) and two minimal doubling ac- 
tions(MDAs) in two-dimensional momentum space as follows 3 :

-S'kin =  J  (2.35)

where the subscript “kin” means a kinetic term, and

3Wc fix the lattice spacing as a = 1 .
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D(p)

Z ^ = i , 4 i s i n P " >  =  D n{p)

i ( s i n p !  +  c o s / ；4 - 1)7 1  +  i ( s i n p 4 +  c o s p x - 1)74  =  D mdi ( p )  •
i ( s i n p i  +  c o s />4 - 1)7 1  +  i s i n p 47 4 e  D md2{p)

(2 .3 6 )

1 a n d  4  m e a n  t h e  s p a c e  a n d  t i m e  c o m p o n e n t s  r e s p e c t iv e ly .  D m(n  a n d  
t h e  “ t w i s t e d  o r d e r in g  a c t i o n ” a n d  t h e  “d r o p p e d  tw i s t e d  o r d e r in g  a c t i o n ”

T h e  s u b s c r i p t s  
D m(\2 a r e  c a l le d  
r e s p e c t iv e ly  4 .

I n  tw o  d im e n s io n s ,  t h e  N A  h a s  fo u r  z e r o  m o d e s  a n d  t h e  M D A s  h a v e  tw o , w h ic h  
a p p e a r  in  t h e  fo l lo w in g  m o m e n ta :

D n : p  == ( 0 ,0 ) ,  (0 , 7T)，（7r，0 ) a n d ( 7r，7T)，

^ m d l : p  == ( 0 , 0 )  a n d  ( t t / 2 ,  7t / 2 ) , (2 .3 7 )
: p  == ( 0 , 0 ) a n d  (0 , 7r ) .

T h e  d o u b le r s  a p p e a r  a r o u n d  e a c h  z e r o - m o d e  a s  D(p)  =  D ( p  +  q) w i th  D(p)  =  0，a n d  
t h e  s p e c t r a  a r e  o v e r c o u n t in g  in  o b s e r v a b le s .  I n  t h e  c a s e  o f  t h e  N A , t h e  h a l f  n u m b e r  o f  
d o u b l e r s  h a v e  t h e  s a m e  c h i r a l i t y  a n d  t h e  o t h e r s  h a v e  o p p o s i te .

I n  c a s e s  o f  t h e  M D A s ,  t h e y  h a v e  o p p o s i t e  c h i r a l i t y  t o  e a c h  o t h e r .  T h e  N A  a n d  M D A s  
h a v e  75- h e r m i t i c i t y :

7雨 )％ = か (P). (2.38)

F o r  m a s s le s s  f e r m io n s ,  t h e y  a ls o  h a v e  c h i r a l  s y m m e t r y :

l5D(p)  +  D { p ) lb =  0. (2.39)

T h e  M D A s  b r e a k  ( h y p e r - ) c u b ic  s y m m e t r y  a n d  s o m e  d i s c r e t e  s y m m e t r i e s .  W e  d e f in e  
c h a r g e  c o n j u g a t i o n ( C ) ,  p a r i t y  t r a n s f o r m a t i o n ( P ) a n d  t i m e  r e f l e c t io n ( T )  a c t i n g  o n  a

4 W c  h a v e  a n o t h e r  c h o i c e  o f  D n ,d2 a c t i o n ,  D u n \ 2 (p) =  i ( s i n p 4 +  c o s p i 一 1)74 +  i s i n p i ^ i .  T h i s  a c t i o n  

d o c s  n o t  h a v e  C P  a n d  T  s y m m e t r y  b u t  has C T  a n d  P  s y i n m c t r i c s .  I11 a d d i t i o n ,  t h i s  a c t i o n  c a n n o t  b c  

p r o v e d  r e f l e c t i o n  s y m m e t r y ,  o r  r e f l e c t i o n  p o s i t i v i t y .  W c  c a n  a p p l y  t h e  s a m e  a r g u m e n t  i n  t h i s  t h e s i s  t o  

a n o t h e r  D m d 2 [21]
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Table : The c iscrete symmetries or the NA and the
C P T CP CT PT CPT

naive 〇 〇 〇 〇 〇 〇 〇mdl X X X X X X 〇md2 X X 〇 〇 X X 〇

fermion kinetic term 5:

- C Z ) T (— pi, — P4)CC ：

P ： D { p i ,Pa)
T : D ( P i ，P4)

— i

where C is a charge conjugation matrix.
We present these symmetric properties of the NA and MDAs in Tab 1 6. 
Finally, we extend the minimal doubling fermions to four dimensional ones.

D md l ( P ) — 《> > sin +  5 〉 (COS (mod.4)+l—1)7" (mod.4)+l，
3

D - d2(p) =  i ^ 2  +  i Y l ^ C0SPi —ェ)74
fi i=l

These fermions have only two poles at the following momenta,

^ m d i '■多= (0, 0, 0, 0)and (7r/2, 7r/2, 7r/2, 7r/2)，

D {̂ \ 2 ：戶=  (0, 0, 0, 0) and (0, 0, 0，冗).

(2 .4 0 )

(2 .4 1 )

(2 .4 2 )

(2 .4 3 )

The four dimensional minimal doubling fermions have the same symmetries as the two 
dimensional ones.

The minimal doubling fermions break discrete symmetries and (hyper)cubic symme
try. In quantum theory, we must perform fine-tuning parameters to restore the broken 
symmetries. In gauge theory with the twisted ordering action, there are two relevant op
erators, whose canonical dimension is three, which are clearly needed fine-tuning (same

5We can apply the same laws to four-dimensional theory, using pi—> p instead.
6“T” represents site and link reflection in lattice space. In the case of Dmd2, it has link reflection positivity [18].
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indices are summed).

xpiD4^ ,

Fni/FL4I/， 

l̂iA ̂ii4 •

W e  c a n  e a s i ly  s e e  t h a t  t h e r e  a r e  m a n y  o p e r a t o r s ,  w h ic h  a r e  n e e d e d  t o  f in e - tu n e ,  b e c a u s e  
s e v e r a l  s y m m e t r i e s  in  t h e  c o n t i n u u m  a c t i o n  a r e  b r o k e n  b y  t h e  d o u b le r  s u p p r e s s i n g  t e r m s  
o f  t h e  m in im a l  d o u b l in g  f e r m io n s .  A c tu a l ly ,  r e d u c in g  t h e  n u m e r ic a l  t i m e  o f  f in e - tu n in g  
fo r  t h e s e  o p e r a t o r s  is  a  p r a c t i c a l  p r o b le m  in  t h e  n u m e r ic a l  s im u la t io n s .

ず
/0 (2)

咖 7 4 0 ， 

0 7 4 7 5 0 ，

a n d  e ig h t  m a r g in a l  o p e r a t o r s ,  w h o s e  c a n o n ic a l  d im e n s io n  is  f o u r .

w h e r e  t h e  F ^ v is  a  m a g n e t i c  f ie ld ,

o \ 1] i > D ^ Axl>,

o ^ ] =

o < 3 ) =

o i 4 ) = み D 47 475ゆ，

o [ 5 ) = 1 fii/Fut/1

o f  = J 叫ド叫，

= ^/i4  ̂ / i4，
o [ s ) = F ^ F ^ ,

Id , : ~ ブpi/pa F (xj . O n  t h e  o t h e r  h a n d ,  t h e r e  a r e
r e le v a n t  o p e r a t o r  in  t h e  c a s e  o f  t h e  d r o p p e d  t w i s t e d  o r d e r in g  a c t io n ,

= 如 740，

a n d  fo u r  m a r g i n a l  o p e r a t o r s ,

1

2

 

3
 

4
 

,

—

^

4
 

,
—

. 

4
 

/
f
v 

4
 

/

V
 

4

0

0

0

 

0
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3 7 5 -herm iticity, R -herm itic ity and PT symmetry
I n  t h i s  s e c t io n ,  w e  d e f in e  75- h e r m i t i c i t y ,  R - h e r m i t i c i t y  a n d  P T  s y m m e t r y  in  l a t t i c e  

f e r m io n  f o r m u l a t i o n  a n d  s h o w  h o w  t h e y  r e s t r i c t  a  k in e t i c  t e r m .  75- h e r m i t i c i t y  is  c lo s e ly  
r e l a t e d  t o  s ig n  p r o b le m ,  i .e . ,  t h e  f e r m io n  d e t e r m i n a n t  is  n o t  a  p o s i t i v e  v a lu e ,  a n d  i t  is  
s o m e t im e s  u s e d  a s  a n  h e r m i t e  c o n d i t i o n .  R - h e r m i t i c i t y  is  a  c la s s ic a l  h e r m i t e  c o n d i t io n ,  
w h ic h  is  u s e d  in  e .g . ,  R e f . [7]. I n  q u a n t u m  th e o ry ,  w e  w ill  s h o w  t h a t  t h i s  c o n d i t i o n  
r e s t r i c t s  e f f e c t iv e  c o u p l in g  c o n s t a n t s  t o  r e a l  v a lu e s  in  p e r t u r b a t i o n .  P T  s y m m e t r y  is  
i m p o r t a n t  f o r  a  f e r m io n  k in e t i c  t e r m  a n d  d o u b le r s .  W e  w il l  d is c u s s  t h e s e  is s u e s  in  d e t a i l  
b e lo w .

F o r  a  c o n c r e t e  d is c u s s io n ,  w e  w ill  f o c u s  o n  o n ly  k in e t i c  t e r m s  in  f o u r  d im e n s io n s .  W e  
c a n  e a s i ly  e x t e n d  t h e  fo l lo w in g  d i s c u s s io n  t o  e v e n  d im e n s io n s .  W e  d e f in e  a  t r a n s l a t i o n -  
i n v a r i a n t  k i n e t i c  t e r m  in  m o m e n t u m  s p a c e  a s  fo llo w s  ( t h e  l a t t i c e  s p a c e  a  = 1 ):

s  =  J  - 0 ^ ^ ( - k ) D ( k ) m ， (3 . 1 )

w i t h

D(k) =  t M k )、， (3 .2 )

w h e r e  / M(/c) a r e  c o m p le x  n u m b e r s  in  g e n e r a l  a n d  /(k)^  —)• ik^ in  t h e  c la s s ic a l  c o n t i n u u m  
l im i t .

W e  d e f in e  75- h e r m i t i c i t y ,  R - h e r m i t i c i t y  a n d  P T  s y m m e t r y  a s  fo llo w s  7:

75- h e r m i t i c i t y  : D(k) =  7 5Z ) t(ん)7 5,
R - h e r m i t i c i t y  : D (k )= が (一ん)，

P T  s y m m e t r y  : D ( k )  =  75<D(—ん) マ5 .

(3 .3 )
(3 .4 )
(3 .5 )

T h e s e  c o n d i t i o n s  a r e  n o t  i n d e p e n d e n t  f ro m  e a c h  o th e r .  W e  c a n  e a s i ly  d e r iv e  t h a t ,  a  
k i n e t i c  t e r m  s a t i s f i e s  tw o  o f  t h e  t h r e e  c o n d i t i o n s  is  a  s u f f ic ie n t  c o n d i t i o n  fo r  t h a t  t h e  
o t h e r  c o n d i t i o n  is  a u t o m a t i c a l l y  s a t i s f ie d .  H o w e v e r ,  t h i s  is  n o t  a  n e c e s s a r y  c o n d i t i o n .  I f  
f^(k) is  p u r e  im a g in a r y ,  75- h e r m i t i c i t y  a s s u r e s  a n  a n t i - h e r m i t e  c o n d i t io n  fo r  t h e  k i n e t i c  
t e r m  a n d  a  r e a l  p o s i t i v e  f e r m io n  d e t e r m i n a n t .  R - h e r m i t i c i t y  is  a ls o  u s e d  a s  a n  h e r m i t e

7In following discussion, wc can use C symmetry instead of PT symmetry because of CPT symmetry is satisfied.
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c o n d i t i o n ,  e .g .  in  R e f . [7]; h o w e v e r ,  it  is  n o t  s u i t a b l e  b e c a u s e  t h e  f o r w a r d - d i f f e r e n c e  k in e t ic  
t e r m ,  D fd(fc) =  (etkt，— 1 ) 7 ^ , s a t i s f i e s  t h i s  c o n d i t io n .

H e n c e ,  w e  w ill s h o w  t h a t  R - h e r m i t i c i t y  is  a  c o n d i t i o n  fo r  r e a l  e f f e c t iv e  c o u p l in g  c o n 
s t a n t s  in  p e r t u r b a t i o n .  W e  a s s u m e  t h a t  a  f e r m io n  k in e t i c  t e r m  h a s  R - h e r m i t i c i t y  a n d  
t h a t  t h e  e f f e c t iv e  c o u p l in g  c o n s t a n t s  h a v e  t h e  fo l lo w in g  fo rm :

9eff =  3o +  ^ / ( n ) - (3 -6 )
n = l

w i th

j -ん、，...， ■ n .、• ) ， （3_7)

w h e r e  qo is  a  r e a l  b a r e  c o u p l in g  c o n s t a n t  w h e r e a s  gĉ  is  a n  e f f e c t iv e  c o u p l in g  c o n s t a n t .  
S Q^(k)  is  a  f e r m io n  p r o p a g a t o r  a n d  / ( ’*) is  t h e  n - lo o p  q u a n t u m  e f f e c t ,  w h ic h  is c o n s t r u c t e d  
f r o m  r - f e r m io n  p r o p a g a t o r s .  I f  h e r m i t e  c o n j u g a t e  a c t s  o n  t h e  s e c o n d  t e r m  o n  t h e  r .h .s .  
o f  E q . ( 3 .7 ) ,  t h e  e f f e c t iv e  p a r a m e t e r  is  r e a l  i f  t h e  fo l lo w in g  c o n d i t io n  is  s a t i s f ie d ;

んト… ，- M  =  d 知，レ…ふ )， (3 -8 )

w h e r e  t h i s  e q u a t i o n  is  d e r iv e d  b y  r e p l a c in g  5 Qj^  (kj) —̂  5 ^ … (一ん’j ) ，w h ic h  is  R - h e r m i t i c i ty .  
I f  t h e  a c t i o n  is  c o n s t r u c t e d  f r o m  h e r m i t e  t e r m s  e x c e p t  a  f e r m io n  k in e t i c  t e r m ,  t h i s  e q u a 
t i o n  is  s a t i s f ie d ;  h e n c e ,  E q . ( 3 .8 )  is  t h e  h e r m i t e  c o n d i t i o n  fo r  / (u). T h e r e f o r e  R - h e r m i t i c i t y  
is  a  r e a l i t y  o r  h e r m i t e  c o n d i t i o n  fo r  c o u p l in g  c o n s t a n t s  a s  lo n g  a s  E q . ( 3 .8 )  is  s a t i s f ie d .

F i g u r e s . 1 -3  s h o w  t h e  r e n o r m a l i z a t i o n  g r o u p  f lo w s ( R G F s )  o f  t h e  G r o s s - N e v e u  m o d e l  in  
tw o  d im e n s io n s  u s in g  t h e  n a iv e  a c t i o n ( N A )  a n d  t h e  m in im a l  d o u b l in g  a c t io n s ( M D A s ) .  
T h i s  is  t h e  s im p le s t  m o d e l  fo r  v i s u a l iz in g  c o m p le x  o r  n o n - h e r m i t e  c o u p l in g  c o n s t a n t s  
c a u s e d  b y  q u a n t u m  c o r r e c t io n .  W e  d e f in e  M D A s  a n d  G r o s s - N e v e u  m o d e l  in  s u b s e c t io n
2 .3  a n d  a p p e n d i x  A .2  r e s p e c t iv e ly .  A n d  w e  e x p la in  h o w  t o  c a l c u l a t e  t h e  W i l s o n ia n  R G F s  
in  a p p e n d i x  A .3 . B e c a u s e  t h e  M D A s  h a v e  o n ly  75- h e r m i t i c i t y ，t h e  m a s s  t e r m  h a s  a n  off-
d i a g o n a l  o r  c o m p le x  q u a n t u m  c o r r e c t io n ,  w h ic h  is  p r o p o r t i o n a l  t o  a  7  m a t r i x .  A  m o r e
c o m p l i c a t e  e x a m p le  is  g iv e n  in  R e f . [22]. U s in g  t h e  W i l s o n ia n  m e t h o d  [10]. w e  c a l c u l a t e  
n u m e r i c a l ly  t h e  R G F s  fo r  t h e  m a s s  a n d  c o u p l in g  c o n s t a n t  s t a r t i n g  f ro m  t h e  t r i v i a l  f ix e d  
p o i n t ,  m  =  g 2 =  0 . In  t h e  c a s e  o f  t h e  M D A s , w e  u s e  d o u b le r s  a s  t h e  d i f f e r e n t  f la v o r  
f e r m io n s ,  a n d ,  in  t h e  c a s e  o f  t h e  N A ，w e  u s e  o n ly  tw o  p o le s ,  p  =  ( 0 ,0 )  a n d  (7r, 7r ) .  W e
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(c) g2 =  0.4

F i g u r e  1 : T h e  R G F s  o f  t h e  N A  a n d  M D A s . T h e  i n i t i a l  p a r a m e t e r s  a r e  m\\ =  n ?22 = 
n ?33 =  n i 44 =  0 , 土0 .2 5 , 土0 . 5 ,分2 =  ( a ) 0 ,（6 ) 0 . 2 ,（c ) 0 .4 .  T h e  R G F s  r u n  f ro m  t h e  i n i t i a l  
c o n d i t i o n s  to w a r d  in f r a r e d ,  w h ic h  t h e  g 2 a r e  i n c r e a s in g .

r e p r e s e n t  t h e  s p in o r  in d ic e s  e x p l ic i t ly ,  a n d  w e  d i s t i n g u i s h  0 ,1  f ro m  2 , 3  a s  d i f f e r e n t  f la v o rs . 
W e  a s s u m e  t h a t  h ig h - f r e q u e n c y  m o d e s  o f  f ie ld s  xp(l <  |ん| ) ，佘(1  <  |ん’ | ) ，a n d  ぴ(1  <  丨ん|)  
a r e  n o t  e f f e c t iv e ,  a n d  w e  n e g le c t  t h e i r  c o n t r i b u t i o n s .  W e  c h o o s e  t h e  i n i t i a l  c o n d i t i o n s  fo r  
t h e  m a s s  t o  b e  77?(x) =  rn\\ =  m 22 =  ^ 3 3 =  0 , 土0 .2 5 , 土0 .5 , a n d  fo r  t h e  c o u p l in g  c o n s t a n t  
t o  b e  g 2 =  0 , 0 . 2 ,0 .4 .  W e  s e t  t h e  o f f -d ia g o n a l  m a s s  c o m p o n e n t s  e q u a l  t o  z e r o  in  a l l  c a s e s .  
W e  w ill  c a l c u l a t e  n u m e r ic a l ly  t h e  o n e - lo o p  q u a n t u m  e f f e c ts  a n d  R G F s ,  w h ic h  r u n  f ro m
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F i g u r e  2: T h e  o f f -d ia g o n a l  m a s s  a n d  c o u p l in g  c o n s t a n t  o f  t h e  M D A s , ( a ) D md i ,  ( b ) D md2- 
T h e  i n i t i a l  p a r a m e t e r s  a r e  m\\  =  77122 — ^133 =  m 44 =  0 , y 2 =  0 .2 . T h e  R u F s  r u n  
f ro m  t h e  i n i t i a l  c o n d i t i o n s  t o w a r d  in f r a r e d  w h ic h  t h e  g 2 a r e  in c r e a s in g .  T h e  R G F s  h a v e  
i r r e g u l a r  f o r m s  a n d  t h e  o f f -d ia g o n a l  m a s s  c o m p o n e n t s  s h o w  n o n - h e r m m c i ty .

t h e  i n i t i a l  c o n d i t i o n s  8 . I n  o u r  c a l c u l a t io n  w e  d e f in e  7  m a t r i c e s  a s  fo llo w s:

T h e  r e s u l t s  a r e  s h o w n  in  F i g . l .  T h e  R G F s  o f  t h e  N A  a n d  M D A s  h a v e  s i m i l a r  f o r m s  
a n d  t h e  d i f f e r e n c e  a m o n g  e a c h  v a lu e  is  0 ( 1 0 一3). I n  t h e  M D A  c a s e s ,  h o w e v e r，o f f -d ia g o n a l  
m a s s  c o m p o n e n t s  ( o r  c o m p le x  e ig e n v a lu e s  in  a  d i a g o n a l  m a t r i x  ) a r e  g e n e r a t e d  b y  t h e  
R G F s ,  e x c e p t  t h e  i n i t i a l  v a lu e ,  w h ic h  is  a  t r i v i a l  f ix e d  p o i n t，m  =  0 ぶ = 0 .  W e  s h o w  
t h i s  f a c t  in  F ig .2  a n d  3  w i t h  a n  i n i t i a l  c o n d i t i o n  o f  m  =  0 ，f  =  0 .2 . F ig u r e s .2 ( a )  a n d  
(b )  s h o w  t h e  R G F s  o f  D mcn ( p )  a n d  r e s p e c t iv e ly .  F ig u r e s .3 ( a )  a n d  ( b )  s h o w
t h e  r e l a t i o n s h i p  b e tw e e n  t h e  o f f -d ia g o n a l  m a s s  c o m p o n e n t s  a n d  i t e r a t i o n s  u s in g  D mdi 
a n d  Z)md2，r e s p e c t iv e ly .  T h o u g h  t h e  o f f -d ia g o n a l  m a s s  c o m p o n e n t s  a m p l i f y  a s  t h e  flo w s 
a p p r o a c h  I R  b e c a u s e  o f  t h e  s c a l in g  e f fe c t ,  t h e y  d o  n o t  b r e a k  c h i r a l  Z 4 s y m m e t r y  9 . 
T h e s e  A m ,  w h ic h  is  d e f in e d  a s  A 77? ex 17 ^ , a r e  n o t  a lw a y s  c o m p le x  b u t  o f f -d ia g o n a l .  
W e  c a n  c h o o s e  a  7  m a t r i x  r e p r e s e n t a t i o n ,  w h ic h  d ia g o n a l iz e s  o n e  m a t r i x ,  e .g . ,  7 1 =

8T o  estimate integrating part of the one-loop calculation, wc used the sectional measurement method. 

W c  chose the division length to bc Ap^ =  0.01. Th e error is O(0.012) by one iteration.

9These generated couplings arc essentially different from mass. They do not break chiral symmetry 

because A m  oc 17^. These terms couple \[)i to and ipR to xpR.
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F ig u r e  3: T h e  o f f -d ia g o n a l  m a s s  a n d  i t e r a t i o n  o f  t h e  M D A s , ( a ) D m(j i ,  ( b ) D md2 . T h e  
i n i t i a l  p a r a m e t e r s  a r e  77? n  =  W 22 = 爪 33 =  m 44 =  0 , 分2 =  0 .2 . T h e  o f f -d ia g o n a l  m a s s  
c o m p o n e n t  s  a r e  g e n e r a t  e d  a n d  h a v e  n o n - h e r m i t  ic ity .

1 0 、 /  0 -i \ r y
, 7 4  =  I . I 11 t h i s  r e p r e s e n t a t i o n ,  s h i f t e d  m a s s  is c o m p le x  a n d

\  0 - 1 ,
d ia g o n a l .  A m  cx /71

i 0

丨,丨,j

t h e  p e r t u r b a t i o n  [22]. H o w e v e r , n o n p e r t u r b a t i v e  a n a ly s i s  is  d i f f ic u l t  a n d  t h i s  p r o b le m  
m u s t  b e  s o lv e d  in  f u t u r e  w o rk .

N e x t ,  w e  w ill s h o w  t h a t  P T  s y m m e t r y  is  a lw a y s  b r o k e n  if  w e  a d d  e x t r a  k in e t ic  t e r m s  
t o  a  N A  t o  r e d u c e  it t o  d o u b le r s  1(,.

S t a t e m e n t .

In even dimensions, a PT- s y m m e t r i c  kinetic term with assumed periodicity a nd continu- 

ity always has 2° or m o r e  than 2° poles.

Proof.

F o r  s im p l ic i ty ,  w e  a ls o  a s s u m e  t r a n s l a t i o n  i n v a r i a n c e  11. A  g e n e r a l  2丌 p e r io d ic  a n d

I()T h i s  a r g u m e n t  h a s  b e e n  d i s c u s s e d  i n  R e f .  [23]. a l t h o u g h  n o t  l n a t h c i n a t i c a l l y .

11 W c  c a n  s i m i l a r l y  a r r i v e  a t  s a m e  s t a t e m e n t  w i t h o u t  t r a n s l a t i o n  i n v a r i a n c e ,  

t r a n s l a t i o n  i n v a r i a n c e ,  a  k i n e t i c  t e r m  h a s  t w o - m o i n c n t a  d e p e n d e n c e  D [ k ， p )，a n d  

a p p e a r .

I11 t h e  c a s e  o f  n o n -  

a t  l e a s t  Ad d o u b l e r s
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c o n t i n u u m  D (k)  h a s  t h e  fo l lo w in g  fo rm :

D ( k )  =  [(A^(n)  +  i B ^ ( n ) )  c o s ( n レん; ) +  ( C ^ { n )  +  i D ^ n ) )  s i n ( n レん；) +  E ^ }  ^ 0 . 1 0 )
綷，レ=1 n€Nfi

w h e r e  A ^ ( n ) ,  B /i|y( n ) ,  C ^ ( n ) ,  D ^ { n )  a r e  r e a l  c o n s t a n t s  a n d  a r e  c o m p le x  c o n s t a n t s .
F r o m  P T  s y m m e t r y ,

A ^ u{n) =  B ^ ( n )  =  =  0 ， fo r  a l l  / /，レ，n .  (3 .1 1 )

T h e  D(k)  a lw a y s  h a s  tw o  p o le s  a t  ん’ = 0  a n d  丌 f o r  e a c h  d im e n s io n .  T h e r e f o r e  D(k) 
has 2° o r  m o r e  t h a n  2° p o le s .

T h i s  s t a t e m e n t  m e a n s  t h a t  w e  c a n n o t  r e d u c e  t h e  n u m b e r  o f  d o u b le r s  u s in g  P T -  
s y m m e t r i c  k in e t i c  t e r m s  12. I n  a  n u m e r i c a l  s i m u l a t i o n  c o n t e x t ,  75- h e r m i t i c i t y  is  a  v e ry  
i m p o r t a n t  c o n d i t i o n  t o  a v o id  t h e  s ig n  p r o b le m .  A s s u m in g  t r a n s l a t i o n  in v a r ia n c e ,  R - 
h e r m i t i c i t y  is  n o t  s a t i s f i e d  i f  D(k )  s a t i s f i e s  75- h e r m i t i c i t y  b u t  n o t  P T  s y m m e t r y .  T h e r e 
fo re , t h e  e f f e c t iv e  p a r a m e t e r s  h a v e  e x p l i c i t  n o n - h e r m i t l c i t y .

I n  t h e  p r o c e s s  o f  r e w r i t i n g  f ro m  M in k o w s k ia n  t o  E u c l id e a n ,  h e r m i t e  f e r m io n  k in e t ic  
t e r m s  t r a n s m u t e  t o  a n t i - h e r m i t e  o n e s .  I n  t h e  M in k o w s k i  f o r m u la t io n ,  w e  f o r b id  n o n -  
h e r m i t e  o r  c o m p le x  c o u p l in g s  u s in g  t h e  h e r m i t e  c o n d i t io n .  I n  c o n t r a s t ,  t h e  d e f in i t i o n  o f  
“h e r m i t e ” in  E u c l id e a n  s p a c e  is  a m b ig u o u s .  T h o u g h  s o m e  M D A s  h a v e  r e f l e c t io n  s y m 
m e t r y  o r  r e f le c t io n  p o s i t iv i ty ,  w h ic h  a r e  e q u a l  t o  t h e  h e r m i t e  c o n j u g a t e  o r  u n i t a r i t y  in  
M in k o w s k i  s p a c e ,  t h e s e  c o n d i t i o n s  d o  n o t  p r o p e r ly  h a v e  h e r m i t i c i t y  in  q u a n t u m  th e o ry .  
S im i la r ly ,  75- h e r m i t i c i t y  is  c o m m o n ly  u s e d  a s  a n  h e r m i t e  c o n d i t io n ,  b u t  w e  c a n n o t  f o r b id  
n o n - h e r m i t e  o r  c o m p le x  c o u p l in g s  d i r e c t ly .  A  k in e t i c  t e r m  t h a t  r e d u c e s  t h e  n u m b e r  o f  
d o u b l e r s  a l lo w s  t h e  p o s s ib i l i ty  o f  g e n e r a t i n g  t h e s e  a n t i - h e r m i t e  e f f e c t iv e  c o u p l in g  c o n 
s t a n t s .  R - h e r m i t i c i t y  is  a  c r i t e r i o n  t o  r e m o v e  n o n - h e r m i t i c i ty ,  a t  l e a s t ,  fo r  2 D  G r o s s  
N e v e u  m o d e l  o r  m o d e ls  c o u p l in g  s c a l a r  f ie ld s .

12Wc cannot apply this statement to the 11011-7  ̂linear case, e.g.. the Wilson fermion.
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4  N o n  75- h e r m it ic i t y  m in im a l  d o u b l in g  fe r m io n s
4.1 2D non-75-herm iticity fermions
In  t h i s  s u b s e c t io n ,  w e  d e f in e  2 D  f e r m io n s  w it  h o u t  75- h e r m i t i c i t y  ( n o n - 75- h e r m i t i c i t y  
f e r m io n s )  b a s e d  o n  t h e  m in im a l  d o u b l in g  f e r m io n  a n d  i n v e s t ig a t e  t h e  s y m m e t r i e s  a n d  
p r o p e r t i e s  o f  t h e  f e r m io n s .  T h e  m in im a l  d o u b l in g  f e r m io n s  w e re  f o r m u l a t e d  b y  K a r s t e n  
e t  a l . [14 ト[17] a n d  d o  n o t  i n t e r f e r e  w i th  t h e  n o g o  t h e o r e m  o f  N  ie ls e n -N  in o m iy a  b e c a u s e  
tw o  d o u b le r s ,  w h ic h  a r e  a  土- c h i r a l  c h a r g e  p a i r ,  a p p e a r .  T h e  f e r m io n s  p r e s e r v e  t r a n s 
l a t i o n  in v a r ia n c e ,  c h i r a l  s y m m e t r y ,  l o c a l i ty  a n d  75- h e r m i t i c i t y ,  b u t  b r e a k  ( h y p e r ) c u b ic  
s y m m e t r y  a n d  s o m e  d i s c r e t e  s y m m e t r i e s ,  e .g . c h a r g e  c o n ju g a t io n ,  p a r i t y  s y m m e t r y  a n d  
s o  o n .  W e  r e f e r  t h e  r e a d e r  t o  R e fs . [14]-[29] fo r  m o r e  d e t a i l s  o n  t h e  m in im a l  d o u b l in g  
f e r m io n  in  d e t a i l .

N o w , w e  c o n s t r u c t  n o n - 75- h e r m i t i c i t y  f e r m io n s  b y  a d d i n g  P T  s y m m e t r y  b r e a k in g  
t e r m s  b e c a u s e  l a t t i c e  f e r m io n s  w i th  P T - s y m m e t r i c  d o u b le r - s u p p r e s s in g  k in e t ic  t e r m s  
a lw a y s  g e n e r a t e  2d d o u b le r s  [29]. W e  d e f in e  f iv e  f re e  m a s s le s s  n o n - 75- h e r m i t  i c i ty  f e r m io n s  
in  c o o r d i n a t e  s p a c e  a s  fo llo w s  ( l a t t i c e  s p a c in g  a =  I ) 13:

S  --

nym

，

D [ 2)nm  -=£ i 一 +  ヲ ( 2^n,m 一

42L
= 互2 ) T/i +  2 ( 2 J n ，m

D ^ n m  -

= £ 2  ( 'i + A ,”1i 一 ^n -A ,m ) • 7/i +  ヲ y  ( 2 ^ n
^i=l,4

D ? n m  -- E 2  (^n+/i,T7i
パ=1， /!,!/=1,4 /X#レ

(4.1) 

(4 -2 ) 

) • 7 /i， (4 .3 )

(i,m 一 ^n—fi,m) . *7レ，

(4 .4 )

〉 」 2 (も*+A，m — ^n—/i,m) • *7/1 +  ( 2^n,m _  一 ^ n —/i,m) • *711
/i=l,4 /i=l,4

(4 .5 )

1 3 W c  d e f i n e  t h e  n o n - 75- h c r a i i t i c i t y  f e r m i o n s  u p  t o  e x c h a n g i n g  a  t e m p o r a l  i n d e x  a n d  a  s p a t i a l  o n e :  In 
t h e  D[2) c a s e , ベ 2’( p i , P 4) =  Z ^ = i ,4 I s i n  k ( \  — c o s  p i ) • 7i . T h e  D\2) p r e s e r v e s  P  s y m m e t r y  b u t

b r e a k s  T  s v i i n n c t r v  d e f i n e d  b e l o w .
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and in moment urn space,

S

D ? \ p )  

D ^ \ p )  

D ^ ( P )  

以  2) (P ) 

D {̂ ( p )

I  i > { - p ) D (2\p)xl>(p),

k ( 1 - c o s p O - 7 1 ,  (4 .6 )

k(1-cosp4) -7 !, (4.7)

k >:(1 一 cosp") • 7m, (4.8)
M=l,4

K y '  ( 1 - c o s p " ) . 7の （4 .9 )

K ^  '  ( 1 - c o s p , , )  - 7 i ,  (4 .1 0 )
M=l,4

s i n ル • 7 m
/i= l,4

s in
妗=1，4

s i n ル •7 /i
/i=l,4

s in
/i=l,4

s i n ル *7/,
綷=1，4

k  is  a  h o p p in g  p a r a m e t e r  w h ic h  is  a  r e a l  n u m b e r  14. N o te  t h a t  D ^ ] a t  k  = —l ( - f l )  
a  D i r a c  o p e r a t o r  w i t h  a  f o r w a r d (b a c k w a r d ) d i f f e r e n c e  o p e r a t o r .  N e x t ,  w e  d e f in e

w h e r e  
is  j u s t
c h a r g e  c o n j u g a t i o n ( C ) ,  p a r i t y  t r a n s f o r m a t i o n ( P )  a n d  t i m e  r e v e r s a l ( T )  a s  fo llo w s:

C  : D { p u P 4 )

P  : D ( p u P i ) ->
T  : D ( P l，P4)

(4.11)

w h e r e  C  is  a  c h a r g e  c o n j u g a t i o n  m a t r i x .  I n  tw o  d im e n s io n s ,  w e  c a n  d e f in e  C =  i^\ a s  a  
c h a r g e  c o n j u g a t i o n  m a t r i x  w h e r e  7 1 = a 2 a n d  74 = び1. W e  a ls o  d e f in e  a  D i r a c  o p e r a t o r  
p r e s e r v in g  c h i r a l  s y m m e t r y  a n d  75- h e r m i t i c i t y  a s  fo llo w s:

c h i r a l : の( P i，p 4 ) =  — 7 sの( P i，P 4)7 s ，
75- h e r m i t i c i t y  : D ( p Xlp 4) =  7 5が ( P i，P 4)75，

w h e r e  75 is  a  c h i r a l  m a t r i x  d e f in e d  a s  75 =  17174 . A ll  t h e  D i r a c  o p e r a t o r s  h a v e  p r e s e r v e d  
c h i r a l  s y m m e t r y  a n d  C P T  s y m m e t r y  b u t  b r o k e n  C , P , C T  a n d  P T  s y m m e t r i e s .  D ({ ]. 

D (22\  a n d  D ^ 2) a l s o  p r e s e r v e  T  a n d  C P  s y m m e t r y ,  b u t  D - / ] a n d  D \ 2) d o  n o t .  £ ) (,2). D ダ) 

a n d  Drt2) h a v e  t h e  d i s c r e t e  s y m m e t r i e s  as t h e  K a r s t e n - W i lc z e k  m in im a l  d o u b l in g  f e r m io n s  
[1 4，15], a n d  D ^ 2) a n d  D \ 2) h a v e  t h e  s a m e  o n e s  as t h e  B o r i c i - C r e u tz  o n e s  [1 6，17]. W e

1 4 W c  r e g a r d  i n d i c e s  1 a n d  4  a s  t e m p o r a l  a n d  s p a c i a l  d i r e c t i o n s ,  r e s p e c t i v e l y .
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C p T C P C T P T C P T chi 75-h

X X 〇 O X X 〇 〇 X

碑 ） X X 〇 〇 X X 〇 〇 X

硿 ） X X X X X X 〇 〇 X

d T X X X X X X 〇 〇 X

政 ） X X 〇 〇 X X 〇 〇 X

Table 2: The symmetric properties of discrete symmetries, which are C, P, and so on, 
chiral symmetry and 75-hermiticity for the Dirac operators Z?^5.

summarize their symmetric properties in Table 2.
To find the model application possibilities, we obtain the eigenvalue distribution and 

the number of doublers of the fermions. Firstly, we present eigenvalue distribution in 
Fig.4. We clearly see that the eigenvalues of D ^ \  D f \  L^2) and spread around the 
origin. The eigenvalues spread over the ReA-ImA plane entirely within the continuum 
limit. This is a typical feature of the sign problem. In the case, by contrast, there are 
spaces that are enclosed eigenvalues iri the plane. In the continuum limit, the eigenvalues 
tend to the infinity boundary in the plane and are distributed along the ImA axis. The 
distribution of in the limit has the same features as the Dirac operators that satisfy 
75-hermiticity, e.g. the naive fermion. In Fig.5, we also present the number of poles for 
the fermions at k ニ 0 .5 ,1 ,and 2. The figure shows that there are two poles, p ニ（0, 0) 
and (0,丌)，in at /-c < 1. However, the other fermions have more than two poles.

As noted above, the eigenvalue distribution of in the continuum limit is identical 
with the continuum fermion, whose eigenvalues are distributed along the imaginary axis. 
On the other hand, the eigenvalues of the others are distributed on the ReA-ImA plane 
entirely within the limit. According to the lattice theory principles, a lattice fermion in 
the continuum limit should recover the continuum fermion, ^ ip  • 7 ^. Using appropriate 
regularization, e.g. small mass or anti-boundary condition, we can probably use to 
analyze a model. By the lattice principle, however, the Dirac operators should be
excluded from the candidates for application to a practical calculation.

According to the analysis of the number of poles, there are generally an odd number 
or more than four poles. The intuitive reason for odd or many doublers is that the 
dispersion relations of the fermions are complex. For example, in the case, the
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F i g u r e  4 : T h e  e ig e n v a lu e  d i s t r i b u t i o n  o f  D ir a c  o p e r a t o r s  ( a )  D [ 2\  ( b )  • ( c )  D-A2\  (d )
D \ 2) a n d  (e )  . T h e  h o r i z o n t a l  a n d  v e r t i c a l  a x e s  d e n o t e  t h e  r e a l  a n d  t h e  im a g in a r y
p a r t s  o f  e ig e n v a lu e s ,  r e s p e c t iv e ly .  T h e  h o p p in g  p a r a m e t e r ,  t h e  f e r m io n  m a s s  a n d  l a t t i c e  
s iz e  a r e  f ix e d  a t  k  = 1 , m  =  0 , a n d  L 2 =  3 6 x 3 6 .  T h e  b lu e  c i r c le  p o in t s  d e n o t e  e ig e n v a lu e s  
fo r  m o m e n t a  p  =  ( 0 ,0 ) ,  ( 0 , 7r ) ,  (7r，0 ) ，a n d  ( 7r, 7r ) .



dispersion relation is derived as follows:

〉 : s i n 2 一 k 2(1 一 c o s P 4)2 —  2 i K s i n /；i ( l  一 c o s ^ 4) =  0 . (4 .1 2 )
= 1,4

T h e  f i r s t  t e r m  o n  t h e  l . h . s .  h a s  a n  o p p o s i t e  s i g n a t u r e  t o  t h e  s e c o n d  t e r m .  T h i s  c a n  e a s i l y  

l e a d  t o  s i x  r e a l  s o l u t i o n s  f o r  E q . ( 4 . 1 2 )，

(Pト P4) =  ( 0 ,0 ) ,(7 T ，0 )，
(0 , 4 t a n - 1 [K +  v T T k 2])，（7r，4 t a n _ 1 [K -f v l  +  k 2])，

(0 , 一4  t a n - 1 [k -  V l  +  k 2] )，( 7T，—4  t a n 一1[k — \ / l  +  /c2]).
(4 .1 3 )

I n  a  s i m i l a r  w a y ,  t h e  s o l u t i o n s  f o r  D - / ] a t  k  = — 1 , w h i c h  i s  t h e  f o r w a r d  d i f f e r e n c e  f e r m i o n ,  

a r e  o b t a i n e d  a s

( P i , p 4 ) =  ( 0 , 0 ) ，( t t / 2 ,  — t t / 2 ) ，（一 t t / 2 ,  t t / 2 ) .  ( 4 . 1 4 )

N o w ,  w e  s t u d y  t h e  r e l a t i o n s h i p  b e t w e e n  d o u b l e r s  a n d  75- h e r m i t i c i t y  i n  d e t a i l .  W e  

d e f i n e  a  D i r a c  o p e r a t o r  D ( p )  w h i c h  i s  a s s u m e d  b y  c o n t i n u i t y ,  p e r i o d i c i t y ,  t r a n s l a t i o n  

i n v a r i a n c e ,  l o c a l i t y ,  a n d  7^ - l i n e a r  a s  f o l l o w s :

D{p)  =  ^ 2  レ s i n ( r v / ^ )  +  B ^ nfiu c o s ( n ^ ^ ) ] Iv

1，レ，〜レ

= E  凡 (P) .7レ， (4.15)

w h e r e  A ^ ulhi i / , B 卩 レ a r e  c o m p l e x  c o n s t a n t  n u m b e r s  a n d  6 N  4- { 0 } .  W e  a s s u m e  t h a t  

D ( p )  =  0  a t  p  =  p .  F r o m  t h e  T a y l o r  e x p a n s i o n  a r o u n d  p ,

D ( p  +  S p ) =  > : [ん レ 〜 c o s ^ A ) - 凡 〜 レ  s i n W レん ) ] n メ ル  u O ( < 5 p 2 )

o v レ(p)

dp^
■I v  +  0 ( 6 p 2 ) .  ( 4 . 1 6 )

P=P

I f  w e  t a k e  t h e  c o n t i n u u m  l i m i t ,  o n l y  t h e  ( 5 p - l i n e a r  t e r m s  s u r v i v e  a n d  a r e  i m p o s e d  b y  t h e
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F i g u r e  5 :  T h e  p o l e  d i s t r i b u t i o n  o f  f i v e  D i r a c  o p e r a t o r s  ( a ) ベ 2)， ( b )  D (22 \  ( c )  D ^ \  
( d )  D (\ 2 \  a n d  ( e )  T h e  h o r i z o n t a l  a n d  v e r t i c a l  a x e s  d e n o t e  p A a n d  p \  r e s p e c t i v e l y .

T h e  c r o s s  p o i n t s ,  c i r c l e  p o i n t s  a n d  t r i a n g l e  p o i n t s  r e p r e s e n t  p o l e s  a t  k  =  0 . 5 , 1 , a n d  2 ,  

r e s p e c t i v e l y .
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following condition,

一 0 for any レ， (4.17)

b e c a u s e  i f  t h i s  c o n d i t i o n  i s  n o t  s a t i s f i e d ,  D ( p )  h a s  n o  e x c i t a t i o n  m o d e s  o r  f l a t  d i r e c t i o n s  

a r o u n d  p  =  p .  F r o m  E q . ( 4 . 1 7 )  a n d  t h e  i n t e r m e d i a t e - v a l u e  t h e o r e m ,  w e  c a n  d e r i v e  t h a t  

D ( p )  g e n e r a t e s  e v e n  d o u b l e r s  w h i c h  a r e  p a i r s  o f  土 - c h i r a l i t y .  H o w e v e r ,  t h i s  d e r i v a t i o n  i s  

i n s u f f i c i e n t  w h e r e  D ( p )  i s  n o t  s a t i s f i e d  w i t h  75- h e r m i t i c i t y  b e c a u s e  i t s  p o l e s  a p p e a r  a t  n o t  

o n l y  D \ p )  =  0 .  I f  w e  a s s u m e  75- h e r m i t i c i t y  t o  D { p ) 1 t h e  c o m p l e x  c o n s t a n t s  

a r e  p u r e  i m a g i n a r y .  H e n c e  D 2 ( p )  =  0  i s  a  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n  f o r  D ( p )  =  0 ;  

n a m e l y ,  V J p )  a t  p  =  p  s a t i s f i e s  a  d i s p e r s i o n  r e l a t i o n  i f  a n d  o n l y  i f  V u ( p )  =  0 f o r  a n y  

レ. T h e r e f o r e ,  D ( p )  a l w a y s  g e n e r a t e s  e v e n  d o u b l e r s  w h i c h  a r e  土 - c h i r a l  p a i r s ,  i.e. i n  t h e  

f r a m e w o r k  o f  N i e l s e n - N i n o m i y a  t h e o r e m  [ 2 ] - [ 4 ] .  O n  t h e  o t h e r  h a n d ,  w e  c a n  o b t a i n  t h e  

T a y l o r  e x p a n s i o n  o f  ( p  +  6 p ) ^  w h i c h  d o e s  n o t  s a t i s f y  w i t h  75- h e r m i t i c i t y ,  a r o u n d  

p  = (兀/ 2, — 7t / 2) a s

W e  c a n  s e e  t h a t  ( p )  i s  n o t  e q u a l  t o  z e r o  b u t  t h e  s q u a r e d  D ^ \ p )  is. I n  a d d i t i o n ,  

t h e  E q . ( 4 . 1 8 )  d o e s  n o t  a p p r o a c h  t h e  c o n t i n u u m  f e r m i o n ,  Dc(p) ニ  % in t h e

c o n t i n u u m  l i m i t .  F r o m  t h i s  d i s c u s s i o n ,  w e  c a n  s t a t e  t h a t  n o n - 75- h e r m i t i c i t y  a f f e c t s  n o t  

o n l y  o d d  d o u b l e r s  b u t  a l s o  n o n - t r i v i a l  d o u b l e r s ,  w h i c h  a p p e a r  a t  D(p) 一 0  a n d  D2{p) =  0 .  

A d d i t i o n a l l y  t h e  n o n - t r i v i a l  d o u b l e r s  d o  n o t  a p p r o a c h  a n  a p p r o p r i a t e  c o n t i n u u m  l i m i t .

F i n a l l y ,  w e  p r o v e  t h e  r e f l e c t i o n  p o s i t i v i t y  f o r  D i r a c  o p e r a t o r s  d e f i n e d  a s  f o l l o w s :

D f \ p  +  8p) {-5pi  +  i  - 1 ) . 7 1  +  (知4 -  i  - 1 ) •  74 +  0 ( S p 2)
( 4 . 1 8 )

^ 1  n m  = 〉  ̂ q (Jn + /i，m — • 7 "  +  77 {^n,m  — . 7 4 5
p = l，4



か5 nm ニ 〉 j 2  (ん+/i，m — * 7/i ^   ̂ (2^n,m  一 ^n+/k,m 一 ^n-(i,m) • 74?
M = M  鮮= M

T h e  r e f l e c t i o n  p o s i t i v i t y  i s  t h e  u n i t a r i t y  c o n d i t i o n  i n  E u c l i d e a n  s p a c e .  A l t h o u g h  t h e r e  

a r e  t w o  k i n d s  o f  r e f l e c t i o n  p o s i t i v i t y ,  s i t e - r e f l e c t  i o n  a n d  l i n k - r e f l e c t  i o n .  w e  p r o v e  o n l y  t h e  

l i n k - r e f l e c t i o n  p o s i t i v i t y  f r o m  n o w  o n  1 5 . N o w ,  w e  p r o v e  it i n  t h e  o n l y  D ({ ] c a s e .  W e  c a n  

a l s o  p r o v e  t h e  l i n k - r e f l e c t i o n  p o s i t i v i t y  o f  D ^ ] a n d  D l t2) i n  w a y  s i m i l a r  w a y ,  d e s c r i b e d  

b e l o w .  H e r e ,  w e  d e f i n e  a n  a n t i - l i n e a r  m a p p i n g  0  a c t i n g  o n  t h e  f e r m i o n s  a s  f o l l o w s :

© ( ^ n i , r i 4 ) =  6 n i ，l — n ‘7 4 ， © ( ^ n i , f i 4) =  ^ ) A ^ n \ y\ - n ^ i  ( 4 . 2 2 )

a n d  011 f e r m i o n  丨)i l i n e a r ,

,m4 W e d )

= ^ 1711,1—7714^4^  Tl4， ( 4 . 2 3 )

w h e r e  r  i s  a n  a r b i t r a r y  f u n c t i o n  d e p e n d i n g  o n  t h e  7 - m a t r i x .  L e t  u s  d e n o t e  t h e  f e r m i o n s  

i n  t h e  h a l f - s p a c e  w i t h  n 4 >  1 b y  仏 ⑷  a n d  6 (+ ) ， a n d  i n  t h e  o t h e r  h a l f - s p a c e  n 4 <  0 b y  

rp ( 一 、 a n d  一). A c c o r d i n g  t o  t h e  a b o v e  n o t a t i o n ,  t h e  a c t i o n  E q . ( 4 . 1 )  c a n  b e  w r i t t e n  a s

S = S+[xp(+\tp{+)] + [!//->，令 H] + 氏[0(+)，令(+)，0 (_>，6(_)]，
w h e r e

( 4 . 2 4 )

Sc =  — ^ ；,o 7 4 ^! ,)1 ------------------74^7,1)

= c 0T )， ( 4 - 2 5 )

d e p e n d s  o n l y  o n  t h e  f e r m i o n s  i n  p o s i t i v e  t i m e ,  a n d  r e l a t e d  w i t h  S -  a s

e ( s + [ゆ(+)，， ) ] ) = ぬ  e(， ))，e ( W +))])

= ん ⑷ 卜 ) ，^ - ) ] .  ( 4 . 2 6 )

F o r  p r o o f  o f  t h e  r e f l e c t i o n  p o s i t i v i t y ,  w e  m u s t  s h o w  ( Q ( F ) F )  >  0,  w h e r e  F  i s  a n  a r b i t r a r y

15 T h e  procedure for proof of the sitc-rcflcction positivity is similar to the case of link-reflect ion, but 
c cannot prove the site-reflect ion positivity.
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f u n c t i o n  d e p e n d i n g  o n  p o s i t i v e  t i m e  f e r m i o n s ,  0 (_ ) a n d  $ ( _ ) . 〈㊀ ( i ^ F 〉 c a n  b e  w r i t t e n  

a s  f o l l o w s :

(0(F)F) =  Z —1 j  ㈠ Dル、-、 ㈠ ]

■ J  Z ^ (+)例 ( + ) , [ゃ(+ )，仏(+ )] e _ S +丨一+)，W+ )1 ' e - S c . ( 4 . 2 7 )

F r o m  E q . ( 4 . 2 5 )  a n d  d e m a n d i n g  t h a t  S c i s  p o s i t i v e ,  t h e  e x p e c t a t i o n  v a l u e  ( Q ( F ) F )  i s  

p o s i t i v e  a n d  c o n v e r g e  f o r  e v e r y  —1 <  «: <  1 .

W e  c a n  p r o v e  t h e  l i n k - r e f l e c t i o n  p o s i t i v i t y  f o r  a t  a n y  k  a n d  a t  — 1  <  k: <  1  

f r o m  t h e  s a m e  d i s c u s s i o n .

4.2 G ross-N eveu m odel in two dim ensions
I n  t h i s  s e c t i o n ,  w e  a o p l v  t h e  n o n - 75- h e r m i t i c i t y  f e r m i o n  d e f i n e d  i n  S u b s e c t . 4 . 1  t o  t h e  2 D  

G r o s s - N e v e u  m o d e l  a n d  d r a w  p h a s e  d i a g r a m s  [ 3 2 ] .  T h e  m o d e l  i s  i n v e s t i g a t e d  a s  a  t o y  

m o d e l  f o r  Q C D  a n d  c a n  b e  s o l v e d  e x a c t l y  i n  t h e  l a r g e - T V  l i m i t  u s i n g  t h e  s a d d l e  p o i n t  

a p p r o x i m a t i o n .  I n  t h i s  l i m i t ,  w e  c a n  a l s o  o b t a i n  t h e  p a r i t y  b r o k e n  p h a s e  d i a g r a m ,  c a l l e d  

A o k i  p h a s e  [ 3 3 ] - [ 4 3 ] .

N o w ,  w e  a p p l y  t h e  D i r a c  o p e r a t o r  i n  E q . ( 4 . 1 )  a n d  s t u d y  t h e  p h a s e  d i a g r a m s .  A t  

f i r s t  s i g h t ,  t h e  f e r m i o n  s e e m s  t o  b e  u n s u i t a b l e  f o r  a  p r a c t i c a l  c a l c u l a t i o n  b e c a u s e  it d o e s  

n o t  p r e s e r v e  75- h e r m i t i c i t y .  T h e s e  a n a l y s e s  a r e  s i m p l e  t e s t s  f o r  a p p l i c a t i o n  o f  t h e  f e r m i o n  

t o  a  c o n c r e t e  m o d e l .  I n  t h i s  p a p e r ,  w e  a n a l y z e  t w o  c a s e s , ( 1 ) p a r i t y  s y m m e t r y  b r e a k i n g  

a n d  (2) c h i r a l  s y m m e t r y  b r e a k i n g ,  w h i c h  is c a u s e d  i n  t h e  m o d e l  w i t h  a n  i m a g i n a r y  

c h e m i c a l  p o t e n t i a l .  W e  a l s o  c o m p a r e  t h e  p h a s e  d i a g r a m s  u s i n g  t h e  f e r m i o n  w i t h  t h o s e  

u s i n g  t h e  n a i v e  f e r m i o n .  T h e  c h i r a l  b r o k e n  p h a s e  d i a g r a m s  a r e  s t u d i e d  i n  t h e  n e x t  

s e c t i o n .

H e r e ,  w e  d e f i n e  t h e  c o n t i n u u m  G r o s s - N e v e u  m o d e l  i n  t w o  d i m e n s i o n s  a s  f o l l o w s ,

ごGN d2x 9 l i i
2 N

( 4 . 2 8 )

w h e r e  w e  o m i t  t h e  f l a v o r  i n d i c e s ,  t p i p  三  53ェ 1 ♦ ゆ 1- I n  t h i s  a c t i o n ,  t h e  f e r m i o n s  h a v e
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imposed Uv(l) symmetry:

一如，

一  i i n W .  ( 4 . 3 2 )

N e x t ,  w e  d e f i n e  a  l a t t i c e  a c t i o n  f r o m  t h e  c o n t i n u u m  a c t i o n .  W e  c h o o s e  D i r a c  o p e r a t o r  

a s  D [ 2\  d e f i n e d  i n  E q . ( 4 .1 9 ) .  N o t e  t h a t  t h e  D i r a c  o p e r a t o r  D い、i s  n o t  s u i t a b l e  f o r  o u r  

p u r p o s e  b e c a u s e  w e  s t u d y  t h e  p a r i t y  b r o k e n  p h a s e  d i a g r a m s .  O n e  d i f f e r e n c e  b e t w e e n  

D \ 1] a n d  D \ 1] i s  t h e  c o m p o n e n t s  i n  t h e  d o u b l e r  s u p p r e s s i n g  t e r m s ,  t e m p o r a l  o r  s p a t i a l .  

D \ 1] p r e s e r v e s  p a r i t y  s y m m e t r y  b u t  n o t  t i m e - r e v e r s a l  s y m m e t r y .  H e n c e ,  D \ 2\  w h i c h  h a s  

b r o k e n  p a r i t y  s y m m e t r y ,  i s  n o t  fit f o r  o u r  p u r p o s e .  W e  d e f i n e  t h e  l a t t i c e  a c t i o n  o f  t h e  

G r o s s - N e v e u  m o d e l  a s  f o l l o w s :

^ l a ^ a u x  =  ^ T, D U  +  (爪  +  び„  +  7Tn i ^ s  ) ぶn ，m  0m  +  y  2̂ +  "̂ 2 • ( 4 .3 3 )

w h e r e  t h e  l o w e r  i n d i c e s  d e n o t e  a  c o o r d i n a t e  i n  l a t t i c e  s p a c e .  I n t e g r a t i n g  o u t  t h e  f e r m i o n .

ルー ¥ el ,

xp e
-ie (4.29)

I n  m a s s l e s s  c a s e ,  t h e  f e r m i o n s  p r e s e r v e  c o n t i n u u m  c h i r a l  s y m m e t r y  f o r  g 2a  =  g l  a n d  

c h i r a l  Z 4 s y m m e t r y  f o r  ♦  g ^ . I h e n ,  w e  i n t r o d u c e  a n  a u x i l i a r y  s c a l a r  f i e l d  a  a n d  a n  

a u x i l i a r y  p s e u d o - s c a l a r  f i e l d  n .  T h e  p a r t i t i o n  f u n c t i o n  i n  t h e  c o n t i n u u m  t h e o r y  i s  d e f i n e d  

a s  f o l l o w s .

( 4 . 3 0 )

w h e r e

S ? , L  =  cPx
N N

令( 3 . 7  +  m + a +  niy5 )ル +  ^ ■び2 + 2~2n (4 .3 1 )

I n t e g r a t i n g  o u t  

E q . ( 4 . 2 8 ) ,  f r o m

t h e  a u x i l i a r y  f i e l d s  a  a n d  7r, t h e  a c t i o n  ( 4 . 3 1 )  r e c o v e r s  t h e  f o r m e r  a c t i o n ,  

t h e  f o l l o w i n g  r e l a t i o n s :

II 

II 

Af
l

^

iv
l
^
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we can obtain an effective action 5efr：

log [ ( m  +  cr0) -f 7Tq +  H (k) ] ,

ど㈨ ， (4.40)

T r  log£> V

V

w h e r e

Z

(び，冗)

J  D a nDTrne - N s通、'

d + f

r，7T)

T r  l o g D ,

(4.34)

(4.35)

w h e r e  D is defined as follows:

Dn +  ( m  +  ぴ„  +  TTn i j 5 ) 5 n ：m . (4.36)

In the large-TV limit, w e  c a n  integrate out the auxiliary field a a n d  n f r o m  the partition 

function using the saddle point approximation. T h e  solutions an) 7tn are given b y  the 
saddle point condition,

0(7n 57Tn 0 . (4.37)

W e  i m p o s e  translation invariance, an = び0 a n d  元 n = 丌0 for a n y  n; the partition function 

is written as

Z

2

- W e f f  (び U，7TO)

ド o2 メ  
忑 + 見 V

T r  log!?,

(4.38)

(4.39)

w h e r e  V is the v o l u m e  of the system. T h e  last t e r m  in Eq.(4.39) is obtained using Fourier 

transformation:

H(k) =  sin2 ki +  [sin ん4 —  i tz ( l— cos ん4)] . (4.41)

W e  c a n  easily see that Eq_(4.40) is real because £(k) is a  んi-even function a n d  the s u m

\
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F i g u r e  6 : T h e  p h a s e  d i a g r a m  o f  A o k i  p h a s e  u s i n g  t h e  n a iv e  f e r m io n  ( r e d  l in e )  a n d  t h e  
n o n - 75- h e r m i t i c i t y  f e r m i o n  D \ 2) ( b l u e  l in e )  w i t h  g l  =  g l / 2 .  W e  f ix  t h e  h o p p i n g  p a r a m e t e r  
o f  t h e  n o n - 75- h e r a i i t i c i t y  f e r m io n  a t  «  = 1 . T h e  h o r i z o n t a l  a n d  v e r t i c a l  a x e s  d e n o t e  t h e  

c r i t i c a l  m a s s  m c a n d  t h e  s q u a r e d  f o u r - f e r m i  c o u p l i n g  c o n s t a n t  g l ，r e s p e c t i v e ly .  T h e  c e n t e r  
a n d  b o t h  s id e s  in  t h i s  d i a g r a m  a r e  p a r i t y  b r o k e n  a n d  s y m m e t r i c  p h a s e  r e s p e c t i v e ly .

o f  ど（人’i ，ん’4) w i t h  ど(ん’i ，一ん’4) is  r e a l :

山 ）+ ど ( / ^ ，— ん，4 )

lo g ( m  +  a 0 ) 2 - f  7T q  - h 〉 ^

= 1,4
+  { 2 k  s i n  A:4 ( l  一 c o s  A:4 ) } 2] 

A c c o r d i n g  t o  t h e  s a d d l e  p o in t

びo

$  

丌0

c o n d i t i o n  ( 4 .3 7 )， 

f  cPk

s i n 2 ん、 一 k 2( 1 — c o s  A：4) 2 |

( 4 .4 2 )

w e  c a n  o b t a i n  t h e  f o l lo w in g  e q u a t i o n :

2<Tm  ( 4 .4 3 )J  ( 2 n y a l  +  n l  +  H (k ) '
[ 色  ^ _____________________  (4  4 4 )

J  ( 2 n r c l  +  ^  +  H ( k Y  1 ；
w h e r e  crm =  m  +  ( j0 . 7r0 is  a n  o r d e r  p a r a m e t e r  f o r  p a r i t y  s y m m e t r y  b r e a k i n g ;  h e n c e ,
7Tq a p p r o a c h e s  z e r o  n e a r  t h e  c r i t i c a l  
d e r i v e  t h e  f o l lo w in g  g a p  e q u a t i o n s :

1  = /  

^  =  J

w h e r e  a m c =  m c  cr0 . m c r e p r e s e n t s

l in e  in  t h e  p a r a m e t e r  s p a c e .  N e a r  t h e  l i n e ，w e  c a n

ポん  2び" 1- ( 4 .4 5 )( 2 7 r ) 2 <  +  / f ( fc )*

皇 _ 2 _  (4  4 6 )
时 吒 ， 則 ’ い )
a  c r i t i c a l  m a s s  d e p e n d i n g  o n  a n d  g ^ .  A t
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mc
F i g u r e  7 :  T h e  p h a s e  d i a g r a m s  f o r  t h e  A o k i  p h a s e  u s i n g  t h e  n a i v e  f e r m i o n  ( r e d  l i n e )  

a n d  t h e  n o n - 75- h e r m i t i c i t y  f e r m i o n  D [ 2) ( b l u e  l i n e )  a d d i n g  t h e  f l a v o r e d  m a s s  t e r m  w i t h  

( l e f t )  gl =  g\ a n d  ( r i g h t )  g2a =  gl/2. W e  f i x  t h e  f l a v o r e d  m a s s  f a c t o r  a n d  t h e  h o p p i n g  

p a r a m e t e r  o f  t h e  n o n - 75- h e r m i t i c i t y  f e r m i o n  a t  n i j  =  0 . 4  a n d  k  = 1 , r e s p e c t i v e l y .  T h e  

h o r i z o n t a l  a n d  v e r t i c a l  a x e s  d e n o t e  t h e  c r i t i c a l  m a s s  m c a n d  t h e  s q u a r e d  f o u r - f e r m i  

c o u p l i n g  c o n s t a n t  g l  r e s p e c t i v e l y .  T h e  c e n t e r  a n d  b o t h  s i d e s  i n  t h i s  d i a g r a m  a r e  p a r i t y  

b r o k e n  a n d  s y m m e t r i c  p h a s e  r e s p e c t i v e l y .

A  = 成 三 ゲ，w e  c a n  o b t a i n  t h e  c r i t i c a l  m a s s  b y  d i v i d i n g  Eq.(4.45) b y  Eq.(4.46):

び0 = びm r mc =  0 f o r  a n y  g2, ( 4 . 4 7 )

a n d  a  p i o n  m a s s  o n  t h e  c r i t i c a l  l i n e  a s  f o l l o w s :

^ 25 cff \
m l  o c

k ^TTo^TTo i

/
(Pk cPk 47Tq

92 J  (2tt)2 びん +  n^ +  H (fc) J  (2tt)2 (びん +  +  " ⑷ )2

( 4 . 4 8 )

F r o m  ( 4 . 4 6 )  a n d  t h e  f a c t  t h a t  7r() a p p r o a c h e s  t o  z e r o  n e a r  t h e  c r i t i c a l  l i n e ,  t h e  p i o n  m a s s  

i s  o b t  a i n e d  a s

( 4 . 4 9 )

W e  a l s o  s t u d y  p h a s e  d i a g r a m s  w i t h  f e r m i o n s  a d d i n g  a  f l a v o r e d  m a s s  t e r m  [ 4 4 ,  4 5 ] .  A
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flavored mass is defined as follows:

m バp )
r r t j  • c o s p i  f o r  t h e  n o n -  75- h e r m i t i c i t y  f e r m i o n

m j • cos pi cos P4 for the naive fermion
(4.50)

w h e r e  m j  o n  r . h . s .  i s  c o n s t a n t  . W e  a d d  t h e  f l a v o r e d  m a s s  t o  t h e  f e r m i o n  m a s s  t e r m :

m  — > m  -f- m j ( p ) .

F r o m  t h i s  m o d i f i c a t i o n ,  t h e  g a p  e q u a t i o n s  c h a n g e  a s  f o l l o w s ,

f  d 2ん 2 (びmr +  m パん)）

( 2 7 r ) 2  (crm r  + m f ( k ) ) 2 +  H ( k ) ’
_cPk _________ 2_________
( 2 7 r ) 2  (びm < . +  m f ( k ) ) 2 +  H ( k )

( 4 . 5 1 )

( 4 . 5 2 )

6 a n d  w i t h  t h e  

T h e  f o u r - f e r m i  

f i x  t h e  h o p p i n g

W e  p r e s e n t  t h e  p h a s e  d i a g r a m  w i t h o u t  t h e  f l a v o r e d  m a s s  i n  F i g .  

f l a v o r e d  m a s s  i n  r i g .  7  し . W e  f i x  t h e  h o p p i n g  p a r a m e t e r  a t  k  = 1 .  

c o u p l i n g s  i n  t h e  a c t i o n  a r e  r e l a t e d  a s  g ;  =  g ^ / 2  i n  F i g .  6. I n  F i g .  7 ,  w e  

p a r a m e t e r  a n d  t h e  f l a v o r e d  m a s s  f a c t o r  a t  ac = 1 , a n d  r r t f  =  0 . 4  r e s p e c t i v e l y ,  a n d  t h e  f o u r -  

f e r m i  c o u p l i n g s  a r e  r e l a t e d  a s  ( l e f t )  g l  =  a n d  ( r i g h t )  g 2a  =  g l / 2 .  W e  c l e a r l y  s e e  t h a t  

t h e  p h a s e  d i a g r a m s  u s i n g  t h e  n o n - 75- h e r m i t i c i t y  f e r m i o n  h a v e  a  v e r y  s i m i l a r  s t r u c t u r e  

t o  t h o s e  u s i n g  t h e  n a i v e  f e r m i o n .  T h e  c r i t i c a l  m a s s  a n d  t h e  f o u r - f e r m i  c o u p l i n g s  a r e  r e a l  

n u m b e r s ,  d e s p i t e  u s i n g  a  f e r m i o n  w i t h o u t  75- h e r m i t i c i t y .

4.3 G ross-N eveu m odel with im aginary chem ical potential
I n  t h i s  s e c t i o n ,  w e  f o c u s  o n  t h e  2 D  G r o s s - N e v e u  m o d e l  w i t h  a n  i m a g i n a r y  c h e m i c a l  

p o t e n t i a l  a n d  s t u d y  t h e  c h i r a l  b r o k e n  p h a s e  d i a g r a m s  [ 4 6 ,  4 7 ] .  T h e  o u t l i n e  f o r  o b t a i n i n g  

t h e  c h i r a l  b r o k e n  p h a s e  d i a g r a m  i s  t h e  s a m e  a s  i n  S u b s e c t . 4 . 2 .

1 6 W c  c a n  c h o o s e  s o n i c  v a r i a t i o n s  a s  a  f l a v o r e d  m a s s  [45]. I n  o u r  d e f i n i t i o n ,  t h e  d o u b l e r s  o f  11011-75- 

h c r i m t i c i t y  f e r m i o n s  d e f i n e d  i n  E q . ( 4 . 1 9 )  a t  m o m e n t a  ( 0 , 0 )  a n d  ( 0 , 7r) h a v e  m  +  m j  a n d  m - m j  m a s s e s  

r e s p e c t i v e l y .  O n  t h e  o t h e r  h a n d ,  t h e  h a l f  d o u b l e r s  o f  t h e  n a i v e  f e r m i o n  a t  ( 0 , 0 )  a n d  (7r, tt) a l s o  h a v e  

m - \ - m j  a n d  t h o s e  a t  (0,7r) a n d  (7r, 0 )  h a v e  m  —  m , .  B y  t h e  d e f i n i t i o n ,  w c  c a n  c o m p a r e  p h a s e  d i a g r a m s  

u s i n g  f e n n i o n s  t h a t  h a v e  t h e  s a m e  m a s s  s p e c t r a  b u t  d i f f e r e n t  n u m b e r s  o f  d o u b l e r s .

1 (I n  t h e  p h a s e  d i a g r a m s  u s i n g  t h e  f e r m i o n s  p l u s  t h e  f l a v o r e d  m a s s ,  t h e r e  is l s t - o r d c r  p h a s e  t r a n s i t i o n  

a t  t h e  b o t t o m  o f  t h e  d i a g r a m s  e n c l o s i n g  t h e  c r i t i c a l  line. B e c a u s e  o f  t h a t ,  w c  c a n n o t  u s e  t h e  g a p  

e q u a t i o n ,  E q s . ( 4 . 5 1 ) a n d  ( 4 . 5 2 ) ,  i n  t h i s  a r e a .  H o w e v e r ,  w c  a s k  l e a v e  n o t  t o  c o r r e c t  t h i s ,  t o  e m p h a s i z e  

t h a t  w c  c a n  o b t a i n  s o l u t i o n s  f o r  t h e  g a p  e q u a t i o n s .
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W e  d e f i n e  t h e  2 D  G r o s s - N e v e u  m o d e l  a d d i n g  a n  i m a g i n a r y  c h e m i c a l  p o t e n t i a l  t e r m

a s  f o l l o w s :

?GN
J  d 2x  [ $  ( 3  . 7  +  m )  0

~ 2 N

左
2 N

( # 7 4 ^ ) 2 +  i f i  ^ 74^

( 4 . 5 3 )

i s  d i f f e r e n t  f r o m  

I n  a d d i t i o n ,  t h e

w h e r e  ^  i s  a  c h e m i c a l  p o t e n t i a l .  N o t e  t n a t  t h e  t h i r d  t e r m  i n  t h e  a c t i o n  

E q . ( 4 . 2 8 ) ,  r e p l a c i n g  75 w i t h  74. T h i s  a c t i o n  i m p o s e s  U v ( l )  s y m m e t r y ,  

a c t i o n  p r e s e r v e s  c h i r a l  Z 4 s y m m e t r y  f o r  m  =  0  a n d  a n y  q \ .

I n t r o d u c i n g  a n  a u x i l i a r y  s c a l a r  f i e l d  a  a n d  a n  a u x i l i a r y  v e c t o r  f i e l d  7T4, w e  r e w r i t e  t h e  

a c t i o n  a s  f o l l o w s :

^GN
J  d2x  [ip (d ■7  +  び +  7r4z7 4) ^

( 4 . 5 4 )

w h e r e

N

N

a

(a —  m)

(丌4 -  M)

—如 ， ( 4 . 5 5 )

( 4 . 5 6 )

I n  t h i s  a n a l y s i s ,  w e  a d o p t  D ^ \  d e f i n e d  i n  E q . ( 4 . 1 ) ,  a s  a  l a t t i c e  f e r m i o n .  W e  c a n n o t  

a p p l y  D f \  d e f i n e d  i n  E q . ( 4 . 1 9 ) ,  b e c a u s e  i t s  d e t e r m i n a n t  i s  a l w a y s  a  c o m p l e x  n u m b e r .  

I n  o t h e r  w o r d s ,  t h e  c o u p l i n g  c o n s t a n t s  i n  t h e  c h i r a l  p h a s e  d i a g r a m s  a r e  a l w a y s  c o m p l e x  

n u m b e r s .  W e  d i s c u s s  t h i s  i s s u e  i n  t h e  n e x t  s e c t i o n .

W e  d i s c r e t i z e  s p a c e - t i m e  a n d  w r i t e  d o w n  a  l a t t i c e  a c t i o n  a s  f o l l o w s :

q GNlat,aux

立
(び„  -  m f (丌4n -  " ) 2 ( 4 . 5 7 )
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K； 吒

Figure 8: T h e  chiral broken phase d i a g r a m s  using the naive fermion (red line) a n d  the 

n on-75-hermit icity fermion D \ 2) (blue line) with (left) gl = gl a n d  (right) g2a =  2g .̂ 
W e  choose the h o p p i n g  p a r a m e t e r  in the non-75-hermiticity fermion to be k  =  2. T h e  

horizontal a n d  vertical axes denote the critical chemical potential a n d  the squared four- 

fermi coupling constant g2a. T h e  center a n d  b o th  sides in this d i a g r a m  are chiral broken 

a n d  s y m m e t r i c  phase respectively.

w h e r e  D[\im is defined in Eq.(4.1). Integrating fermions in the action, a n  effective action 

is obtained as follows:

Z

(び，冗4)

DanD 7T4ne-N 5 rff(<T,7r4)

- {(Tn- m r  +  - ( n 4 n - ^ 一 T r  log D 、

(4.58)

(4.59)

w h e r e

T r  log D  =  V • [  log びミ +  H(k)] , (4.60)
(2冗)2

a n d

H{k) =  [sin k\ —  i k ( 1 — cos fci)]2 +  (sin fc4 +  7r4n)2 . (4.61)

W e  c a n  integrate out the auxiliary fields a a n d  K4 in the large N  limit, a n d  solutions 

are obtained f rom the saddle point approximation:

ぶ* ( び，冗4) (び，〜)

ぶ(7n 7̂T4n

I m p o s i n g  translation invariance o n  the solutions an

0. (4.62)

び0 a n d  亓4n = 丌40, w e  c a n  derive
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the following gap equations,

(Jo —  m

冗40 — "

9 l

d 2 k  2 びo

(2tt)2 a 2Q +  H ( k )  _ 
d 2 k  2(7t40 +  s i n  ん） 

(2tt)2 a l +  H ( k )  ’

( 4 . 6 3 )

( 4 . 6 4 )

N o w  w e  f i x  t h e  f e r m i o n  m a s s  a t  m  =  0  a n d  d r a w  t h e  c h i r a l  b r o k e n  p h a s e  d i a g r a m s .  T h e  

a u x i l i a r y  f i e l d  cr0 a p p r o a c h e s  z e r o  n e a r  t h e  c r i t i c a l  l i n e  b e c a u s e  a 0 i s  a n  o r d e r  p a r a m e t e r  

f o r  c h i r a l  s y m m e t r y  b r e a k i n g .  H e n c e ,  g a p  e q u a t i o n s  f o r  t h e  c h i r a l  b r o k e n  p h a s e  d i a g r a m s  

a r e  d e r i v e d  a s  f o l l o w s :

丄 — f  _  2 
9 a  J  (2丌)2 H ( k )  ’

7r40 —  " c f d 2 k  2(7T4o +  sin k ^ )

~ 1 T ~  = ノ w  " W )— "，

( 4 . 6 5 )

( 4 . 6 6 )

w h e r e  f i c 
■«2

i s  a  c r i t i c a l  c h e m i c a l  p o t e n t i a l .  A t  g l  =  g S  三  g - , w e  c a n  a l s o  o b t a i n  a  m e s o n  

m a s s  m :  o n  t h e  c r i t i c a l  l i n e  f r o m  t h e  f o l l o w i n g  e q u a t i o n :

o c

' 52S cS '
{Sao6ao

V
d 2 k d 2 k 4(7n

7  J  (2rc)2 a 20 +  H ( k )  J  (2tt)2 (a20 +  H ( k ) Y
( 4 - 6 7 )

F r o m  E q . ( 4 . 6 5 )  a n d  t h e  f a c t  t h a t  び0 a p p r o a c h e s  z e r o  o n  t h e  c r i t i c a l  l i n e ,  w e  c a n  o b t a i n  

t h e  m e s o n  m a s s  o n  t h e  c r i t i c a l  l i n e ,

0 . ( 4 . 6 8 )

T h e  c h i r a l  b r o k e n  p h a s e  d i a g r a m s  w i t h  t h e  n a i v e  f e r m i o n  a n d  t h e  n o n - 75- h e r m i t i c i t y  

f e r m i o n  a r e  p r e s e n t e d  i n  F i g . 8. I n  t h i s  f i g u r e ,  w e  s e t  t h e  h o p p i n g  p a r a m e t e r  a t  

k  —  2 , a n d  t h e  f o u r - f e r m i  c o u p l i n g  c o n s t a n t s  g% a n d  a r e  r e l a t e d  a s  ( l e f t )  g l  =  g \  

a n d  f r i g h t )  =  2 g \ .  W e  c a n  s e e  t h a t  t h e  p h a s e  d i a g r a m  u s i n g  t h e  n a i v e  f e r m i o n  h a s  

a  q u a l i t a t i v e l y  v e r y  s i m i l a r  s t r u c t u r e  t o  t h a t  u s i n g  t h e  n o n - 75- h e r m i t i c i t y  f e r m i o n .  A s  

w i t h  t h e  n o n - c h e m i c a l  p o t e n t i a l  c a s e  i n  S u b s e c t . 4 . 2 ,  a l l  o f  t h e  c o u p i n g  c o n s t a n t s  i n  t h e  

p h a s e  d i a g r a m s  a r e  r e a l  n u m b e r s .
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4 .4  R e a l i t y  c o n d i t i o n
I n  S e c t s .  4 . 2  a n d  4 . 3 ,  w e  i n v e s t i g a t e d  t h e  p a r i t y  a n d  c h i r a l  p h a s e  d i a g r a m s  f o r  t h e  G r o s s -  

N e v e u  m o d e l  u s i n g  t h e  n o n - 75- h e r n i i t i c i t y  f e r m i o n .  T h e  r e s u l t s  s h o w e d  n o t  o n l y  t h a t  t h e  

p h a s e  s t r u c t u r e  u s i n g  t h e  n o n - 75- h e r m i t i c i t y  f e r m i o n  h a s  a  q u a l i t a t i v e l y  s i m i l a r  s t r u c t u r e  

t o  t h e  n a i v e  f e r m i o n ,  b u t  a l s o  t h a t  t h e  c o u p l i n g  c o n s t a n t s  i n  t h e  p h a s e  d i a g r a m  a r e  r e a l  

n u m b e r s  d e s p i t e  b r e a k i n g  75- h e r i n i t i c i t y .  I n  t h i s  s e c t i o n ,  w e  d i s c u s s  w h y  t h e  c o u p l i n g  

c o n s t a n t s  i n  t h e  p h a s e  d i a g r a m s  d r a w n  i n  S e c t s .  4 . 2  a n d  4 . 3  a r e  r e a l  n u m b e r s :

T o  s e e  t h e  r e a s o n ,  w e  c o m p a r e  t w o  f e r m i o n s  a d d i n g  a n  i m a g i n a r y  c h e m i c a l  p o t e n t i a l :

切21(P) =  5 1  ' sinp" . + … - cosP i ) • 7i +  か • 74 三 [ M p ) . V
/ i= l，4 /i=l,4

( 4 . 6 9 )

D {c2)(p) = 2 ^  1 sinル • 7m + «(1 - cosp4) ■ 74 +  i f i■ 74 =  ^  .ん(p) . 7 ,̂
/i= l,4  /i=l,4

( 4 - 7 0 )

T h e  f o r m e r  h a s  a  75- h e r m i t i c i t y  b r e a k i n g  t e r m  w i t h  a  t e m p o r a l  i n d e x ,  a n d  t h e  l a t t e r  h a s  

o n e  w i t h  a  s p a t i a l  i n d e x .  F i r s t l y ,  w e  p r e s e n t  t h e  e i g e n v a l u e  d i s t r i b u t i o n  o f  t h e s e  f e r m i o n s  

i n  F i g . 9 .  B e c a u s e  a  d e t e r m i n a n t  o f  t h e  D i r a c  o p e r a t o r  i s  o b t a i n e d  b y  t h e  p r o d u c t  o f  

a l l  o f  t h e  e i g e n v a l u e s ,  t h e  e i g e n v a l u e s  o f  t h e  D i r a c  o p e r a t o r  m u s t  b e  c o m p l e x  c o n j u g a t e  

p a i r s  f o r  a  r e a l  d e t e r m i n a n t .  F i g u r e  9  s h o w s  t h a t  a l l  t h e  e i g e n v a l u e s  o b t a i n e d  f r o m  D [ 1] 

h a v e  c o m p l e x  c o n j u g a t e  p a i r s ,  b u t  t h e  e i g e n v a l u e s  o f  d o  n o t .  T h e  D i r a c  o p e r a t o r s  

s e e m  t o  h a v e  v e r y  s i m i l a r  f o r m s ,  b u t  o n l y  D c 2) p r e s e r v e s  h e r m i t  i c i t y ,  w h i c h  i n d i c a t e s  a  

r e a l  d e t e r m i n a n t .

T o  i n v e s t i g a t e  i n  m o r e  d e t a i l ,  w e  o b t a i n  t h e  p r o d u c t s  o f  t h e  e i g e n v a l u e s  o f  t h e  D i r a c  

o p e r a t o r s ,  n a m e l y  d e t e r m i n a n t s .  T h e  d e t e r m i n a n t s  a r e  o b t a i n e d  a s  f o l l o w s :

d e t  Z)<2) =  n  (4 -7 1 )
P ^=1.4

d e t  戌 2 ) =  n  ( 4 - 7 2 )

P

w h e r e  f^{p) a n d  f^(p) a r e  d e f i n e d  i n  E q s . ( 4 . 6 9 )  a n d  ( 4 . 7 0 ) .  A  d e t e r m i n a n t  o f  a  D i r a c  

o p e r a t o r  t h a t  p r e s e r v e s  75- h e r m i t i c i t y  i s  a  r e a l  n u m b e r  b e c a u s e  >  ]  4 f : 2t ( P )  f o r  a n y

m o m e n t u m  i s  a l w a y s  r e a l .  B y  c o n t r a s t ,  a  d e t e r m i n a n t  o f  f e r m i o n  w i t h o u t  75- h e r m i t i c i t y

is, i n  g e n e r a l , a  c o m p l e x  n u m b e r .  H o w e v e r ,  i f  a n  a r b i t r a r y  D i r a c  o p e r a t o r  D ( p ) =
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F i g u r e  9 :  T h e  e i g e n v a l u e  d i s t r i b u t i o n  o f  t h e  D i r a c *  o p e r a t o r s  w i t h  a n  i m a g i n a r y  c h e m i c a l  

p o t e n t i a l :  ( l e f t )  D f(‘> a n d  ( r i g h t )  D ^ \  W e  s e t  t h e  h o p p i n g  p a r a m e t e r  a n d  t h e  c h e m i c a l  

p o t e n t i a l  a t  k  = 1 . 0  a n d  // =  0 . 5 ,  r e s p e c t i v e l y .  T h e  l a t t i c e  s i z e  i s  3 6  x  3 b .  f h e  b l u e  c i r c l e  

p o i n t s  d e n o t e  e i g e n v a l u e s  o f  m o m e n t a  p  =  ( 0 ,  0 ) ,  ( 0 , 7r ), (7r, 0 ) ,  a n d  ( 7r ，7r).

}  t ア ス p )  • 7パ s a t i s f i e s  t h e  f o l l o w i n g  c o n d i t i o n ,  w e  c a n  o b t a i n  i t s  D i r a c  d e t e r m i n a n t ,  

w h i c h  i s  r e a l :

^ ( p )  =  X ] ァ fハ P )  f o r  a n y  p ， ( 4 . 7 3 )

w h e r e  *  d e n o t e s  c o m p l e x  c o n j u g a t e  a n d  p i s  a  m o m e n t u m  w h i c h  s a t i s f i e s  t h i s  c o n d i t i o n .  

T h e  f e r m i o n  d e f i n e d  i n  E q . ( 4 . 6 9 )  s a t i s f i e s  t h e  c o n d i t i o n  a t  p  =  ( — P i ，P 4); h e n c e ， 

t h e  d e t e r m i n a n t  o f  i s  a  r e a l  n u m b e r .  O n  t h e  o t h e r  h a n d ,  w e  c a n n o t  o b t a i n  t h e  

d e t e r m i n a n t  o f  D (r2、a s  a  r e a l  n u m b e r  b e c a u s e  D ! 2) c a n n o t  s a t i s f y  t h e  c o n d i t i o n  f o r  a n y  

p .  T h i s  f a c t  s u g g e s t s  t h a t  a l t h o u g h  d e t  D ! 2 、 ( p レ p 4 ) i s  a  c o m p l e x  n u m b e r ,  it i s  r e a l - v a l u e d  

b y  t h e  p r o d u c t  w i t h  d e t  A レ）( 一 b e c a u s e  d e t  D ((2\p\,p4 ) a n d  d e t  レ 内 ) a r e

r e l a t e d  w i t h  t h e  f o l l o w i n g  c o n d i t i o n ,

d e t  D (c2 \ p i , p 4 ) =  [ d e t  找 2) ( - 仍 ，/;4 ) ] *  • ( 4 . 7 4 )

I n  t h e  c a s e ,  h o w e v e r ,  d e t  ( p )  c a n n o t  b e  r e a l - v a l u e d  b y  a n y  m o m e n t u m  m o d e .  

1  h e r e f o r e ,  E q . ( 4 . 7 3 )  g u a r a n t e e s  r e a l i t y  f o r  t h e  f e r m i o n s ,  a t  l e a s t ,  i n  f r e e  t h e o r y  a n d  

Y u k a w a  t h e o r y .
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C o n c l u s i o n

W e  h a v e  a n a l y z e d  t h e  t r a n s l a t i o n - i n v a r i a n t ,  c o n t i n u u m  a n d  p e r i o d i c  f u n c t i o n  l a t t i c e  

f e r m i o n  k i n e t i c  t e r m  u s i n g  75- h e r m i t i c i t y ,  R - h e r m i t i c i t y  a n d  P T  s y m m e t r y .  T h e s e  c o n 

d i t i o n s  a r e  n o t  i n d e p e n d e n t , b e c a u s e  s a t i s f y i n g  t w o  o f  t h e  t h r e e  c o n d i t i o n s  i s  a  s u f f i c i e n t  

c o n d i t i o n  f o r  t h e  o t h e r  c o n d i t i o n .  H o w e v e r ,  it i s  n o t  a  n e c e s s a r y  c o n d i t i o n .  A d d i t i o n a l l y  

w e  h a v e  s u g g e s t e d  t h a t  R - h e r m i t i c i t y  i s  a  c o n d i t i o n  f o r  r e m o v i n g  n o n - h e r m i t i c i t y  o r  c o m 

p l e x  c o u p l i n g s .  I n  p r i n c i p l e ,  t h e s e  t e r m s  c a n  b e  c a n c e l e d  b y  c o u n t e r t e r m s ;  t h e r e f o r e ,  w e  

c a n  f i n e - t u n e  t h e  p e r t u r b a t i o n  [ 2 2 ] .  H o w e v e r ,  n o n p e r t u r b a t i v e  a n a l y s i s  i s  d i f f i c u l t  a n d  

t h i s  p r o b l e m  m u s t  b e  s o l v e d  i n  f u t u r e  w o r k .

W e  h a v e  p r o v e d  t h a t  t h e  P T - s y m m e t r i c  k i n e t i c  t e r m  d o e s  n o t  r e d u c e  d o u b l e r s .  B e 

c a u s e  m i n i m a l  d o u b l i n g  f e r m i o n s  h a v e  o n l y  75- h e r m i t i c i t y  it g e n e r a t e s  a  r e n o r m a l i z e d  

n o n - H e r m i t e  o r  c o m p l e x  m a s s  b y  q u a n t u m  c o r r e c t i o n .  A s  a  s i m p l e  e x a m p l e  o f  n o n - R -  

h e r m i t i c i t y ,  w e  v i s u a l i z e  t h e  c o m p l e x  c o u p l i n g  c o n s t a n t  u s i n g  o n e - l o o p  W i l s o n i a n  r e n o r 

m a l i z a t i o n  g r o u p  f l o w s  o f  t h e  t w o  f l a v o r  G r o s s - N e v e u  m o d e l  i n  t w o  d i m e n s i o n s .

W e  h a v e  c o n s t r u c t e d  f e r m i o n s  w i t h o u t  75- h e r m i t i c i t y  ( n o n - 75- h e r m i t i c i t y  f e r m i o n s )  

b a s e d  o n  t h e  m i n i m a l  d o u b l i n g  f e r m i o n  i n  t w o  d i m e n s i o n s  a n d  i n v e s t i g a t e d  s y m m e t r i e s  

a n d  p r o p e r t i e s  o f  t h e  f e r m i o n s .  T h e  f e r m i o n s  p r e s e r v e  t r a n s l a t i o n  i n v a r i a n c e ,  c h i r a l  

s y m m e t r y  a n d  l o c a l i t y  b u t  b r e a k  c u b i c  s y m m e t r y  a n d  s o m e  d i s c r e t e  s y m m e t r i e s .  T o  

i n v e s t i g a t e  t h e  m o d e l  a p p l i c a t i o n  p o s s i b i l i t i e s ,  w e  h a v e  s t u d i e d  t h e  e i g e n v a l u e  d i s t r i b u t i o n  

a n d  t h e  n u m b e r  o f  p o l e s  f o r  t h e  f e r m i o n s .  T h e  e i g e n v a l u e s  o f  D [ 2) . d e f i n e d  i n  Eq. ( 4 .1 )， 
a r e  d i s t r i b u t e d  a l o n g  t h e  i m a g i n a r y  a x i s  i n  t h e  c o n t i n u u m  l i m i t .  H o w e v e r ,  t h e  e i g e n v a l u e s  

o f  t h e  o t  h e r  o p e r a t  o r s ,  d e f i n e d  i n  Eqs. ( 4 .2 ) - ( 4 .5 )，a r e  d i s t  r i b u t e d  i n  t h e  e n t i r e  p l a n e  i n  

t h e  l i m i t .  W e  c a n  a l s o  s e e  t h a t  t h e  f e r m i o n s  h a v e  m o r e  t h a n  f o u r  o r  o d d  p o l e s  i n  

g e n e r a l .  I n  t h e  D \ 1] c a s e ,  o n l y  t w o  p o l e s  a p p e a r  a t  k  >  1 . W e  h a v e  a l s o  s t a t e d  t h a t  

n o n - 75- h e r m i t  i c i t y  a f f e c t s  n o t  o n l y  o d d  n u m b e r  o f  d o u b l e r s  b u t  a l s o  n o n - t r i v i a l  d o u b l e r s  

w h i c h  a p p e a r  a t  D ( p )  +  0  a n d  D 2 ( p )  =  0  a n d  d o  n o t  h a v e  a p p r o p r i a t e  k i n e t i c  t e r m  

i n  t h e  c o n t i n u u m  l i m i t .  A l s o ,  t h e  n o n - t r i v i a l  d o u b l e r s  d o  n o t  a p p r o a c h  a n  a p p r o p r i a t e  

c o n t i n u u m  l i m i t .  In  a d d i t i o n ,  w e  h a v e  p r o v e d  t h e  l i n k - r e f l e c t  i o n  p o s i t i v i t y  i n  t h e  D \ 2) 

c a s e .  F r o m  t h e  p r o o f ,  t h e  h o p p i n g  p a r a m e t e r  i s  r e s t r i c t e d  t o  | k |  <  1 .

A s  s i m p l e  t e s t s  f o r  a p p l i c a t i o n  t o  a  c o n c r e t e  m o d e l ,  w e  s t u d i e d  t h e  p a r i t y  b r o k e n  p h a s e  

d i a g r a m ,  c a l l e d  A o k i  p h a s e ,  f o r  t h e  2 D  G r o s s - N e v e u  m o d e l  u s i n g  t h e  n o n - 75- h e r m i t i c i t y  

f e r m i o n .  W e  a l s o  s t u d i e d  t h e  c h i r a l  b r o k e n  p h a s e  d i a g r a m  f o r  t h e  G r o s s - N e v e u  m o d e l .

5  C o n c l u s i o n  a n d  d i s c u s s i o n
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a d d i n g  a n  i m a g i n a r y  c h e m i c a l  p o t e n t i a l  i n  t h e  m a s s l e s s  c a s e .  B o t h  p h a s e  d i a g r a m s  a r e  

q u a l i t a t i v e l y  v e r y  s i m i l a r  t o  t h o s e  u s i n g  t h e  n a i v e  f e r m i o n .  A l l  o f  t h e  c o u p l i n g  c o n s t a n t s  

i n  t h e  a n a l y s e s  w e r e  o b t a i n e d  a s  r e a l  n u m b e r s ,  d e s p i t e  u s i n g  a  f e r m i o n  w i t h o u t  75- 

h e r m i t i c i t y .

W e  h a v e  d i s c u s s e d  t h e  r e a s o n  f o r  t h e  r e a l i t y  f o r  t h e  G r o s s - N e v e u  m o d e l  u s i n g  t h e  

n o n - 75- h e r m i t i c i t y  f e r m i o n ,  D ^ \  T o  u n d e r s t a n d  t h i s ,  w e  i n v e s t i g a t e d  t h e  e i g e n v a l u e  

d i s t r i b u t i o n  o f  a n d  d e f i n e d  i n  E q s .  ( 4 . 6 9 )  a n d  ( 4 . 7 0 ) .  W e  c a n  s e e  t h a t  t h e  

e i g e n v a l u e s  o f  a r e  c o m p l e x  c o n j u g a t e  p a i r s ,  b u t  t h e  e i g e n v a l u e s  o f  a r e  n o t .  

H e n c e ,  t h e  d e t e r m i n a n t  o f  i s  a  r e a l  n u m b e r  b u t  i s  n o t .  A l t h o u g h  a  d e t e r m i 

n a n t  o f  ( p l , p 2) i s  o b t a i n e d  a s  a  c o m p l e x  n u m b e r ,  i t  i s  r e a l - v a l u e d  b y  t h e  p r o d u c t  

w i t h  a  d e t e r m i n a n t  o f  Z ^ 2) ( _ p l , p 4 ) .  T h e r e f o r e  a l l  t h e  c o u p l i n g  c o n s t a n t s  i n  t h e  t h e o r y  

u s i n g  t h e  n o n - 75- h e r m i t i c i t y  f e r m i o n  a r e  r e a l  n u m b e r s ,  a n d  t h e  t h e o r y  p r e s e r v e s  t h e  

h e r m i t i c i t y ,  d e s p i t e  b r o k e n  t h e  75- h e r m i t i c i t y .

F o r w a r d  t o  r e s o l u t i o n  o f  t h e  s i g n  p r o b l e m

I n  t h e  h i g h  d e n s i t y  r e g i o n ,  w e  c a n  n o t  o b t a i n  o b s e r v a b l e  e v e n  i f  w e  u s e  M o n t e  C a r l o  

s i m u l a t i o n ,  b e c a u s e  D i r a c  d e t e r m i n a n t  h a s  c o m p l e x  p h a s e .  A s  i s  w e l l  k n o w n ,  g e n e r a l  

c o n t i n u u m  D i r a c  o p e r a t o r  w i t h  a  c h e m i c a l  p o t e n t i a l  h a s  e i g e n v a l u e s  d i s t r i b u t e d  e n t i r e l y ,  

s u c h  a s  D ^ \  i n  t h e  R e A - I m A  p l a n e .  H o w e v e r ,  e i g e n v a l u e s  o f  t h e  d o  n o t  h a v e

t h e  a s p e c t .  O n  t h e  o t h e r  h a n d ,  t h e  n o n - 75- h e r m i t i c i t y  f e r m i o n s  d e f i n e d  i n  E q .

( 4 . 1 9 )  s e e m  t o  b e  f e r m i o n s  w i t h  a  m o m e n t u m - d e p e n d e n t  c h e m i c a l  p o t e n t i a l ,  r e p l a c i n g  t h e  

h o p p i n g  p a r a m e t e r  k  w i t h  a  c h e m i c a l  p o t e n t i a l  I n  t h i s  p r o c e d u r e ,  w e  c a n  i n t e r p r e t  t h i s  

f e r m i o n  a s  t h a t  h a l f  o f  d o u b l e r s ,  w h i c h  a p p e a r  a t  m o m e n t a  ( 0 , 0 )  a n d  (7r , 0), h a v e  z e r o -  

c h e m i c a l  p o t e n t i a l ,  t h e  o t h e r s  h a v e  2 { i  c h e m i c a l  p o t e n t i a l  a t  ( 0 , 7r )  a n d  (7r, 7r ) .  T h a n k s  t o  

t h e  l a t t i c e  a r t i f a c t ,  w e  m i g h t  b e  a b l e  t o  o b t a i n  o b s e r v a b l e s  w i t h o u t  r e g a r d  t o  t h e  m a s s  

r e g u l a r i z a t i o n  o r  b o u n d a r y  c o n d i t i o n  a t  f i n i t e  l a t t i c e  s p a c i n g ,  a t  l e a s t ,  i n  f r e e  t h e o r y  o r  

Y u k a w a  t h e o r y .

W e  w i l l  i n v e s t i g a t e  g a u g e  t h e o r y  u s i n g  a  n o n - 75- h e r m i t i c i t y  f e r m i o n  a n d  h i g h e r 

d i m e n s i o n a l  e x t e n s i o n  i n  f u t u r e  w o r k .
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A Appendix 

A .l  N otation
I n  t h i s  s u b s e c t i o n  w e  s u m m a r i z e  t h e  n o t a t i o n ,  w h i c h  w e  u s e  i n  t h i s  t h e s i s ,  i n  a r b i t r a r y  

e v e n  d i m e n s i o n s ,  D  =  2 n  f o r  n  G  N .

A . 1 .1  M i n k o w s k i  s p a c e

M e t r i c  ゲ レ :

9^  —  9 ^  —  d i a g ( + ,  , — ),

f o r  " ル =  0 , 1 , 2 , 3 , 5 ，_ . .  , Z ) ,  ( A . 1 . 1 )

^  =  Qi l v A \  グ レ ん ， （A . 1 . 2 )

A - B  三  g p A W  =  =  A 0 B 0 -  A  B ,  ( A . 1 . 3 )

D i r a c  m a t r i x  7 " :

{ ， デ }  =  2 ， ， ( A . 1 . 4 )

(デ ) t =  7 07 /t7°  =  7 m  > ( A . l . 5 )

T r  Y  =  0 ,  ( A . 1 . 6 )

C h i r a l  m a t r i x  7 D+l

VD +1
7

( 7 D + 1 )t 

T r  75

(i)D ~lC2 7 V  … 7 へ
n,D+l

( A . 1 . 7 )

( A . 1 . 8 )

( A . 1 . 9 )
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Charge conjugation matrix C

C~l = = C T = -C , (A.I.10)

e v e r 1

A . 1 . 2  E u c l i d  s p a c e

T o  f o r m u l a t e  f i e l d  t h e o r y  i n  E u c l i d  s p a c e  

r o t a t i o n  a n d  r e d e f i n e  t i m e ,

- Y  , ( A . 1 . 1 1 )

y D + 1下， ( A . l . 1 2 )

f r o m  M i n k o w s k i  s p a c e ,  w e  c a r r y  o u t  W i c k

i t ,  ( A . l . 1 3 )

a n d  D i r a c  m a t r i x ,

7° - >  7° = i f  > 7 * -»• y  =  * i f ,  ( A . 1 .1 4 )
f o r  j  = 1 , 2 , 3 , 5 ,  - - A

w h e r e  r  a n d  t h e  u p p e r  i n d e x  “ E ” d e n o t e  t i m e  a n d  D i r a c  m a t r i x  i n  E u c l i d  s p a c e ,  r e 

s p e c t i v e l y .  F r o m  t h e  m a n i p u l a t i o n ,  a  m e t r i c  a n d  D i r a c  m a t r i x  i n  E u c l i d  s p a c e  h a v e  t h e  

f o l l o w i n g  p r o p e r t i e s ,

M e t r i c  7んレ

り/it/ =  d i a g ( + ,  + ，+ ，• • • ，十 ）= ^ i / ,
for/i，レ= 1，2，. . .，D ,  (A.l.15)

=  j]^ A v =  r f vAu =  (A.l.16)

A  • B  = rj卟 A p B レ = A 卩Bp,  (A.1.17)

( A . l . 1 8 )
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D i r a c  m a t r i x  7 ^

(7Ai) t ^  7" ， （A . l . 2 0 )

T V 7 m  ニ  0 ， ( A . 1 . 2 1 )

{、，l }  ニ 2""レ， （A.l.19)

C h i r a l  m a t r i x  7^+1

1d+i  =  (i)D°2 7 i7 2  ■ ■ ■ I d , ( A . l . 2 2 )
(7 /3 + 1 ”  = 7 d + i, ( A .1 .2 3 )

TV 7 / 5+1 ニ 0， (A .1 .2 4 )

C h a r g e  c o n j u g a t i o n  m a t r i x  C

C

c ず c.

c lD+lc

A . 1 . 3  O t h e r  n o t e s  

C o n d i t i o n  f o r  f e r m i o n

c す ニ C T =  - c ,

7 d + d

( A . 1 . 2 5 )

( A . 1 . 2 6 )

( A . 1 . 2 7 )

A n t i - f e r m i o n  

C h a r g e  c o n j u g a t i o n  

T i m e  r e v e r s a l  

P a r i t y  t r a n s f o r m a t i o n  

C h i r a l  p r o j e c t i o n  

M a j o r a n a  c o n d i t i o n  

W e y l  c o n d i t i o n

^  =  -0^7 °,
ルc =  c ル'

ゆ( x 0，x )  ->• 
■0 (XO，X ) ->
, 1 干 7_
ゆ干=

o n l y  f o r  M i n k o w s k i

if  =  - ^ T c ~ \

n 5 7 4 ^ ( - a ；o ,x ) ,
- x ) ,

也

也

ル,

A . 1 . 2 8 )

A . 1 . 2 9 )

A . 1 . 3 0 )

A . 1 . 3 1 )

A . 1 . 3 2 )

A . 1 . 3 3 )

A . 1 . 3 4 )
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Identity

F i e r z  i d e n t i t y

‘  ^  irA d ]

2 /̂2

S A B ,

るcuoるp芑、

( A . 1 . 3 5 )  

( A . 1 . 3 6 )

w h e r e

r A

Y 1^2 ,

{ 1，7 へ 7 障 ，… ，d ，

y i i  デ  2 .• •ず、 f o r  fi\ く 的 く… く Pd
( A . 1 . 3 7 )  

( A . 1 . 3 8 )

A .2 N-flavors G ross-N eveu m odel and R enorm alization Group 
Flow in Two D im ensions

I n  t h i s  s e c t i o n ,  w e  d e s c r i b e  t h e  N - f l a v o r s  G r o s s - N e v e u ( G N )  m o d e l  [ 3 2 ]  a n d  c a l c u l a t e  

W i l s i o n i a n  r e n o r m a l i z a t i o n  g r o u p  f l o w s ( R G F s )  u s i n g  t h e  N A  a n d  M D A s  n u m e r i c a l l y .  

F i r s t l y  w e  w i l l  r e v i e w  t h e  N - f l a v o r s  G N  m o d e l  a n d  t h e n  w e  w i l l  c a l c u l a t e  t h e  R G F s .

W e  d e f i n e  t h e  c o n t i n u u m  E u c l i d e a n  L a g r a n g i a n  o f  N - f l a v o r s  G N  m o d e l  a s  f o l l o w s :

9

2 N
(如 ) 2 ， ( A . 2 . 3 9 )

i n t e r a c t i o n .  W e  

w h e r e  ”i”

w h e r e  m  i s  a  f e r m i o n  m a s s  a n d  ^  i s  a  c o u p l i n g  c o n s t a n t  o f  f o u r  f e r m i  

o m i t  f l a v o r  i n d i c e s  i f  w e  d o  n o t  h a v e  t o  w r i t e  e x p l i c i t l y ,  rpxp 三 匕 ,=1 

m e a n s  f l a v o r  d e g r e e s  o f  f r e e d o m .

T h i s  L a g r a n g i a n  h a s  U ( l )  s y m m e t r y :

xp — >

一'

I n  t h e  c a s e  o f  m a s s l e s s  f e r m i o n s ,  t h i s  L a g r a n g i a n  h a s  c h i r a l  Z 4 s y m m e t r y :

( A . 2 . 4 0 )

や (ぜ75广や， 

^  ^  (*75)n . 0，1，2,3) (A.2.41)
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I n  t h e  c a s e  o f  m a s s i v e  f e r m i o n s ,  c h i r a l  Z 4 s y m m e t r y  r e d u c e s  t o  c h i r a l  Z 2 s y m m e t r y ( n  =  

0 , 2 ) .  I n  a d d i t i o n ,  i f  a l l  f l a v o r s  h a v e  s a m e  m a s s e s  i t  h a s  t h e  S U ( N ) f  s y m m e t r y :

4>i — も ひ 丄 ， { U  G  S U { N ) )  ( A . 2 . 4 2 )

I t  i s  c o n v e n i e n t  t o  r e d e f i n e  t h e  G N  a c t i o n  u s i n g  a n  a u x i l i a r y  s c a l a r  f i e l d  a  i n s t e a d  o f

(麵 ：

C q n  =  ^  ( 5  • 7 +  m )  ?/; +  ^ a 2 +  ( A . 2 . 4 3 )

A c c o r d i n g  t o  t h i s  m a n i p u l a t i o n ,  w e  c a n  o b t a i n  t h e  a c t i o n  w h i c h  i n v o l v e s  Y u k a w a  i n t e r 

a c t i o n  i n s t e a d  o f  f o u r  f e r m i  i n t e r a c t i o n .  A c c o r d i n g  t o  p e r t u r b a t i v e  c a l c u l a t i o n ,  t h e  N G

m o d e l  h a s  a s y m p t o t i c  f r e e d o m  p r o p e r t y  [8, 9 ] .

A .3 W ilsonian R enorm alization Group
I n  t h i s  a p p e n d i x ,  w e  r e v i e w  a  m e t h o d  t o  c a l c u l a t e  t h e  W i l s o n i a n  r e n o r m a l i z a t i o n  

g r o u p  f l o w  i n  t h e  c a s e  o f  G N  m o d e l  i n  t w o  d i m e n s i o n  [ 1 0 ] .

W e  d e f i n e  t h e  p a r t i t i o n  f u n c t i o n  o f  t h e  G N  m o d e l  i n  m o m e n t u m  s p a c e  1 8 :

Z D a D ^ D ^ }  e x p  ( — S q n )， ( A . 3 . 4 4 )

w i t h

^GN
d 2p

(2^
C,G N， ( A . 3 . 4 5 )

w h e r e

D a J J  d a ( k ) ,  D%1) ニ  d ^ ( k ) ,  D ^ j j  =  J J  d ^ k ) ,  ( A . 3 . 4 6 )

0<|fc 丨 <1 0<|fc| く 1 0<|fc|<l

a n d  £ q n  i s  g i v e n  i n  ( A . 2 . 4 3 ) .  W e  c a n  t r e a t  o f  T V  a s  a  m a s s  p a r a m e t e r  o f  a u x i l i a r y  f i e l d  

び . H e r e  w e  a s s u m e d  t h a t  t h e  h i g h  f r e q u e n c y  m o d e s  h a d  a l r e a d y  i n t e g r a t e d  a n d  t h e y  d o

18We omit the subscript which means flavors.

51



not contribute effectively. Then we split the field configurations as follows:

び( P ) = び/ (P ) +  び/! (P )， (A.3.47)

w h e r e

M p )

び“ p )

a n d  t h e  o t h e r  f i e l d s  a r e  

f o l l o w s :

= <r(p) i f  0 <  |p| <

= び( P )  i f  7  <  IpI <  1，

a l s o  s p l i t  s i m i l a r l y  1 9 . W e

z e r o  o t h e r w i s e ,  ( A . 3 . 4 8 )

z e r o  o t h e r w i s e ,  ( A . 3 . 4 9 )

c h o i c e  r e n o r m a l i z a t i o n  c o n d i t i o n s  a s

r*2>(0 , 0) =  - m fl, 

r<2)(o ,o ) =  - n r , 

r ( 3> ( 0 , 0 ,0 )  =  - g R，

( A . 3 . 5 0 )

( A . 3 . 5 1 )

( A . 3 . 5 2 )

w h e r e  r ⑴  a r e  r e n o r m a l i z e d  z - p o i n t  f u n c t i o n s ,  a r e  r e n o r m a l i z e d  p a r a m e t e r s

a n d  a r g u m e n t s  o f  r ⑴  a r e  e x t e r n a l  m o m e n t a .  I n  o r d e r  t o  o b t a i n  e f f e c t i v e  p a r a m e t e r s ,  w e  

c a l c u l a t e  o n e - l o o p  e f f e c t  a n d  i n t e g r a t e  o u t  o n l y  h i g h  f r e q u e n c y  m o d e s :

m R a 0  == ©

-2
m -  g 2 [

V 4 /

n r
2 = e y

•N メ 1

9r  =
-4

9 +  9 3 j

(Pk 
f< |A :|< l ( 2 t t )2

cPk

dPk
( 2 7 T )

S a 0 ( k ) D ( k )  

-2 t v [ S ( k ) S ( k ) }  

( S ( k ) S ( k ) ) Q 0 D ( k )

( A . 3 . 5 3 )

( A . 3 . 5 4 )

( A . 3 . 5 5 )

w h e r e  S ( k )  a n d  D ( k )  a r e  p r o p a g a t o r s  o f  e a c h  f i e l d s  p r e s e n t e d  b e l o w ,  ”t r ” i s  a  t r a c e  

o p e r a t i o n  o f  t h e  f e r m i o n i c  i n d i c e s  a n d  a n d  r\a  a r e  r e s c a l i n g  p a r a m e t e r s  o f  f e r m i o n  a n d  

a u x i l i a r y  f i e l d  r e s p e c t i v e l y .  W e  c a n  d e f i n e  t h e s e  p a r a m e t e r s  w i t h  d i m e n s i o n a l  a n a l y s i s  i n

1 9 O n  a c c o u n t  o f  n u m e r i c a l  e f f i c i e n c y ,  w c  c h o o s e  a  d i v i s i o n  w h i c h  s p l i t  b e t w e e n  び/ a n d  a \ x a s  p  =
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the following values:

W e  c a n  obtain propagators f r o m  the G N  action:

S{k) =  ^Df {k +  k) +  m 

D (k) 1N ，

(A.3.58)

(A.3.59)

w h e r e  Df(k) is one of the lattice fermion kinetic t e r m s  in (2.36) a n d  fc is a  z e r o - m o d e  
m o m e n t u m  in (2.38). Substituting (A.3.58) a n d  (A.3.59) to (A.3.54)-(A.3.55)，w e  c a n

obtain effective 

1)，ゆ(1 < 丨ん丨<

m a s s  a n d  coupling

1 ) a n d  <  \k\ <
constant after integrating out over fields a(^ < |ん| <  

1 )-

(A.3.57)

(A.3.56)

3/
5
 

I 

4

/—

V

II

5
 

一
 

4
-ル

53



R e f e r e n c e s
[ 1 ] K .  G .  W i l s o n ,  “C o n f i n e m e n t  o f  Q u a r k s ，” P h y s .  R e v .  D  1 0 .  2 4 4 5  ( 1 9 7 4 ) .

[2] H .  B .  N i e l s e n  a n d  M .  N i n o n i i y a ， “A b s e n c e  o f  N e u t r i n o s  o n  a  L a t t i c e . 1 . P r o o f  b y  

H o m o t o p y  T h e o r y ,  N u c l .  P h v s .  B  1 8 5 .  2 0  ( 1 9 8 1 )  [ E r r a t u m - i b i d .  B  1 9 5 ,  5 4 1 ( 1 9 8 2 ) ] .

[3] H .  B .  N i e l s e n  a n d  M .  N i n o n i i y a ,  “A b s e n c e  o f  N e u t r i n o s  o n  a  L a t t i c e .  2 .  I n t u i t i v e  

T o p o l o g i c a l  P r o o f , ” N u c l .  P h y s .  B  1 9 3 . 1 7 3  ( 1 9 8 1 ) .

[4] H .  B .  N i e l s e n  a n d  M .  N i n o n i i y a ,  “N o  G o  T h e o r e m  f o r  R e g u l a r i z i n g  C h i r a l  F e r m i o n s ,  

P h y s .  L e t t .  B  1 0 5 ,  2 1 9  ( 1 9 8 1 ) .

[5] J .  B .  K o g u t  a n d  L .  S u s s k i n d ,  “H a m i l t o n i a n  F o r m u l a t i o n  o f  W i l s o n ’s  L a t t i c e  G a u g e  

T h e o r i e s , ” P h y s .  R e v .  D  1 1 , 3 9 5  ( 1 9 7 5 ) .

[6] S .  D .  D r e l l , M .  W e i n s t e i n  a n d  S .  Y a n k i e l o w i c z ,  “S t r o n g  C o u p l i n g  F i e l d  T h e o r i e s .  2 .  

F e r m i o n s  a n d  G a u g e  F i e l d s  o n  a  L a t t i c e , ” P h y s .  R e v .  D  1 4  ( 1 9 7 6 )  1 6 2 7 .

[7] A .  P e l i s s e t t o ,  “L A T T I C E  N O N L O C A L  C H I R A L  F E R M I O N S , ” A n n a l s  P h y s .  1 8 2 .  

1 7 7  ( 1 9 8 8 ) .

[8] W .  W e t z e l ,  “T w o  L o o p  B e t a  F u n c t i o n  f o r  t h e  G r o s s - N e v e u  M o d e l , ” P h y s .  L e t t .  B  

1 5 3 .  2 9 7  ( 1 9 8 5 ) .

[9] N .  D .  T r a c a s  a n d  N .  D .  V l a c h o s ,  “T h r e e  L o o p  C a l c u l a t i o n  o f  t h e  B e t a  F u n c t i o n  f o r  

t h e  G r o s s - N e v e u  M o d e l ，” P h y s .  L e t t .  B  2 3 6 .  3 3 3  ( 1 9 9 0 ) .

[ 1 0 ]  K .  G .  W i l s o n  a n d  J .  B .  K o g u t ,  “T h e  R e n o r m a l i z a t i o n  g r o u p  a n d  t h e  e p s i l o n  e x p a n 

s i o n , v  P h y s .  R e p t . 1 2 ,  7 5  ( 1 9 7 4 ) .

[ 1 1 ]  P .  H .  G i n s p a r g  a n d  K .  G .  W i l s o n ,  “A  R e m n a n t  o f  C h i r a l  S y m m e t r y  o n  t h e  L a t t i c e ，” 

P h y s .  R e v .  D  2 5 .  2 6 4 9  ( 1 9 8 2 ) .

[ 1 2 ]  H .  N e u b e r g e r ,  “E x a c t l y  m a s s l e s s  q u a r k s  o n  t h e  l a t t i c e , v  P h y s .  L e t t .  B  4 1 7 . 1 4 1  

( 1 9 9 8 )  [ h e p - l a t / 9 7 0 7 0 2 2 ] .

[ 1 3 ]  M .  L u s c h e r ,  “E x a c t  c h i r a l  s y m m e t r y  o n  t h e  l a t t i c e  a n d  t h e  G i n s p a r g - W i l s o n  r e l a 

t i o n ：' P h y s .  L e t t .  B  4 2 8 .  3 4 2  ( 1 9 9 8 )  [ h e p - l a t / 9 8 0 2 0 1 1 ] .

54



[ 1 4 ]  L .  H .  K a r s t e n ,  “L a t t i c e  F e r m i o n s  I n  E u c l i d e a n  S p a c e - t i m e , ” P h y s .  L e t t .  B  1 0 4 ,  3 1 5  

( 1 9 8 1 ) ,

[ 1 5 ]  F .  W i l c z e k ,  “O n  L a t t i c e  F e r m i o n s , ” P h y s .  R e v .  L e t t .  5 9 ,  2 3 9 7  ( 1 9 8 7 ) .

[ 1 6 ]  M .  C r e u t z ,  “F o u r - d i m e n s i o n a l  g r a p h e n e  a n d  c h i r a l  f e r m i o n s , ” J H E P  0 8 0 4 ， 0 1 7

( 2 0 0 8 )  [ a r X i v : 0 7 1 2 . 1 2 0 1  [ h e p - l a t ] ] .

[ 1 7 ]  A .  B o r i c i ,  “C r e u t z  f e r m i o n s  o n  a n  o r t h o g o n a l  l a t t i c e , ” P h y s .  R e v .  D  7 8 ， 0 7 4 5 0 4

( 2 0 0 8 )  [ a r X i v : 0 7 1 2 . 4 4 0 1  [ h e p - l a t ] ] .

[ 1 8 ]  M .  P e r n i c i ,  “C h i r a l  i n v a r i a n c e  a n d  l a t t i c e  f e r m i o n s  w i t h  m i n i m a l  d o u b l i n g , ” P h y s .  

L e t t .  B  3 4 6 ,  9 9  ( 1 9 9 5 )  [ h e p - l a t / 9 4 1 1 0 1 2 ] .

[ 1 9 ]  A .  B o r i c i ,  “M i n i m a l l y  D o u b l e d  F e r m i o n  R e v i v a l , ” P o S  L A T T I C E  2 0 0 8 ,  2 3 1 ( 2 0 0 8 )  

[ a r X i v : 0 8 1 2 . 0 0 9 2  [ h e p - l a t ] ] .

[ 2 0 ]  S .  C a p i t a n i ,  J .  W e b e r  a n d  H .  W i t t i g ,  “M i n i m a l l y  d o u b l e d  f e r m i o n s  a t  o n e  l o o p , ” 

P h y s .  L e t t .  B  6 8 1 , 1 0 5  ( 2 0 0 9 )  [ a r X i v : 0 9 0 7 . 2 8 2 5  [ h e p - l a t ] ] .

[ 2 1 ] M .  C r e u t z  a n d  T .  M i s u m i ， “C l a s s i f i c a t i o n  o f  M i n i m a l l y  D o u b l e d  F e r m i o n s , ” P h y s .  

R e v .  D  8 2 ,  0 7 4 5 0 2  ( 2 0 1 0 )  [ a r X i v : 1 0 0 7 . 3 3 2 8  [ h e p - l a t ] ] .

[ 2 2 ]  S .  C a p i t a n i ,  M .  C r e u t z ,  J .  W e b e r  a n d  H .  W i t t i g ,  “R e n o r m a l i z a t i o n  o f  m i n i m a l l y  

d o u b l e d  f e r m i o n s ，” J H E P  1 0 0 9 ,  0 2 7  ( 2 0 1 0 )  [ a r X i v : 1 0 0 6 . 2 0 0 9  [ h e p - l a t ] ] .

[ 2 3 ]  P .  F .  B e d a q u e ,  M .  I. B u c h o f f ,  B .  C .  T i b u r z i  a n d  A .  W a l k e r - L o u d ,  “B r o k e n  

S y m m e t r i e s  f r o m  M i n i m a l l y  D o u b l e d  F e r m i o n s , ” P h y s .  L e t t .  B  6 6 2 ， 4 4 9  ( 2 0 0 8 )  

[ a r X i v : 0 8 0 1 . 3 3 6 1  [ h e p - l a t ] ] .

[ 2 4 ]  S .  C a p i t a n i ,  J .  W e b e r  a n d  H .  W i t t i g ,  “M i n i m a l l y  d o u b l e d  f e r m i o n s  a t  o n e - l o o p  

l e v e l ，” P o S  L A T  2 0 0 9 ,  0 7 5  ( 2 0 0 9 )  [ a r X i v ：0 9 1 0 . 2 5 9 7  [ h e p - l a t ] ] .

[ 2 5 ]  M .  C r e u t z ,  T .  K i m u r a  a n d  T .  M i s u m i ,  “I n d e x  T h e o r e m  a n d  O v e r l a p  F o r m a l i s m  w i t h  

N a i v e  a n d  M i n i m a l l y  D o u b l e d  F e r m i o n s , ” J H E P  1 0 1 2 ,  0 4 1 ( 2 0 1 0 )  [ a r X i v : 1 0 1 1 . 0 7 6 1  

[ h e p - l a t ] ] .

[ 2 6 ]  T .  M i s u m i ,  M .  C r e u t z  a n d  T .  K i m u r a ,  “C l a s s i f i c a t i o n  a n d  G e n e r a l i z a t i o n  o f  

M i n i m a l - d o u b l i n g  a c t i o n s , ” P o S  L A T T I C E  2 0 1 0 ,  2 6 0  ( 2 0 1 0 )  [ a r X i v :  1 0 1 0 . 3 7 1 3  [ h e p -  

l a t ] ] .

55



[ 2 7 ]  M .  C r e u t z ,  “M i n i m a l  d o u b l i n g  a n d  p o i n t  s p l i t  t i n g ,  P o S  L A T T I C E  2010 . 0 7 8  ( 2 0 1 0 )  

[ a r X i v :  1 0 0 9 . 3 1 5 4  [ h e p - l a t ] ] .

[ 2 8 ]  B .  C .  T i b u r z i ,  “C h i r a l  L a t t i c e  F e r m i o n s ,  M i n i m a l  D o u b l i n g ,  a n d  t h e  A x i a l  

A n o m a l y ,  P h y s .  R e v .  D  8 2 ,  0 3 4 5 1 1  ( 2 0 1 0 )  [ a r X i v :  1 0 0 6 . 0 1 7 2  [ h e p - l a t ] ] .

[ 2 9 ]  S .  K a m a t a  a n d  H .  T a n a k a .  “M i n i m a l  D o u b l i n g  F e r m i o n  a n d  H e r m i t  i c i t y , ” P T E P  

2 0 1 3 ,  0 2 3 B 0 5  ( 2 0 1 3 )  [ a r X i v : 1 1 1 1 . 4 5 3 6  [ h e p - l a t ] ] .

[ 3 0 ]  P .  F .  B e d a q u e ,  M .  I. B u c h o f f ， B .  C .  T i b u r z i  a n d  A .  W a l k e r - L o u d ,  “S e a r c h  f o r  

F e r m i o n  A c t i o n s  o n  H y p e r d i a m o n d  L a t t i c e s , ” P h y s .  R e v .  D  7 8 .  0 1 7 5 0 2  ( 2 0 0 8 )  

[ a r X i v : 0 8 0 4 . 1 1 4 5  [ h e p - l a t ] ] .

[ 3 1 ] T .  K i m u r a  a n d  T .  M i s u m i ,  “L a t t i c e  F e r m i o n s  B a s e d  o n  H i g h e r - D i m e n s i o n a l  H y p e r -  

d i a m o n d  L a t t i c e s ，” P r o g .  T h e o r .  P h y s .  1 2 3 ,  6 3  ( 2 0 1 0 )  [ a r X i v : 0 9 0 7 . 3 7 7 4  [ h e p - l a t ] ] .

[ 3 2 ]  D .  .J. G r o s s  a n d  A .  N e v e u ,  “D y n a m i c a l  S y m m e t r y  B r e a k i n g  i n  A s y m p t o t i c a l l y  F r e e  

F i e l d  T h e o r i e s ，” P h y s .  R e v .  D  10 . 3 2 3 5  ( 1 9 7 4 ) .

[ 3 3 ]  S .  A o k i ,  “N e w  P h a s e  S t r u c t u r e  f o r  L a t t i c e  Q C D  w i t h  W i l s o n  F e r m i o n s , ” P h y s .  R e v .  

D  3 0 ,  2 6 5 3  ( 1 9 8 4 ) .

[ 3 4 ]  S .  A o k i  a n d  K .  H i g a s h i j i m a ,  “T h e  R e c o v e r y  O f  T h e  C h i r a l  S y m m e t r y  I n  L a t t i c e  

G r o s s - n e v e u  M o d e l , ” P r o g .  T h e o r .  P h y s .  7 6 ,  5 2 1 ( 1 9 8 6 ) .

[ 3 5 ]  T .  I z u b u c h i ,  J .  N o a k i  a n d  A .  U k a w a ,  “T w o - d i m e n s i o n a l  l a t t i c e  G r o s s - N e v e u  m o d e l  

w i t h  W i l s o n  f e r m i o n  a c t i o n  a t  f i n i t e  t e m p e r a t u r e  a n d  c h e m i c a l  p o t e n t i a l , v  P h y s .  

R e v .  D  5 8 . 1 1 4 5 0 7  ( 1 9 9 8 )  [ h e p - l a t / 9 8 0 5 0 1 9 ] .

[ 3 6 ]  M .  C r e u t z ,  “W i l s o n  f e r m i o n s  a t  f i n i t e  t e m p e r a t u r e , ” h e p - l a t / 9 6 0 8 0 2 4 .

[ 3 7 ]  T .  I z u b u c h i  a n d  K .  -i. N a g a i ,  “T w o - d i m e n s i o n a l  l a t t i c e  G r o s s - N e v e u  m o d e l  w i t h  

d o m a i n  w a l l  f e r m i o n s , ” P h y s .  R e v .  D  6 1 , 0 9 4 5 0 1  ( 2 0 0 0 )  [ h e p - l a t / 9 9 0 6 0 1 7 ] .

[ 3 8 ]  B .  L e d e r .  “T h e  S c h r o e d i n g e r  f u n c t i o n a l  f o r  G r o s s - N e v e u  m o d e l s ，’. a r X i v : 0 7 0 7 . 1 9 3 9  

[ h e p - l a t ] .

[ 3 9 ]  B .  L e d e r ,  “T e s t  o f  t h e  S c h r o d i n g e r  f u n c t i o n a l  w i t h  c h i r a l  f e r m i o n s  i n  t h e  G r o s s - N e v e u  

m o d e l ，” J H E P  0 8 0 4 .  0 4 4  ( 2 0 0 8 )  [ P o S  L A T  2 0 0 7 .  2 6 7  ( 2 0 0 7 ) ]  [ a r X i v : 0 7 1 1 . 1 0 7 2  [ h e p -  

l a t ] ] .

56



[ 4 0 ]  S .  R .  S h a r p e ,  “O n  t h e  c o n s i s t e n c y  o f  t h e  A o k i - p h a s e , ” P h y s .  R e v .  D  7 9 ,  0 5 4 5 0 3

( 2 0 0 9 )  [ a r X i v : 0 8 1 1 . 0 4 0 9  [ h e p - l a t ] ] .

[ 4 1 ] V .  A z c o i t i ,  G .  D i  C a r l o  a n d  A .  V a q u e r o ,  “Q C D  w i t h  t w o  f l a v o r s  o f  W i l s o n  f e r m i o n s :  

T h e  Q C D  v a c u u m ,  t h e  A o k i  v a c u u m  a n d  o t h e r  v a c u a , 1' P h y s .  R e v .  D  7 9 ,  0 1 4 5 0 9

( 2 0 0 9 )  [ a r X i v : 0 8 0 9 . 2 9 7 2  [ h e p - l a t ] ] .

[ 4 2 ]  T .  M i s u m i ,  M .  C r e u t z ,  T .  K i m u r a ,  T .  Z .  N a k a n o  a n d  A .  O h n i s h i ,  “A o k i  P h a s e s  

i n  S t a g g e r e d - W i l s o n  F e r m i o n s , ” P o S  L A T T I C E  2 0 1 1 , 1 0 8  ( 2 0 1 1 )  [ a r X i v : 1 1 1 0 . 1 2 3 1  

[ h e p - l a t ] ] .

[ 4 3 ]  T .  Z .  N a k a n o ,  T .  M i s u m i ,  T .  K i m u r a  a n d  A .  O h n i s h i ,  “S t r o n g  c o u p l i n g  a n a l y s i s  

o f  A o k i  p h a s e  i n  S t a g g e r e d - W i l s o n  f e r m i o n s , ” P o S  L A T T I C E  2 0 1 2 ,  2 0 3  ( 2 0 1 2 )  

[ a r X i v :  1 2 1 0 . 5 9 5 4  [ h e p - l a t ] ] .

[ 4 4 ]  K .  C i c h y ,  J .  G o n z a l e z  L o p e z ,  K .  J a n s e n ,  A .  K u j a w a  a n d  A .  S h i n d l e r ,  “T w i s t e d  

M a s s ,  O v e r l a p  a n d  C r e u t z  F e r m i o n s :  C u t - o f f  E f f e c t s  a t  T r e e - l e v e l  o f  P e r t u r b a t i o n  

T h e o r y , ” N u c l .  P h y s .  B  8 0 0 ,  9 4  ( 2 0 0 8 )  [ a r X i v : 0 8 0 2 . 3 6 3 7  [ h e p - l a t ] ] .

[ 4 5 ]  M .  C r e u t z ,  T .  K i m u r a  a n d  T .  M i s u m i ,  “A o k i  P h a s e s  i n  t h e  L a t t i c e  G r o s s - N e v e u  

M o d e l  w i t h  F l a v o r e d  M a s s  t e r m s , ” P h y s .  R e v .  D  8 3 ,  0 9 4 5 0 6  ( 2 0 1 1 )  [ a r X i v : 1 1 0 1 . 4 2 3 9  

[ h e p - l a t ] ] .

[ 4 6 ]  P .  H a s e n f r a t z  a n d  F .  K a r s c h ,  “C h e m i c a l  P o t e n t i a l  o n  t h e  L a t t i c e , ” P h y s .  L e t t .  B  

1 2 5 ,  3 0 8  ( 1 9 8 3 ) .

[ 4 7 ]  T .  M i s u m i ,  “P h a s e  s t r u c t u r e  f o r  l a t t i c e  f e r m i o n s  w i t h  f l a v o r e d  c h e m i c a l  p o t e n t i a l  

t e r m s ，” J H E P  1 2 0 8 ,  0 6 8  ( 2 0 1 2 )  [ a r X i v : 1 2 0 6 . 0 9 6 9  [ h e p - l a t ] ] .

57


